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Chapter 1 


Warm-up problem set 


1.1 Applications 


1. 


Let a,b, c,d be real numbers such that a? + 6? + c? + d? = 4. Prove that 


f+84+34d <8. 


. If a,b,c are non-negative numbers, then 


3 
a + 6°48 —3abe>2 (“T° —a) : 


. Let a,b,c be positive numbers such that abe = 1. Prove that 


a+b+e. 5/ a? + b? + c? 
3 aa 3 : 


. Let a,b, c be non-negative numbers such that a3+63+4c3 = 3. Prove that 


a‘b4 + b4c4 + cta4 <3. 


(Vasile Cértoaje, GM-A, 1, 2003) 


. If a,b,c are non-negative numbers, then 


a? + b? + ¢? + abe + 1 > 2(ab+ be + ca). 


(Darij Grinberg, MS, 2004) 


. If a,b,c are distinct real numbers, then 


a? b? ried 
(b— oF * fe ap * bp =” 


5 


6 1 Warm-up problem set 


7. If a,b,c are non-negative numbers, then 
(a? — be) Vb + c+ (b? — ca) e+ a4 (c*? — ab)Va +6 > 0. 


8. If a,b,c,d are non-negative real numbers, then 


a—b ee b-c fs cd ¢ d-a >0 
a+2b+e 6424+d c4+2d+a d4+2a+bd07 


9, Let a,b,c be non-negative numbers such that 
a+b?+ce=atbte 


Prove that 
a2b? + b2c? 4 c2a? < ab+be+t ca. 


(Vasile Cirtoaje, MS, 2006) 
10. Let a,b,c be non-negative numbers, no two of them are zero. Then, 


a? b2 (oa 
woos te oo tt ee 2! 
az+tab+b2  b2+bc4+c? © c24+ca+a? 


11. If a,b,c are non-negative numbers, then 


2a eee eee 
a3 +(b+c)8 B+(cetap e+(a+o) ~~ 


12. Let a,b,c be positive numbers and let 
E(a,b,c) = a(a— b)(a—c) + b(b—c)(b— a) + c(e—a)(c— 8). 


Prove that 
a) (a +6 + ¢)E(a,b,c) > ab(a — b)? + be(b — c)* + ca(e— a)’, 


111 
b) 2(-+ st =) B(a,b,¢) > (a—b)? + (b— 0)? + (e—a)?. 
(Vasile Cirtoaje, MS, 2005) 


13. Let a,b,c and x, y,z be real numbers such that a+z > b+ty>c+z20 
anda+b+c=z2+y+2. Prove that 


ay + br > ac+ xz. 


11 Applications 


1 
14. Let a,b,c € [33] Prove that 


a ei b iat 
a+b b+e cta™~ 5 


IN 


15. Let a,b,c and z,y,z be non-negative numbers such that 
atb+c=r+y4z. 
Prove that 
ax(a +x) + by(b+y) + cz(e+ z) > 3(abe + ryz). 
( Vasile Cirteaje, MS, 2005) 
16. If a,b,c are non-negative numbers, then 
4(a + b +c)? > 27(ab? + be? + ca? + abc). 
17. Let a,b,c be non-negative numbers such that a+b+ c= 3. Prove that 


1 I 1 
—— + — 4+ >]. 
rab +1 Wedd ¥ Ona? = 


18. If a,b,c, d are positive numbers, then 


1 1 1 1 4 
ne ES ENS ply See a a 
Geb Pbbe eed * i ela aed bd 
1 
19. If a,b,ce [7g V2]; then 
3 < 3 a 3 3 2 2 2 
Gob" ba0e 8400 ab Phe” bea. 


20. Let a,b,c be non-negative numbers such that ab + be + ca = 3. Prove 


that 
1 1 


1 
aya Brat a4y2* 
21. Let a, b, c be non-negative real numbers such that ab+bc+ca = 3. Prove 
that 


<1. 


1 1 1 
@+i' Palit e@riz 2° 
( Vasile Cértoaje, MS, 2005) 


e~) 


8 1 Warm-up problem set 


22. Let a,b,c be non-negative numbers such that a? + b? +c? = 3 Prove 
that 


< 
b+2 ¢+2 a+2 Sl 


(Vasile Cirtoaje, MS, 2005) 
23. Let a,b,c be positive numbers such that abc = 1. Prove that 
a—-1 b-1 el 
+ + 
b c 
a-1l b-1 e-tl sa 
b+e at c+ta atb— 


a) 


2 0, 


b) 


24. Let a,b, c,d be non-negative numbers such that a?—ab+b? = c?—cd+d?. 
Prove that 


(a + b)(c+ d) > 2(ab + ed). 


25. Let a,,a2, .,@, be positive numbers such that aja) . a, = 1. Prove 
that ‘ : ‘ 
+ + -- $+ > 
l4+(n—1)a, 1+(n-1)a. 1+(n— len 
(Vasile Cirtoaje, GM-B, 10, 1991) 
26. Let a, b,c,d be non-negative real numbers such that a+e+e+d*=1 
Prove that 


(1 —a)(1 — 6)(1 — e)(1 — d) > abed. 
(Vasile Cirtoaje, GM-B, 9-10, 2001) 
27. If a,b,c are positive real numbers, then 
2a 2b 2c 
jst / <3. 
rea Fee c+a™ 


(Vasile Cirtoaje, GM-B, 7-8, 1992) 


28. If a,b, c,d are positive real numbers, then 


2 2 2 
bape) {Gas Moral! Gee) 


(Vasile Cirtoaje, GM-B, 6, 1995) 
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1 if 1 
29. Let a,b,c be positive numbers such that a+b+c¢ = eae If 


b 
a<b<ce, then 
ab’c? > 1. 


( Vasile Cirtoaje, GM-B, 11, 1998) 
30. Let a,b,c be non-negative numbers, no two of them are zero Then 


a? b? ce a b c 


ee Ee dh ey ete 
ae age he hae ee eee 
( 


Vasile Cirtoaje, GM-B, 10, 2002) 
31. If a,b,c are non-negative numbers, then 
2(a* + 1)(b? + 1)(c? + 1) > (a+ 1)(b+ 1)(c + 1)(abe + 1). 
( Vasile Cirtoaje, GM-A, 2, 2001) 
32. If a,b,c are non-negative numbers, then 
3(1-—a+a?)(1—b4+ B*)(1—c+ 7) > 14 abe+ a2b*c?. 
(Vasile Cértoaje, Mircea Lascu, RMT, 1-2, 1989) 
33. If a,b, c,d are non-negative numbers, then 


(1—ata?)(1—b4+b)(1-c40)(1—d+d?) > (heey 


2 
(Vasile Cirtoaje, GM-B, 1, 1992) 
34. If a,b,c are non-negative numbers, then 
(a? + ab + b?)(b? + be + c?)(c? + ca +.a2) > (ab + be + ca)?. 
(Vasile Cirtoaje, Mircea Lascu, ONI, 1995) 


35. Let a,b,c,d be positive numbers such that abcd = 1. Prove that 


1 1 1 1 
rT LL CS eee eens an, ee ee 
1+ab+be+ca i+ be+od+db*ited+datac’ldtdadabtbd si. 


10 1 Warm-up problem set 
36. If a,b,c aud z,y, z are real numbers, then 
A(a? + a7)(b? + y?)(c? + 2”) > 3(bex + cay + abz)?, 
( Vasile Cirtoaje, MS, 2004) 
37. Ifa>b>c>d>e,then 
(a+b+c+d+e)? > 8(ac+ bd + ce). 


For e > 0, determine when equality occurs. 
(Vasile Cirtoaje, MS, 2005) 


38. If a,b,c,d are real numbers, then 
6(a? +b? +c? + d*) + (a+ b+c+4d)? > 12(ab + be + cd) 
(Vasile Cirtoaje, MS, 2005) 
39. If a,b,c are positive numbers, then 
(a+b+0)(++542) >1+a/1t (a? +02 +02) (G : +t =): 
(Vasile Cirtoaje, GM-B, 11, 2002) 
40. If a,b,c,d are positive numbers, then 


ee To cbart 
2 2 2 at — -— = 
B+ 4/2(a? +b +2)(4 ate =) 2>(atb+¢(-+5+-) 


(Vasile Cirtoaje, GM-B, 5, 2004) 
41. If a,b,c, d are positive numbers, then 


a—b b-c Cee gee 4 
Ree ed dt+a atb~~ 


42. If a,b,c > —1, then 


1+? 14+6 ie t+ce* 
1+b+c2 Lt+e+a? 1+atod7 


(Laurentiu Panaitopol, Jumor BMO, 2003) 


11 Applications ll 


43. Let a,b,c and x,y,z be positive real numbers such that 
(a+ b+c)(x+y+2z) = (a? +b? + c?)(2? + y? + 27) = 4. 
Prove that : 
aberyz < 36° 
(Vasile Cirtoaje, Mircea Lascu, ONI, 1996) 
44, Let a,b,c be positive numbers such that a? + 0? +c? =3 Prove that 


a2+b? $24? eta. 
a+b b+e cta — 


(Cezar Lupu, MS, 2005) 


45. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
* 1 1 1 3 


Sea se i ee 
a2 be pee ab abe en 
(Vasile Cirtoaje, MS, 2005) 


46. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 


1 1 1 3 
——~ + > + ———_——_———- > ——_—__—_.. 
b? — be + c? ss ce? —ca+a? = a? — ab+ b? ~ ab+be+ ca 
47. Let a,b,c be positive numbers such that a 4+-b+¢=3 Prove that 


12 


be + —————— > 5 
z Ol aha hace aa zi 


48. Let a,b,c be non-negative numbers such that a? + 62 + c2 =3 Prove 
that 
12 + 9abe > 7(ab + be + ca). 


(Vasile Cirtoaje, MS, 2005) 


49. Let a,b,c be non-negative numbers such that ab + be + ca = 3. Prove 
that. 


a? +024 c+ abe > 10. 


(Vasile Cirtoaye, MS, 2005) 


12 i Warm-up problem set 
50. If a,b,c are positive numbers such that abc = 1, then 
(a+ b)\(b+ec)(e+a)+7> 5(a+b+c) 

(Vasile Cirtoaje, MS, 2005) 


51. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 
a ie 8 ‘ 3 ee 
(2a? + b2)(2a24c2) © (2b24+c)(2b24+a2) © (2c2+a2)(2c?+b?) ~ atbte 
(Vasile Cirtoaje, MS, 2005) 


52. Let a,b,c be non-negative numbers such that a+ b+ c> 3. Prove that 
Be Paris le gt ON dy 
a+b+e atte at+b+er— 
53. Let a,b,c be non-negative numbers such that ab+ bc+ ca = 3. If r > 1, 


t 
hen 1 1 1 3 


BR ae 
reat rth te rte te ~r42 
(Pham Van Thuan, MS, 2005) 


54. Let a,b,c be positive numbers such that abc = 1 Prove that 


1 1 1 5 
SS, ee a SS 
G+ae tres t Geos * Arait+ot+o ~ 
(Pham Kim Hung, MS, 2006) 


55. Let a,b,c be positive numbers such that abc = 1 Prove that 


oes as ws a 
atbt+e 37 ab+bce+ca 
56. If a,b,c are real numbers, then 


2(1 + abc) + \/2(1 + a?)(1 + 6?)(1 + c?) > (1+ a)(1 + 6)(1+¢) 
(Wolfgang Berndt, MS, 2006) 


57. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a(b+c)  b(ct+a) cat) 


>2 
a+be b*4+ca c*+ab 


(Pham Kim Hung, MS, 2006) 


11 Applications 13 


58. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a(b+c) | ble+ a) [c(a + b) 
a* + be Baa. Baeb 


(Vasile Cirtoaje, MS, 2006) 


59. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
1 1 1 a b c 


SG eee a, 
Pie cre wtb abe Pace ab 


60. Let a,b,c be non-negative numbers, no two of which are zero Prove 


that 
1 1 2a 2b 2c 


ie Ne a 
ia re ee fata be | Sheen 94 ab 
(Vasile Cirtoaje, MS, 2005) 


61. Let a,b,c be positive numbers such that a? + b? + c? = 3. Prove that 
5(a + b+) : > 18 
a@t+o+c)+ abe 


( Vasile Cirtoaje, MS, 2005) 


62. Let a,b,c be non-negative numbers such that a+6+c=3 Prove that 


1 ‘ 1 1 2s 
6 —ab bbe 6c = 5 


63. Let n > 4 and let a),a2, ..,an be real numbers such that 
. 2 2 2 2 
a+ag+--+a, >n and aj+az+ - +a >n’. 
Prove that 
max{a@1,@2,...,@n} > 2. 


( Titu Andreescu, USAMO, 1999) 


64. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 
a b Cos 13 2(ab + bc + ca) 
b+ce c+a atb~ 


6 3(a2 + 6? 4 c2) ° 
( Vasile Cirtoaje, MS, 2006) 


14 1 Warm-up problem set 


65. Let a,b,c be non-negative numbers, no two of which are zero. Prove 


that 
a(btc)  b(c+a) (at b) 


——- > l 
Bie aa eyo le 


(Dary Grinberg, MS, 2004) 
66. Let a,b,c be non-negative numbers such that 
(a+ 6)(b+ c)(c+a) = 2. 


Prove that 
(a? + bc)(b? + ca)(c? + ab) < 1. 


(Vasile Cirtoaye, MS, 2005) 


12 Solutions 


1.2 Solutions 


15 


1. Let a,b,c,d be real numbers such that a® + b? +c? + d* = 4. Prove that 


24+h4 848 <8. 


Solution. From a? + 6? + c? + d? = 4 we get a? < 4, a < 2, a®(a—2) <0, 


a? < 2a?. Similarly, b? < 267, 8 < 2c?, d® < 2d?. Thus, 
a+b 424 d2 < 2? +0744 a) =8. 
Equality occurs for (a,b, c,d) = (2,0,0,0) or any cyclic permutation. 
* 


2. If a,b,¢ are non-negative numbers, then 


b 3 
a? +0 +c? — abe > 2( i —a) : 


Solution. By the AM-GM Inequality we have a? + 63 + c® > 3abe. 


b+c ; is ise etaae b+ce 
8 <0, the inequality is trivial. Consider now =a ae 0. Let 


3 
B= +H +0 —Sabe—2 (“45 a) : 
Setting b= a + 22 and c= a+ 2y, we obtain 


E = 12a(z? — xy + y”) + 6(x+y)(z—y)? > 


> 62+ y(e—w)*=5(-F*-a) (6-0. 


Equality occurs when either (a,b,c) ~ (1,1,1) or (a, b,c) ~ (0, 1,1) 
* 


3. Let a,b,c be positive numbers such that abc = 1. Prove that 


atb+e, 5/a? +b? + c? 
3 = 3 : 


If 


16 1 Warm-up problem set 
First Solution Write the inequality in the homogeneous form 
(a+b+ cc) > 8labe(a? + b? + c?) 
In order to eliminate the product abc, we can use the known inequality 
(ab + be + ca)* > 3abe(a + b+c), 
which is equivalent to 
a?(b—c)? + b*(c— a)? +. c*(a— b)? > 0 
Thus, we still have to show that 
(a+b + c)® > 27(ab -+ be + ca)? (a? + b? + c?). 
Setting S =a+6+cand Q=ab+ bc + ca yields 
(a + b+.c)® — 27(ab + be + ca)?(a? + b? +c”) = 
= S® — 27Q?(S? — 2Q) = (S? — 3Q)*(S? + 6Q) > 0. 
Equality occurs fora =b=c=1 
Second Solution In order to prove the homogeneous inequality 
(a+ b+c)° > 8labe(a? + b* +c’), 


we may give up the constraint abc = 1 and assume that a+6+c= 3. For 
a+6+c= 3, we must show that the expression 


E(a, b,c) = abc(a? + 6 + c?) 


is maximal for a = b = c = 1. For the sake of contradiction, assume that 
E(a,b,c) is maximal for a triple (a,b,c) with b # c. To finish the proof it 
suffices to show that 


E(a,b,c) < B(a-<° ~4*) 


2° 2 


Indeed, we have 


12 Solutions 17 
* 
4, Let a,b,c be non-negative numbers such that a? + 63 +c? = 3. Prove that 
a’b4 4 b4c4 4 clad < 3. 
Solution (by Gabriel Dospinescu). By the AM-GM Inequality, we have 


Jere rl Ana 


= 3 3 


be 


Then, a: heatig 
bit < 4b3c3 — a3b3c 
= 3 
and, similarly, 


343 333 
clas < se ea aibi< 4a’b =" b a 


Summing up these inequalities yields 


atb4 + b4ct + chat < Mole the tee) — a3 633, 
Thus, it suffices to show that 
4(a°b? + b3c3 + c3a%) — 3a3b8c? < 9, 
which is just the third degree Schur’s Inequality 
A(ry + y2 + zz)(2+y 4+ 2)—Qryz < (ez +y4 zs 
for z = a*, y= z=c. Equality occurs fora =b=c= 1. 
* 
5. If a,b,c are non-negative numbers, then 


a +b? 4.c% + 2abe + 1 > 2(ab+ be + ca). 


Solution. Among the numbers 1 — a, 1 — b and 1 —c there are always two 
of them with the same sign; let us say (1 — b)(1 —c) > 0. We have 


a? + b? + c? + 2abe + 1— 2(ab + be + ca) = 
=(a—1)? + (b—c)* + 2a + 2abe — 2(ab + ca) = 
=(a—1)?+(b—c)? + 2a(1 —6)(1—c) > 0. 


Equality occurs fora =b=c=1. 


18 1. Warm-up problem set 


* 


6. If a,b,c are distinct real numbers, then 
a b? Food 

eae age eee ree 
(op * (cap * aoe =” 


Solution. Using the well-known identity 


be + ca 4 ab 9) 
(a—B)(a—c) * (b—e)(b-a) * (e—ayfe—b) 
we have 
a? " b2 it rood =(;2 b c \? 
(b—c)2 © (e—a)? * (a—b)? poatecatacs) + 
4 2bc 2ca 2ab 


(a—b)\(a—c) + (b—e)(b—a) * (e—al(e—b) 


2 
(ott c ) +2>2 


—c ¢c-a a-—b 


The equality occurs only in the case 


a b c 


7. If a,b,c are non-negative numbers, then 

(a? — be) Vb +c + (b? —ca)Ve+a + (c? — ab)Va +b > 0. 
First Solution Letting 6 + ¢ = 222, c+ a = 2y? and a+b = 2z? (x > 0, 
y > 0, z > 0) yields 

a=—2z? +y? 4 27, b= a? —y? + 27, car yy? — 27. 

The inequality transforms into 
ny(a?+y3)+ye(y?+23) +20 (22-42%) > 2?y%(e+y)+y22"(yt2)+222"(z-+2). 
Since zy(z° + y?) — 2?y?(x@ + y) = zy(z + y)(z - y)?, we may write the 
inequality in the form 


ay(x +y)(2—y)? + y2(y + 2)(y— 2)" + 2a(z + z)(z— 2)” 20, 


12 Solutions 19 


which is clearly true. For a > b > c, equality occurs when either 


(a,b,c) ~ (1,1, 1) or (a,b,c) ~ (1,0, 0). 


Second Solution. If two of a,b,c are zero, then the inequality becomes 
equality. Otherwise, we write the inequality in the form 


(a? —be)(b+c)  (b?—ca)(c+a) , (c?—ab)(a+d) 


4 >0, 
vVbt+e vct+a Vath 
i ORD OR A 
b+e Veta a+b” ’ 
where 


X = (a? — be)(b +c), Y = (6? —ca)(c +a), Z = (c? —ab)(a + d). 


Consider now, without loss of generality, that a > b> c. It is easy to check 
that X + Y+2Z=0, X >Oand Z <O Therefore, 


X ‘ Y r Z x aes, a 
Vb+e Veta Jat+b VJbte Veta a+b 


=< (Be -yee) * O(Ge rag 


Third Solution. Write the inequality as 


A(a? — be) + B(b? — ca) + C(c? — ab) > 0, 
where A= Vb+c, B= /et+aandC= V/a+b We have 


25° A(a? — bc) = )> A[(a— 6)(a +c) + (a—c)(a + b)] = 
=>)0 A(a—6)(a+¢) + >> B(b—a)(b+ c) = 
= )i(e-4) pia a ae 


= A?(a +c)? — B?(b 4c)? 
go ear 

_ sy (a= b)*(a + (b+ ¢) 

ae rrera ieee 


where } > is cyclic over a, b,c. 


20 1 Warm-up problem set 


8. Ifa,b,c,d are non-negative real numbers, then 


a-—b 4 b-—c¢ c-—d d-a 
at2btc’ braetd'ct+odta'd+oato~ 
Solution. Write first the inequality as 


> (e5 +5) 22 
a+2b+c 2/7 


Bate 
————~_.— > 
Darra pea 


By the Cauchy-Schwarz Inequality, we have 


or 


yr isate [Sa+4)]’ 


a+2b+eo~ S\(3atc\(atb+e) 


Since 
S (3a + c)(a + 2b + c) — A(a+b+c4d)? 
and 
[do (3a + ©) - 16(a+b+c+4 a)’, 
we get 


> 3a -}-¢ 4 
at+2b+c™ 
Equality occurs for a=c and b= d. 
* 
9. Let a,b,c be non-negative numbers such that 
a+b 4ce=atbt+e. 


Prove that 
a2b? + b*c2 + ca? < ab + bc 4 ca. 


Solution (by Michael Rozenberg) By squaring, from the hypothesis 
condition we get 


a4 + bh 4ch— a? — 6? — c? = 2(ab + be + ca—ab? + bc? + ca”), 
Therefore, the required inequality is equivalent to 


a+bt¢dh>a?4+h? 4c’. 
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The homogeneous form of this inequality, 
(at+b+c)*(ai +644 c4) > (a? +b? +c), 


follows immediately from Hoélder’s Inequality. 
Equality occurs for (a,b,c) = (1,1,1), for (a,b,c) = (0,0,0), for 
(a,b,c) = (0,1, 1) or any cyclic permutation, and also for (a,b, c) = (1,0,0) 


or any cyclic permutation 

10. Let a,b,c be non-negative numbers, no two of them are zero. Then, 

a? b? c 
@tabte  P+be+ a! tate. 

Solution. Let A = a? +a0b+6?, B=b? +bc+c? andC=c2+cata? We 


have 
1 1 1 a2 be G2 A oe 
Gatate) (ater e- )- 
b? + ¢? 1 
= 5+ ape ae 
be b? + be +c? 1 
-7(2-B)petete yl 
a? bc 1 b c\? 
-D (4a- ge) 32 (3-4) oy 


from which the desired inequality follows. Equality occurs only for a = b= c. 
* 


11. If a,b,c are non-negative numbers, then 


=) BB 3 
ae y(b+opt Bunteceayt Srlarsp =! 


Solution. By the AM-GM Inequality, for z > 0, we have 


= 2 2 
Vitx=V(l+2)\(l-rt+2?)< Uta t Crete) 142 


Consequently, for a > 0 we get 
3 
a 7 1 S 1 1 


a +(b+c)3 ~ ea 
Te, | 


22 1 Warm-up problem set 


The obtamed inequality is clearly true for a = 0 as well. Analogously, 


ee ee ae fe Me aes 
B+(c+as ~ a® +b 4c?’ A+ (a+b) ~ a+b +c" 


Adding up these inequalities, the conclusion follows Equality occurs only 
forasb=c. 


* 
12. Let a,b,c be positive numbers and let 
E(a,b,c) = a(a — b)(a —c) + b(b — c)(b— a) + c(e — a)(c— b). 
Prove that: 
a) (a+b +c)E(a,b,c) > ab(a — b)? + be(b — c)? + ca(c— a); 
b) (24 oa =) E(a,b,¢ > (a— 6)? + (b—c)? + (c—a)?. 
Solution. a) Using the Schur’s Inequality }~ a*(a— b)(a —c) > 0, we have 
(a+b +c)E(a,b,c) = 5 a(a—b)(a—c) +} a(b+c)(a—b)(a—c) > 
> So a(b+c)(a-)(a—c) = S| ab(a—b)(a—c )* Decale b)\(a-—c)= 
= 5" ab(a—b)(a—c) + > ab(b— c)(b— a) = J~ ab(a—)? 
b) Since 
(ab + bc + ca) $\ a(a—b)(a—c) = 
= S_ abe(a — b)(a—c)+ S-(ab + ac)a(a — b)(a—c) = 
= abc(a? + b* + c?—-ab—be—ca)+5_ be [b(b — c)(b— a) +e(c — a)(c— b)] = 
= 5 abe Y7(b— c)? + S bold + e- a)(b— a), 
the inequality is equivalent to 
Sr be(b-+.e—a)(b— oc)? > 0 
Without loss of generality, assume that a > b >c Then, 
J> be(b + ¢ — a)(b— c)? > be(b + c— a)(b — c)? + ac(a +.c— b)(a—c)? > 
> be(b +.¢—a)(b—c)? + ac(a +¢—b)(b-¢)? = 
= e(b-c)? [(a—b)? + c(a+b)] > 0 
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The both inequalities become equality for (a,b,c) ~ (1,1,1). Notice that 
the first inequality is valid for any non-negative a,b,c and becomes again 
equality for (a,b,c) ~ (0,1,1) or any cyclic permutation. 


* 


13. Let a,b,c and z,y,z be real numbers such thata+az > b+y2ce+z20 
anda+b+ec=24+y42. Prove that 


ay + br > ac4 x2. 
Solution. We have 


ay + br —ac— zz = a{y—c)+2(b-z)=a(a+b-—a2-2z)+2(b-z)= 
=a(a—z)+(a4+z2z)(b-z)= 


= 5 (a- 2) +5 (a? 2%) + (at-2)(b-2) = 
= 5(a-2)? +5 (at2)(at+2b- 2-22) = 
= 5(a-2)? +5 (a+ 2)(b-c+ yz) >0, 


from which the required equality follows. Equality occurs for a = 2, b = z, 
c=yand 27 >y4+2z>0. 


* 


1 
14. Let a,b,ce E 3 . Prove that 


Solution. Denote 


b c 
—— + > 
b+e ct+a 


E(a,6,c) = + 


a 
a+b 
and assume, without loss of generality, that a = max{a, b, c}. We will show 
that 


E(a,b,c) > E (a,b, Vab) > i. 


24 1. Warm-up problem set 


We have 
2/b 
E(a,b,c) - E (a,b, Va b) = we par a 


av) Bent 


; a 1 
Let now x = . From a,b,c € [53]. we get. x < 3. Hence, 


2/6 7 x? 2 
b, = —-_- re OT ——— 
B(a, ab) ~ ree Teale 5 Pee ee 
3—7x+822—223 (3-2) (x? +(1—-2)*| 


~B(a4+1)(@24+1) -5(@ + 1)(z2 +1) 20 


hs 
== 


1) or any cyclic permutation. 


1 
Equality occurs for (a,b,c) = (3, 3? 


* 
15. Let a,b,c and x,y,z be non-negative numbers such that 
at+tb+c=24+y4zZ. 
Prove that 
az(a +x) + by(b+y) + cz(c+z) > 3(abe + xyz). 
Solution. Applying the Cauchy-Schwarz Inequality to the triples 
(aVz, by, cz) and (Juz, V2z, Jz) ; 


we get 
(ax + by +. c%z)(yz + zx 4+ ry) > zyz(at+b+ c)? 


This implies together with 
(a+b+c)? =(e+y+2z)? > 3(ry+yz +22), 


that 
atx + bey +z > 3xyz 


Similarly, 
ax? + by? + cz? > 3abe 


Adding up these inequalities yields the desired result. 


1.2 Solutions 25 


* 
16. If a,b,c are non-negative numbers, then 
A(a +b 4c)? > 27(ab? + bc* + ca? + abc) 


Solution. Without loss of generality, suppose that a = min{a, b,c}. Setting 
b=a+ezandc=a+y (x >0,y > 0), the inequality reduces to 


9(x? — ary + y’)a + (22 — y) (x + 4y) > 0, 


which is obviously true. Equality occurs for (a,b,c) ~ (1,1,1), and also for 
(a,b,c) ~ (0,1, 2) or any cyclic permutation 


* 


17. Let a,b,c be non-negative numbers such thata+b+c= 3. Prove that 


1 \ 1 
a a a 
dab? 41 + Dc? t1 + Beat G1 =} 


Solution. The inequality is equivalent to 
ab? + be? + ca? +1 > 402d? 3. 
By the AM-GM Inequality, we have 
ab*® + be? + ca” > 3abc, 


and ‘ 
1 — (4+) > abc. 


Then, 
ab + bc* + ca? +1 —4a3b'c3 > 8abe+1— 403b3c3 = (1 —abe)(1 + 2abc)? > 0 
Equality occurs for a= b= c= 1. 

* 


18. If a,b,c,d are positive numbers, then 


1 1 1 1 4 


fab. Bade Oia mega cet: 


26 


Solution. Write the inequality as follows 


1 Warm-up problem set 


ac + bd 
> 
Saas +1) 28 
> (4+ aero) 3 
a+b a(a+b) A 
cta b(d + a) 
> 
rena as: Ee tea 
By the AM-GM Inequality, we get 
So nes eed) c(a + 6) TOO) (c+), 
a(a+b) a(a+b)' b(b+c) e(e+d)  d(d+a)~ 
Therefore, it remains to show that 
c+a 
> 
aa 
We have 
oe d+b ate, b+d _ 
atb a+b b+te c+d  d+a 
1 1 — 
wiova(chyt cha) #64a(cy sty) 
@+0(s5+oya)+ + (b+ 4) a le 
ee 1 1 a 4 ; 1 = 4 
Me Feb ead — (aabye(erdy atd' bye (atd)+(b+e) 
we get 
c+a 4(a +c) A(b+d) 
Gah aabedd atb+c+d_ 
Equality occurs for a = b= c= d 
* 
Ifa,b ‘-, V3), th 
19. Ifa, ce |e, | then 
3 3 3 2 2 2 
oop be oe c42a= a+b eae c+a 
Solution. Write the inequality as follows 
3 2 1 1 
Sa Se gti penn) a) 
as Ob 6a a 


(a — b)?(2b— a) 
aK a+2b)(a+6) ~ 
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Since 2 
2%-a>—-—V2=0, 
af 
the inequality is obviously true Equality occurs fora =b=c 


* 


20. Let a,b,c be non-negative numbers such that ab+ be + ca = 3. Prove 


that 
] : <1 


1 
pao eo  ayae 
Solution. The inequality is equivalent to 
a*b? + bc? + c2a? + a2bPc? > 4, 
By setting be = z, ca = y and ab= a, we have to show that 


vy +27 4 xyz > 4, 


for z,y,z > O such that r+y +z = 3. Assuming that x = min{z,y,z}, 
xz <1, we have 


ety +2? +ayz—-4=2 + (y +2) +y2(e-2)-4> 
1 
Sar t(ytz)! +o (ytz)"(e-2)-4= 


9 £+2 
=27 + 


2 
(y+a)?—4=07+ 22" (3-2)? 4 
1 
= 7(2-1)'(2+2) 20 


Equality occurs fora =b=c=1. 


* 
21. Let a,b,c be non-negative real numbers such that ab+bc+ ca = 3. Prove 


that 
1 1 1 3 


ph a 
Pe pel ead — 2 
First Solution. By expanding, the inequality becomes 


a? +b? +743 > ab? + be? + ca? + 8a7b?c?. 
By the AM-GM Inequality, we have 


(a+b+c)(ab+be+ca > 9abe, 


28 1 Warm-up problem set 


that is 
a+tb+c> 3abc 


Thus, it suffices to show that 
a* +6? 4¢743 > a*b* + bc? + c2a? + abc(a +b +0¢) 
This inequality is equivalent to the homogeneous inequality 
(ab-+bc-+ca)(a?+b? +c”) 4+(ab+be+ca)* > 3(a7b? +.b2c?+c7a7)-+4+3abc(a+b+c). 
We may reduce this inequality to 
ab(a? + b?) + be(b? +c?) + ca(c? +a”) > 2(a7b? + bc? + c2a?), 
or 
ab(a — b)* + bc(b— c)? + ca(a — b)? > 0, 

which is clearly true Equality occurs for (a,b,c) = (1,1,1), and also for 
(a,b,c) = (0, V3, V3) or any cyclic permutation 
Second Solution (by Ho Chung Siu). Without loss of generality, assume 
that a = min{a,b,c} From ab + be + ca = 3, we get bc > 1 On the other 
hand, from the known inequality 

1 1 1 

—+—4—)]> 

abet ber ca) (3 a bc a =i) 2 9, 


we obtain a+b+c > 3abc The desired inequality follows now by summing 
up the following inequalities. 


1 ede S ee 
b24+1 ° c2 417 be+1’ 
al gate ats 
a+1° be+17 2° 
We have 
1 1 2 b(c — b) c(b—c) 


b? +1 ore heat (b? + 1)(be + 1) * (c2 4 1)(be + 1) 
(b — c)?(be — 1) 
~ (b? + 1)(c? + 1)(be +1) ~ 


and 
1 1 3 a®—be+3—3a7bc  af(a+b+c — 3abc) 
Paitbeti 2 Ye +hbetl) Aarti(be+l) ~ 
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* 


22. Let a,b,c be non-negative numbers such that a? +b? +c? = 3. Prove 


that 5 
- et se 


by + oq + aaa 
Solution. By expanding, the inequality becomes 
ab? + bc? + ca? < abe +2. 
Without loss of generality, assume that 
min {a,b,c} < b < max{a, b,c} 
Under this assumption, we have 


2 — ab* — be* — ca? + abe = 2 — ab* — b(3 — a? — b?) — ca* + abe = 
= (b? — 3b + 2)— a(b* — ab + ca — be) = 
= (b— 1)?(b 4 2)— a(b— a)(b—c) > 0. 


Equality occurs for (a,b,c) = (1,1,1), and also for (a,b,c) = (0, 1, V2) or 
any cyclic permutation. 


* 


23. Let a,b,c be positive numbers such that abe = 1. Prove that 
a-~l b-1 c-1 


a-1 b—1 carve 
Pe ohn eee . 


Solution. a) Write the inequality as 
ab® + bc? +.ca* >atbt+e. 
Applying the AM-GM Inequality, we get 


3(ab* + be? + ca”) = (2ab? + be”) + (be? + ca”) + (2ea? + ab”) > 
> 3V a2 bic? 4 3V a2 + 3Va5b2c2 = 3(b+ c+). 


We have equality fora = b=c=1. 


30 1 Warm-up problem set 
b) Write the inequality as follows 

Sv(a- 1) [a? + (ab + be + ca)| > 0, 

Sa? — Soa? +(at+b+c—3)(ab + be+ ca) >0 
Since a + 6 +¢ > 3 (by the AM-GM Inequality), it remains to show that 
> a — Soa? > 0 We can obtain this inequality applying the AM-GM 
Inequality in this manner 

9S a = (7 +B 4+c%) > ¥> 901583 = 95° a? 
* 


24. Let a,b,c,d be non-negative numbers such that a?—ab+b? = c?—cd+a?. 
Prove that 
(a + b)(c+ d) > 2(ab + ed). 


Solution. Let x = a2 — ab+ 6? =c* —cd-+d* Without loss of generality, 
suppose that ab > cd We have x > ab > cd and 


(a+b)*=243ab, (c+d)? =2 +4 3cd. 
By squaring, the desired inequality becomes 
(x + 3ab)(x + 3cd) > 4(ab + cd)? 
Since x > ab, we get 
(x+3ab)(x+3cd)—4(ab-+cd)? > 4ab(ab+3cd)—4(ab+ed)? = 4cd(ab—cd) > 0. 


Equality occurs for (a, b,c,d) ~ (1,1, 1,1), and also for (a,b, c,d) ~ (0,1, 1,1) 
or any cyclic permutation. 


* 


25. Let a;,a2,  ,@n be positive numbers such that ajaz an = 1. Prove 


that 
1 1 1 Sa 


— ——____——- + - , Paes ea 
1+(n—1)a; +74 (n— la "i (eyo ms 


The inequality can be obtained by summing 


n 
First Solution. Letr = 
up the below inequalities for i = 1,2,...,7. 


Ss 2 
1 a; 


> 
1+(n—l)a; ~ ap? +a,7+- +47" 
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This inequality is equivalent to 

at Fay Fan +. ban” 3 (n— 1a, 
which follows immediately from the AM-GM Inequality. Equality occurs 
when aq} =a27 =: =a@,= 1. 


Second Solution. Let 
1 1 1 


EGON St) Tasgesija, ei a aan 


We will consider two cases. 
Case 1 — (n— 1)*a;a; < 0 for alli # 3. Since the expression E is 
symmetric and aja2. @, = 1, it suffices to show that 


E(a1, a2, a3,.. 10,) > E(1, a1 42,43, 2 , Qn) 


for a1 < 1 and a2 > 1. If this assertion is valid, then it is easy to prove (by 
contrapositive way) that 


E(a1,a2,. .,@n) > E(1,1,...,1)=1 
We have 


E(a1,@2, .,@n)—~ E(1,aiaz, . jan) = 
Ret l—«a 1—ag l-(n=1)fara . 5 
nm 1+(n—-1)ar 14(n-1)ag 14+(n-1ajag 
Case 1 — (n — 1)*aja; > 0 for a couple (i,j) with i # 7. It suffices to 
show that 
1 1 
i2G=ne | 1+(n— 1)a; ae 


This inequality is equivalent to 1 — (n — 1)?a;a; > 0. 


: 1 
Third Solution Using the substitution a; = — for all i, the inequality 
ey 


z 


becomes 
xy Lo Ln 
_ OY +} —————___———- > 
at+n-1) 2e+n—-1 aera eas : 
where 21,22,.. , 2p are positive numbers such that £129. .2n, =1. By the 


Cauchy-Schwarz Inequality, we have 
ss vat vet “+ Jin)’ 
aj+n—1~ Si(e1 +2 = 1) 


32 1 Warm-up problem set 


Thus, we still have to show 


(Veit Jtat-: + Vn) > n(n-1)+ oa, 

which is equivalent to 

—1 

> [L425 > n(n—1) 
l<i<j<n 2 

Since 2122 Zn = 1, the inequality follows immediately from the AM-GM 
Inequality 

Li+ 
Fourth Solution Using the substitution a; = a for alli, where 21,22, ,2n 


Xj 
are positive numbers (2,41 = 21), the inequality becomes 


zy x2 In 
ee ha 
eG emo les ae neers ea 
or 
rY1— 22 %2—- 273 rope In 7 
Zpt+¢(n—ljzq 29+ (n—1)x3 tn +(n—-1)r) ~ 


We will prove, by induction over n, a slightly more general statement: if 
m>n-—1, then 


Z1— 22 rq — 23 In —2y $0 
2jtmr 2£2+mr3 In + Mz, 
For n = 2, we have 
2 


xr, — Le z2-2%,  — (m—1)(%1 — 22) 
zytmrzg fg+mz, (21 + mzax2)(z2+ mz) ~ 
Suppose now that the inequality is true for n numbers (n 2 2), and let us 


prove it for n + 1 numbers. We have to show that 


m-t2 , w2—73 |, Mates 4 Mei 59 (1) 
r,+¢mr. xr2+mMzT3 In +MEn41  Lnz1 + MT, ~ 
form>n 
Without loss of generality, consider that tn4,; = max{z1,22, 5 En41} 


Since m > n implies m > n — 1, we may use the inductive hypothesis. 
So, we still have to prove the inequality 
Ln — Inti In4+1—7 71 > In — 21 
Int MEnse1 En41 $+ MZ ~ Ia + M7 


, 
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which is equivalent to 


(Tn41 ~ mi) (lax e ,)(m@x, _ In) > 0. 
Since this inequality is true for m?2, > zp, it suffices to prove (1) for 
m?z, <n. We write (1) in the form 
x n+i 
ee) ee ee ee ee Ls 
Zyptmr 2+ ML Int Minti Ina, +mz, ~ mt+1 


and see that 


In Tn+1 
In+ Mint. Tasi+ Mz 
ae tns1(2n — m2) n+1 
(Zn + MEn41)(Tn41 + M21) ~ m+i 


Fifth Solution Suppose that the desired inequality is false, and then show 
that the hypothesis a,a2 ..@n, = 1 does not hold. Actually, we will prove 
that if 


1 1 1 


———— + ——___ +. -4 ———— <1, 
14(n—- ja; temas 14+(n—-1)an 


1 


then Q1Q9Q...an > 1. To do this, let ri = 1Le(a= 1a; 


fori = 1,2,...,n. 


1-2; 
Note that 0 < 2; < 1 and a; = Gaon for all <. So we have to show that 


X1 +22 +---+2n <1 implies 
(l—a1)(1-—22) . (1—2n) > (n-1)"a1 22. . 2p. 


We can easily prove this inequality using the AM-GM Inequality Indeed, 
for all k = 1,2,...,n, we have 


1—a,> S02; > (n-W aa II 2. 
j#k ik 


Multiplying these inequalities, the conclusion follows. 


* 


34 1 Warm-up problem set 


26. Let a,b,c,d be non-negative real numbers such that a2+b? +c? +d =1, 
Prove that 
(1 — a)(1 — 5)(1 —¢)(1 — d) > abed. 


Solution. The desired inequality follows by multiplying the inequalities 
(1-—a)(1 —b) > cd, 
(1—c)(1—d) > ab 

With regard to the first inequality, we have 

Qed < c? +d? = 1a? — 8, 
and hence, 
2(1 — a)(1 — b) — 2ed sen ns += 
(1-a—b)?>0 


The second inequality can be proven similarly. 
The given inequality becomes equality for (a,b, c,d) = G. - 
also for (a,b, c,d) = (1,0,0,0) or any cyclic permutation 
* 


27. If a,b,c are positive real numbers, then 


Vat VeestVeres 
fs 


- and z = 1 the problem 
b c 


First Solution Setting z = 


reduces to show that 


1 1 3Vv2 
rope ee ee 
¥v14+<2? lt+y? vl+2 2 
where z,y,z are positive numbers such that zyz = 1. Assuming that 


az = max{z,y,z}, which implies yz < 1, the inequality can be obtained 
by summing up the inequalities 


1 1 2 
+ Ss ) 
1+y? V1 +z? V1 + yz 
9 9 
1 , 2 < 3v2 
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The first inequality can be proven as follows: 


1 ns a al a cee pe a 
2\ Ayy Vi¢z2) ~1lty? 142 (Py tl 42) 


With regard to the second inequality, since 


Dae V2 
Vice 142" 
it suffices to show that 
9 
Pog 
l4+2 l+yz7 2 
We have 
143c Qc = 1+3r-2 148-2201 +2) _ 
See ne 1 +2) 142 — +z) 
1 —V2 
me Cine a 
2(1 + 2) es 


This completes the proof. Equality occurs fora=b=c=1 


Second Solution (by Mikhail Leptchinski). Applying the Cauchy-Schwarz 
Inequality, for any positive numbers z, y,z we have 


2a * 2b % 2c 2 (£+-+2)(= s Qby i =) 
Va+b Vbte Veta x y 2z/\atb b+e ct+e 


Thus, it suffices to show that 


1 1 1 2axz Qby Qcz 
Bg <9. 
(G+5+3) (Set -_ 


1 1 1 
Choosi = —,y= dz= —— i i 
oosing x ae Y=% Tar and z aa the inequality becomes as 
follows 
b c 9 


@u bate  @eebte) (opalers) (arbee): 
a(b? + c?) + b(c* + a) 4 c(a? + b?) > Babe, 
a(b — c)* + b(e — a)? +. e(a — b)? > 0, 


the last being clearly true. 


36 1. Warm-up problem set 


* 


28. If a,b,c,d are positive real numbers, then 


2 2 
(5) +(e) +(<44) + (=) 21 


b 
Solution. Setting r= —, y= prscandt= 5 q? the inequality becomes 
1 1 1 1 
easier eel ees 
(Trap? sy? * eae? Grae 


where 2,y,2z,¢ are positive numbers such that zyzt = 1. This inequality 
follows by summing the inequalities. 


1 eee 1 Pas 

(142)? G+ = l+azy’ 

1 1 1 xy 

> 
G42?! Aso? Ita l+zy 
We have 

le Soe AN cE) es 
(l+2)?  (ity)* l+zy (1 +2)?(1 +y)®(1 + xy) 


ay(z— y)? + (1— zy)? 
(14+2)2(1+y)*(1+2y) ~ 


and similarly, 


1 ee eee 2t(z— t)? + (1 —2t)? 
G42)? * G@4e? ITpet (+2 (14e)X(1 +20) — 


Equality occurs fora = b = c=d. 


* 


1 1 1 
29. Let a,b,c be positive numbers such thata+b+e= i + rn + = vf 


a<b<ce, then 

ab?c3 > 1 
Solution. First we will show that a < 1. Indeed, ifa > 1,thenl] <a<¢ 
b<cand 


1 1 1 #d1-a 1-8 1-¢ 
Pepe peese aa * <0, 
a 5b b c 
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which is false On the other hand, from a < 1 and 
1 1 

oe to), 
- a (bb) (5 


it follows that be > 1. Similarly, we can show that c > 1 and ab < 1. 
Since be > 1, it suffices to show that abc? > 1. Taking account of ab < 1, 


we have 
e~7 = (a+0) (3 ~1) 2 avab (5-1) =2 (> - vab) > ——vab 


and hence 


Ges eae 


which gives us abc? > 1. Equality oceurs fora =b=c=1. 
* 


30. Let a,b,c be non-negative numbers, no two of them are zero. Then 


I ea A A OE 
b+? ch 4a? ' a2 +b? ~b+e' cta a+b 


Solution. Adding up the identities 


a? __@ _ abla—b)+acla—c) 
Bic? bre  (b24e)(b+e) ” 
b _ >  __ be(b—c) + ba(b — a) 
O+a? e+a  (4a%)(c+a) ” 
e e _ ca(e—a) + cb(c— 6) 


a+b? a+b (a? + b?)(a + b) 
yields 


a? a 
ree ie 


7 5 | ae me ee ee (Fe 
-Likb- 9 arora GETACED e 
be(b — c)? > 0 


2,72, 2 
= (a°+b°+ce%+ ab+be+ce eae A 
( 2) eee ere ed b)(a+c) ~ 


Equality occurs for (a,b,c) ~ (1,1,1), and also for (a, b,c) ~ (0,1, 1) or any 
cyclic permutation, 


38 1 Warm-up problem set 
* 

31. If a,b,c are non-negative numbers, then 

(a? + 1)(b? + 1)(c? +1) > (a +1)(b + 1)(e + 1)(abe + 1) 
First Solution. For a = b = ¢, the inequality reduces to 

2(a? + 1)3 > (a + 1)8(a? + 1) 

This inequality is true since 

2(a? +1)? — (a+ 1)3(a3 + 1) = (a—-1)4(a® +a $1) 50 
Multiplying now the inequalities 


3> (a4 1)3(a? + 1), 
cieias > (b+ 1)9(b8 4-1), 
Fa (e+ Ic? +1), 


we get 
8(a? +.1)9(b? + 1)3(c? +.1)9 > (a $1)9(b + 1)3(e + 1)9(a3 + 1)(B8 + 1)(c8 + 1). 
Using this result, we still have to show that 
(a3 + 1)(b? + 1)(c? +1) > (abe +:1)° 
This inequality follows by Hélder’s Inequality 
(a3 + 1)(8 +1)(c2 +1) > (YoIwRa + YT 1-1) = (abe +1), 
but it can be also invoking the AM-GM Inequality Write the inequality as 
(0353 + b3c3 + 3a? — 3a7b?c?) + (a? + 03 + c* — 3abe) > 0 


and notice that a3b? +63¢3 + a3 > 3a2b%c? and a3 +63 +c8 > 3abe Equality 
occurs fora =b=c=1. 


Second Solution (by Marian Tetiva). We will use the substitution 
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where —1 < z,y,z < 1. Since 


a?41 a? 41 B41 y2+1 241 2241 


, 


c+1  z4l1 


a+1 241’ b+1 yt 
and 
Ary + yz+2241) 


Weel CHM EI 


the inequality becomes 


(x? +.1)(y? + 1)(2? 41) > ay + yz4 24 +1, 
ay? 4 22? 4 2292 49? 4 y? 4 2? > cy t yet a2, 
1 1 1 
wry? + ya? 4 ara? + (ey)? + S(y— 2)? + s(2- 2)? 20. 


The last form is clearly true for any real numbers z, y,z. Consequently, the 
given inequality is also valid for any real numbers a, b,c. 


* 


32. If a,b,c are non-negative numbers, then 
3(1-a+a7)(1—b4 b?)(1—e4 7) > 14 abc + a7b?c?. 
Solution. From the identity 
(lL —a+a*)(1—b 46?) = 14 a7b? + (a —b)? + (1 — @)?(1 — 8)?, 
the inequality follows 
2(1—a+4a?)(1—b +b?) > 1 4.0767. 
Thus, it is cnough to prove that 
3(1 + a7b*)(1 — ¢ 4c?) > 2(1 + abe + 07b2c?), 
This inequality is equivalent to 
(34 a2b?)c? — (3 + 2ab 4-3a7b?)ce + 1+ 3a°b? > 0 
It is true because the quadratic in c has the discriminant 
D=-—3(1- ab) <0. 


Equality occurs fora =b=c=1. 


40 1. Warm-up problem set 


* 
33. If a,b,c,d are non-negative numbers, then 
2 
(1—a+a?\(1—b+ bY(L—e +e2)(1— d+d)> (- aoe) 


Solution. For a = ) = c= d, the inequality reduces to 

2(1—a+a’*)? >1+a4 

This inequality is valid since 
2(1-a+ a)? -1-at=(1-a)* >0. 

Using this result, we have 

4(1—a+4a*)?(1—b+*)? > (14 a4)(1 + 0%). 

Since (1 + a*)(1 + 64) > (1 + ab?)?, we get 

2(1—a+a")(1—b+b*) >14.07b?. 

The desired inequality follows now by multiplying the inequalities 
2(1—a+a°)(1—b+b*) >1+4 07d, 
a(l—e+c?)(1—d+d?) >14 cd’, 

(1 + ab?)(1 + c2d*) > (1 + abed)? 
Equality occurs fora =b=c=d=1 
* 
34. If a,b,c are non-negative numbers, then 
(a? + ab + b?)(b? + be +c?) (c? + ca + a”) > (ab + be+ ca)? 
Solution. We have 
4(a? + ab + b*) — 3(a +b)? = (a—-b)* 30. 

Multiplying the inequalities 

4(a? +.ab +b?) > 3(a +b)’, 

4(b? + be +c?) > 3(b+¢)?, 

4(c? + ca +a”) > 3(e +a), 
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we get 
64(a? + ab + b?)(b? + bc +. c”)(c? + ca +a”) > 27(a + b)?(b + c)*(c +a)’. 
Thus, it suffices to show that 
27(a + b)?(b + c)*(c +a)? > 64(ab + be + ca)?. 
Since 3(ab + be +. ca) < (2 +6 +c)’, it is enough to prove that 
81(a + b)?(b + c)?(c + a)? > 64(a + 6 + c)*(ab + be + ca)’. 

This inequality is equivalent to 

O(a + b)(b+ c)(e+a) > 8(a+b+c)(ab+ be + ca), 
which reduces to the obvious inequality 

a(b —c)* + b(c — a)? + ca — b)? > 0. 


Equality occurs for (a,b,c) ~ (1,1, 1), and also for (a,b,c) ~ (1,0,0) or any 
cyclic permutation. 


Remark Kee-Wai Lau found out the following nice identity: 
(a? + ab + b*)(b? + be +c?) (2 +.ca + a”) — (ab + bc + ca)? = 
_} 2 2,1 2q7 2 2 
= 3 (ab + be + ca) >> (b-¢) +g latbtc) Soa (b—c)*, 
which shows that the given inequality holds for any real numbers a,b,c 
* 


35. Let a,b, c,d be positive numbers such that abcd = 1. Prove that 


1 ] 1 1 
1+ab+bc+ca 7 1+bce+cd+db m l+ed+da+ac = 1+da+ab+bd <1 


Solution. We have 
= Vi (Va+vb+ Ve), 
whence 


othte2 yet yet Ta 
ex 


GbE be eg s VOT VO Ve 
vd 
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and 
Seo at Ds, a te eS 
1+ ab+bc+ca — Jat+vVb+fe+Vd 
Similarly, 
joe, SAU oe tok ete Sn, 
1+be+cd+de — Jat vb+Ve+vad’ 
1 vb 


Ba ee 
1+cd+da+ac~ fat+vVb+/e+vVa’ 


1 Ve 
ee 
1+da+ab+bd~ Ja+Vb+ /e+ Vd 


Adding up these inequalities yields the conclusion. Equality occurs for 
a=b=c=d=1. 


* 

36. If a,b,c and x,y,z are real numbers, then 

4(a? + 2*)(b? + y?)(c? + 2”) > 3(bex + cay + abz)?. 
Solution. By the Cauchy-Schwarz Inequality, we have 

(a? +2?) [(cy + bz) + b7c"] > [a(cy + bz) + ber]. 
Thus, we stil] have to show that 

A(b? + y?)(c? + 2?) > 3[(cy + bz)? + b?c?] . 
This inequality reduces to 
(cy — bz)? + (be — 2yz) > 0, 


which is clearly true. In the case abe # 0, equality holds for 


V2 
a 


elk 


et es 
be 


* 
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37. Ifa >b>c>d>e, then 
(at+b+c+d+e)* > 8(ac + bd + ce). 
For e > 0, determine when equality occurs. 
Solution. We have 


(at+b+c+d+e)? — 8(ac+ bd + ce) = 
=(at+b+c+d+e—4c)? + 8(a+b+c+d+e)c—16c?—8(ac + bd + ce) = 
=(a+b+c+d+e-— 4c)? + 8(b—c)(c—d)>0. 


From here the desired inequality follows. Equality occurs for either 
at+td+e a+tb+te 


b=c= age orc=d= ane ak For e > 0, the equality condi- 

; a+bte | ; ; 

tions c = d = ———— yielde =O anda=b=c2=d Since this case is 

included in the first equality case, we can conclude that equality occurs only 
atd+t+e 

forb=c= eae 


* 
38. If a,b,c,d are real numbers, then 
6(a? +b? +c? + a?) 4 (a+ b+c4d)? > 12(ab + be + cd). 
First Solution. Let 
E(a,b, c,d) = 6(a? + 6? +c? + d?) +(a+b+c4 d)? — 12(ab + be 4 cd). 
We have 


E(z+a,z+b,2+¢,2+4 d) = 42? + 4(2a—b—c+2d)r+ 

+ 7(a? +b +c? +d?) + 2(ac + ad + bd) — 10(ab + be + ed) = 
= (22 + 2a —-b—c 42d)? + 

+ 3(a + 26? + 2c? + d? — 2ab + 2ac — 2ad — Abe + 2bd — 2cd) = 
= (2z + 2a —b—c + 2d)? + 3(b— cc)? + 8(a—b +c —d)?. 


For x = 0, we get 


E(a,b,c,d) = (2a—b—c + 2d)? + 3(b— c)? +3(a-b+c—d)? >0. 


44 1 Warm-up problem set 
Equality occurs for 2a = b = c = 2d 
Second solution Leta=b+2andd=c+y. We have 


E(a,b,c,d) = 6(a? + y?) + [zx t+y + 2(b+c)?]? — 12be = 


=6 
= 3(x—y)? + 4(z+y)? + 4(xty)(b+e) + (b+c)? + 3(b-c)* = 
= 3(a —y)* + (22+ 2y 46+)? + 3(b—c)? >0. 

* 


39. If a,b,c are positive numbers, then 


| 1 i 1 | 1 1 1 
(atb+e)(—4+54=) 214+ 1+ (a?+b2+02)(S+5+5). 


Solution. (by Gabriel Dospinescu). Using the Cauchy-Schwarz Inequality, 
we have 


(Ho) (4)= (Me t+2N ey) (NS +2D5;) = 


and hence 


From this mequality, the conclusion immediately follows. Equality occurs if 


and only if 
(De) (Ly) a (Lz) (LE), 
which is equivalent to 
(a? — bc)(b* — ca)(c? — ab) = 0 
Consequently, equality occurs for a? = be, or b? = ca, or c? = ab 


* 
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40. If a,b,c,d are positive numbers, then 


1 1 1 1 
5+ 2(a? +b? + 2) (S tats =) - 22 (a+b+e)(-+74-). 


a bie boc a 
Solution. Let z = -+-+-— and y= —-+-+-. We have 
bo coa abe 


a 
=O oe at eel we —y)? > (z@ty—2) 
Therefore, 


1 
red 


Equality occurs if and only if a = b, or b =c, orc=a 


* 


1 1 1 1 1 
2(a? + 8 + 02) (| Pats G) ~22 Bty-2= (atb+e) (= +5 4+=)- 


b 


41. Ifa,b,c,d are positive numbers, then 
Ge od ee 
b+te ctd d+ta a+b 


Solution. We have 


a-b e-d a+e ate 1 1 
= site sru)- 
be dea bee’ dha C205 8 G.: ? 


Since 


b+e | dta (b+e)+(d+a)’ 
we get 

a—b ord). 4(a +c) 

b+e dta~ a+tb+c+d 
Adding this inequality to the similar inequality 

b-c d-a 4(b+ d) 


pee ac LO 
Sed ato abd 2, 


—2 


46 1. Warm-up problem set 
we find the desired inequality Equality holds if and only if a = c and b = d. 
Conjecture. If a,b,c,d are positive numbers, then 


a-b b-c c-d d-e e-a 


—— + —— + = — + ——_ >0. 
hie Cee ae eta cho 
* 
42. If a,b,c > —1, then 
2 2 2 
l+a 1+5 l+e 35) 


1+b+c t+et+a* 1+a+d7 


1+ 6? 
Solution. We have 1+b+c* >1+6>0, ibe Sl te and 


hence 
1+a? 2(1 +?) 
1+64+c? ~ 14624 2(14 cc?) 


Setting z=1+a?,y=1+0*,z=1+4 2’, it suffices to show that 


a +—2 47 31 
yt2z z4+2r x+2y 7 
Using the Cauchy-Schwarz Inequality, we have 
Dig A as oe at 
yt2z 0 z+2e °° 2+2y ~ x(y+2z) +y(z+ 22) + 2(2 + 2y) 
2 
a AOU 2 5G, 
3(zy + yz + zz) 


Equality occurs if and only ifa=b=c=1. 
* 
43, Let a,b,c and x,y,z be positive real numbers such that 
(at+btel(etyt2)=(7 +P 4A) +y?+2?)=4 


Prove that 


abcr: Ze 
$e 3G 


Solution. Using the given relations and the AM-GM Inequality, we have 
4(ab+ be + ca)(xy + yz + 22) = 
= [(a+b+0)? — (a? +b? +0?)] [(2@+y+z2)?—(2?+y? + 2’)] = 
=20-(atbte)(2?+y? 427) —(@ty+z)(?4+b4c%) < 
<20-2%Aat+b+c)(r+y+z)V(a? +b? +c*)(x? + y*? +27) = 4, 
therefore 
(ab + be + ca)(zy + yz +22) <1. 
On the other hand, multiplying the well-known inequalities 
(ab + be + ca)? > 3abe(a +b +c), 
(zy + yz + 22)” > 8nyz(x + y + 2), 
we get 
(ab + be + ca)? (zy + yz + zx)? > 36abexryz. 


Thus, 
1 > (ab + be + ca)*(zy + yz + zx)" > 3abezyz. 


To have 1 = 36abcryz, it is necessary to have (ab-+be+ca)* = 3abc(a+b+c) 
and (ry +yz+ 22)? = 32yz(x+y+z). But these equalities imply a=b=c 
and z = y = z, which contradict the hypothesis 


(a+b+c\atytz)=(@ 4b? +c*)(x? +y2 427) =4 
Consequently, we have 1 > 36abcryz 
* 
44, Let a,b,c be positive numbers such that a? + b? +c? = 3. Prove that 


a®+b? BF 4c? ¢2 4. g? 
a+b b+e cta ~ 


Solution. Write the inequality as follows 
P+ee b+e 
eae Petey reno rene eae ee 
re =e 3(a? + b2 +c?) -a—b-—e, 
Se (Oe ee) 
2(b+c) ~ \/3(a2 + b2 + c2 tatb+te 


48 1. Warm-up problem set 
Since \/3(a? + b2 + c2) > a+b+¢, it suffices to show that 


(b—c)* S (a —b)? + (bc)? + (c—a)? 
2(b+c) ~ 2(a+b+c) ; 


This inequality is equivalent ‘to: 


a _p\2 
Maa c)’ > 0, 


which is clearly true Equality occurs fora =b=c= 1. 
* 


45. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 


1 1 1 3 
ae SS 
abet Baca c+ab— ab+be+ca 

Solution. Since 
ab+be+ca _ ne a(b+c-a) 
attbe at+be ’ 
we may write the inequality as 


a(b+c—a) gees) c(a+b—~c) 
a? + be b? + ca cA+ab 


Assume that a <b <c. Since b+ c—a > 0, it suffices to show that 


bB(c+a—b)  clat+b—c) 
Hck ca A a nS A 
b2 + ca e+ab 7 


This inequality is equivalent to 
(b? + c2)a? — (b+ c)(b — 3bc +. c?)a + be(b — c)? > 0. 
It is true because 
(b? + c2)a? — (b+ c)(b? — 3be +.c?)a + be(b — c)* = 
= (b? + c2 — 2bc)a? —(b + c)(b? —2be + c*)a + be(b—c)? + abe(2a + b+) = 
= (b—c)*(a— b)(a —c) +. abe(2a+b+c) >0 
Equality occurs for (a,b,c) ~ (0,1, 1) or any cyclic permutation. 


* 
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46. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 
1 1 ny 1 es 3 
ote renee a? —~ab+b? ~ ab+be+ ca’ 
Solution. Denote 


ab+be+ca abtbe+ca abt+be+ca 


E(a,b,e) = oy ot @—cata | a—abt+e 


We first assume that a < b < c, and then show that 


E(a, b,c) > E(0,b,c) > 0. 


We have 
a(b+c) a(c?+2bc—ab) | a(b?+2bc—ac) 
= = ee —————— > 
E(a, b,c) - E(0, b,c) Poiee + ery nary Sab ERE ve 
a(b+c) ey a(be — ab) a(be — ac) >0 
— 62 —be+c? § ce ~cat+a? § a®—ab4+b?2 
and 
be b c¢ (b — c)4 
NS jaa A as Oa i Se 
et ia atc es be(b? ~ be + c?) ~ 
Equality occurs for (a,b,c) ~ (0,1,1) or any cyclic permutation. 
* 
47. Let a,b,c be positive numbers such thata+b+c= 3. Prove that 
12 


——____—___ > 
Bnet ha hedeea 29 


Solution. By the third degree Schur’s Inequality 
(at+b+c)?+49abe > 4(a +b +c)(ab + be + ca), 


we get 3abc > 4(ab + bc + ca) - 9. Thus, it suffices to show that 


36 


A(ab + b - ———— > 
(ab + be + ca) arn ay rire 


This inequality is equivalent to 
(ab + bc + ca — 3)? > 0, 


which is clearly true. Equality occurs for (a,b,c) = (1,1,1. 


50 1 Warm-up problem set 


* 


48. Let a,b,c be non-negative numbers such that a? + b? + c? = 3. Prove 
that 
12+ 9abe > 7T(ab + be + ca). 


Solution. Let s=a+b+4c. Since 


(atb+c)?*—(a?+b +c?)  5?—3 


b+5 = 
ao + oc + ca 5 aa 


the inequality becomes 
45 + 18abe — 7s? > 0. 
On the other hand, by Schur’s Inequality 


(a+b+c)? + Qabe > 4(a +b + c)(ab + be + ca), 


we get 
s? + Yabc > 2s(s* — 3), 
that is 
Yabe > 5° — 6s. 
Then, 


45 + 18abe — 7s? > 45 + 2(s? — 6s) — 7s? = (s — 3)°(28 +5) > 0. 
Equality holds if and only if (a,b,c) = (1,1, 1). 
Remark. From the proof above, the identity follows for a+b 4c? =3: 
1249abe—7(ab-+be+ca) = > a(a—b)(a—c)+(a+bt+c—3)? (a +b+e+ >| ; 


* 


49, Let a,b,c be non-negative numbers such that ab + be + ca = 3. Prove 
that 
a3 + 63 +c? + 7abe > 10. 


Solution. Let s =a+6+ c. From the well-known inequality 


(a+b+c)? > 3(ab+ be + ca), 
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we get s > 3. Since 
a? +b? +c? = 3abe + (a + b+ c)3 — 3(ab + be + ca)(at+b+ce)= 
= 8abe+ 5? — 9s, 
the inequality becomes 
10abe + 5? — 9s — 10 > 0. 
This inequality is true for s > 4, because 
s* —95—10 > 16s—9s—10 = 7s—10>0 
Consider now that 3 < s < 4. By Schur’s Inequality 
(a+b+c)? + Qabe > 4(ab+ be + ca)(at+b+4+c), 
we obtain 
Yabe > 125 — 8°. 
Thus, we have 


10(12s — s°) 
9 


10abe + s? ~9s - 10> + 53-95-10 = 


_ —83+39s—90  (s—3)(30—5?—35) _ 
9 = 9 ~ 
— 3) }(16 — 5?) + 3(4—- 2 
pS ICE ea tlk 
9 2 
which completes the proof. Equality occurs if and only ifa=b=c=1. 


* 


50. If a,b,c are positive numbers such that abc = 1, then 


(a+b)(b+c)(c+a)+7>5(atb+e). 
Solution. Assume that a = max{a,b,c} and denote b+ c= 2. We have 


2 
a>1,z2>2vVb yg end 
a 


E=(a+b)(b+e)(e+a)+7—-5(a+b+4+c) = 
= 2(ax + a? + be) + 7~ 5a— 5a = az? + (a? + be —5)2 47 —5a= 


2 ee 2 2 _ ny2 
=a(242th5) _ (a + be—5)* 


2a 4a oe 


52 1. Warm-up problem set 


Since 
a’ + be — 2 a? + be — 2 4 = 5 
ee = = 
2a ~ Ja 2a a 2a 
1 
== (@ +2-1)> 0, 
2 
it suffices to consider x = —=. In this case, we have 
va 
B= an? + (a? + be~5)2+7—5a=2(a?++—~5) 411-50 
a Ja 


Setting t = /a, t > 1, yields 


15 at® — 5t5 + 1123 — 10¢7 + 2 
B22(¢ a7) 2622 EE 
ae + 8 t + 11 t 8 
_ (t— 1224 — 8-40? 4.404 ee Gat 2(9¢4 — 13 — 4? + 32) 
ae gg 
_1)4 
Ba eC ey 
12 
Equality occurs if and only ifa=b=c=1. 
* 
51. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 
a3 1 b3 i 3 e 1 
(2a2+2)(2a2+c?) © (2b?+c*)(2b?+a?) (2c? +a?)(2c?+b?) ~ atb+e 
Solution. The inequality follows by summing the inequalities 
ee eee ere ae 
(2a? + 62)(2a2 4+ c2) ~ (a+ b4c)?’ 
b? “ 1 
(2b? + c?)(2b? + a*) ~ (a+ b4 ce)?’ 
c eS 1 
(2c? + a2)(Qc?2 + b?) ~ (a+b+c)?’ 
multiplied by a,b and c, respectively These inequalities directly follow by 
the Cauchy-Schwarz Inequality. For example, from 


(a? + a? + b*)(c? +a? 4a”) > (act a’ + ba)’, 


the first inequality follows. Equality occurs if and only ifa = b= c 
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* 
52. Let a,b,c be non-negative numbers such thata+b+c > 3. Prove that 


1 ‘ 1 4 1 oy 
atbt+e atb+e° atb4+e27 
Solution. It is easy to check that it suffices to consider a+ b+c= 3. In 
this case, we may write the inequality in the form 


B oes la x eee 
a—at+3  b?—-b4+3  c2—c4+3 7 


We can prove this inequality by adding the inequalities 


We notice that 


4—a 1 _ (a~1)(8~a) _ (a-1(b+e) , | 
9 @—at3 9(a2—a+3)  9(a2-a+43) = 


Equality occurs if and only ifa=b=c= 1. 
* 


53. Let a,b,c be non-negative numbers such that ab + be+ ca = 3. Ifr> 1, 


then 
1 1 1 3 
< 


r +a? +b? t Pa gee Ve areal ~r+2° 
Solution (by Pham Kim Hung). Since 


Tr i b? 4 2 


Fie pe Fara 


We may write the inequality as 


On the other hand 


and 24 3 
b* + a (b+ c) 


5d 1 Warm-up problem set 


Thus, it suffices to show that 


_(btey c)? 6 
Meso 2 aa 
W+(b+c)? ~r4+2 
By the Cauchy-Schwarz Inequality, we have 


(b+ c)? 4(a+b4+c)? 
pees Ae 
2r+(b+c)? ~ 6r+ S“(b +c)? 
- %a+b4+c)? 7 
~ a+b +c? 4 (rt 1)\(ab+be+ca) — 
_ 6 il 2(a? + b? + c? — ab — bc— ca) 
ph r42 a+b? 4 c2 4 (r+ 1)(ab4+ be + ca) ~ 
6 
248 


Equality occurs if and only ifa =b=c=1. 
* 


54. Let a,b,c be positive numbers such that abc = 1. Prove that 


1 1 1 5 
fees sos ses Grouseiea 
1 1 1 
Solution. SS eg Po ep Le! ,S=z2t+y+z and 
Q = ry + yz + za, where 0 < 2,y,z < 1. The hypothesis abe = 1 becomes 
xyz = (1—2)(1—y)(1—2z), that is 2ryz = 1 - S$ + Q, while the required 
inequality transforms into x? + y* + 24 + 5zyz > 1. That is 


82yz + S2~3SQ > 1, 


or 
S3—45 43> (35 —4)Q. 
S2 
We have to prove the last inequality for S—1< Q < —-. The left hand side 
condition follows from 2zyz = 1—S+Q, while the right hand side condition 
is well-known. We will consider three cases. 
Case S <1 We have 


$3 — 45 +3 = (1—$)(8-S—S?) >0> (35— 4)Q 


1.2. Solutions 55 


4 
Casel1<S< 3 We have 


5S? - 454+3—-(35—4)Q > S3-4543- (35 —4)(S—1) =(S—1)?>0. 


4 
Case S > 3° We have 
S? 25 — 3)? 
S°—45 +3—(35~4)Q > S?— 45 +3~ (35-4) = er >0. 
Equality occurs if and only ifa=b=c=1. 
* 
55. Let a,b,c be positive numbers such that abe = 1. Prove that 
2 1 3 

ee Se 

cPope 3 ~ ab+ be+ ca 

ab+be+ ca a+b+ 
Solution. Let u = —" and s = ——. By the AM-GM 


Inequality, we get 


u> Vab-be-ca=1. 


On the other hand, the third degree Schur’s Inequality states 
(z+ytz)? + 9ryz > A(x +y4+2z)(zy + yz + 22) 


for any non-negative numbers z,y,z. Substituting x,y,z by bc, ca, ab, 
respectively, we get 


(ab + be + ca)? 4+ 9 > 4(ab + be + ca)(a+b+c), 


which is equivalent to 


3u2+1> dus. 
Therefore, 
6 9 2 3 8u 3 
abe ab+be+ca Peet u-38G1'! u 


_ 3u‘~— 9u? + Bu? +u-—3 _ (u — 1)(3u? — 6u? + 2u + 3) 
u(3u3 + 1) = u(3u3 + 1) 


56 1. Warm-up problem set 


Since u > 1, we have to show that 3u° ~ 6u? + 2u4+3>0. Foru> 2, we 
have 


3u? — 6u? + 2u +3 > 3u° — 6u? = 3u?(u — 2) > 0, 
and for 1< u< 2, we have 
3u? — 6u? + Qu +3 = 3u(u—1)?+3-u>0. 
Equality occurs if and only if@=b=c=1 
* 


56. Ifa,b,c are real numbers, then 


2(1 4+ abe) + /2(1 + a?)(1 + b*)(1 + c?) > (1+ a)(14+b)(1 +). 


Solution. Using the substitution u = a+b+c, v = ab+be+ ca and w = abe, 
the inequality becomes 


Qu? 4+ v2 + w2 -2Qwu-2v+1)>u+u~-w—l 
It suffices to show that 
2(u? + v? + w* —2wu—2v+1)> (u+tv—w-—1) 
This inequality is equivalent to 
wu + y? + w* — Quy + Qow — Qwu + Qu — 2v—-2w+4+1>0, 


or 
(u-v—w+1)?>0. 


Equality occurs if and only ifu-v—-wt+1=Oandu+u—w—12 0. 
* 
57. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


a(b+c) , b(c+a) e(a+b) 


atthe be+cea c*?+ab 


WN 
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Solution (by Pham Van Thuam). Assume that a > b > c and write the 
inequality as 


b(c + a) & (a — b)(a —c) # (a —¢)(b—c) 


b= +ca ~ a2 + be c2 + ab 


Since 
(a—b)\(a—c) ~ (a— ba Ze a—b 


at+tbe — atthe a 


and 


(a—c)(b—c) _ a(b—c) (be 
e+tab  — c+ ab 
it suffices to show that 


b(e+a)_a-b b—ce 
—>—— > ’ 
Pica ~ a < b 


This inequality is equivalent to 
b?(a — b)? — 2abe(a — b) + ac? + abc > 0 


or 


(ab — b? — ac)? + ab’c > 0. 
Under the assumption @ > b > c, equality occurs if and only if a = b and 
c=0. 
* 


58. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 


a(b+ c) b(c+ a) e(a+ b) 


> 2. 
a? + be b2 4+ ca eae 


First Solution By squaring, the inequality becomes 


a(b+c) 2D be(a + b)(a+ c) Sy 
(Fe caer ay > 4, 


me ae pe b? + ca)(c? + ab) 


Taking into account the preceding inequality, it suffices to show that 


be(a + b)(a +c) 
eB (b? + ca)(c? + ab 21 


58 1 Warm-up problem set 
Squaring again, it is enough to prove that 


be(a + b)(a +c) 
TP ca) + ab) = 


We have 
> c(a + b)(a +c) >> be(a? + be) 
ce + ca)(c? + ab) (b? + ca)(c2 + ab) 
4a2b2c2 
+ + be)(b? + ca)(c? + ab) ~ 
Under the assumption a > b > c, equality occurs if and only if a = b and 
c=0 
Second Solution (by Minh Can). Using the AM-GM Inequality, we have 


a(b+c) = a(b+ c) " 2a(b +c) _ 
a? + be (a2 + be)(ab+ be) (a? + be) + (ab + be) 
2a(b+ c) 


~ (a+ b)(e+ a) 
Thus, it suffices to show that 
a(b +c)? + b(c + a)? + c(a +b)? > (a+ b)(b4 c)(c+ a) 
This inequality is true, because it reduces to 4abe > 0. 
* 


59. Leta,b,c be non-negative numbers, no two of which are zero. Prove that 


1 ; 1 1 S a % b i c 
bte cta’atb~atbe' B+cea' &+ab 


First Solution (by Michael Rozenberg) Without loss of generality, assume 
that a= min{a,b,c} We have 


1 Qo 1 a E (a —b)(a—c) 
Se ae ees 
Since (a — b)(a — c) > 0, it suffices to show that 


(b—e(b—a) , (c-ale~b) . 
(c+ a)(b?+ca) (a+b6)(c? + ab) ~ 
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This inequality is equivalent to 
(b—c) [(? —a?)(c? + ab) + (a? — c?)(b? + ca)| >0 


or 
a(b — c)?(b? + c? — a? + ab + be + ca) > 0 
The last inequality is clearly true for a = min{a,b,c} Equality occurs if 
and only ifa=b=c. 
Second Solution (by Dariy Grinberg) According to the identity 
et tye ~y)? + (1 = 2y)? 
(14+a)?  (1+y)? L+ay” (14+2)?(1+y)2(1 + zy) 


(used also in the proof of problem 28), we have 


1 1 i be(b — c)? + (a? — be)? 


eh = 
(a+b (ate? a@abe (at+b)(a+c)(a? 4 be) = 
Using this inequality, we get 
1 b 
ee 2 a at oie ol = icra Perey 


1 


1 a 
“Le lesopt ral 2 Earp 
* 


60. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 ip 1 on 1 x. 2a ie 2b " 2c 
b+e cta a+b 3a24 be  3b2 4a 3c2 4 ab° 


Solution. Since 


1 2a 1 2a 
ee Dae ee) 7 
(a — b)(a— c) + a(2a — b— c) 
sos (b+ c)(3a? + be) 


- (a — b)(a —c) a(2a —b—c) 
gb cam )(3a? + be) +2 + Galt be) 


we can obtain the desired inequality by summing the inequalities 


(a — b)(a—c) 
Sire (3a? + be) a0 


60 1 Warm-up problem sct 


and 


a(2a—b —c) 
G+ oe tb 2° 


To prove the first inequality, assume that a = min{a,b,c} Since 
(a—6)(a — c) > 0, it suffices to show that 


(b—c)(b— a) (c—a)(c— 6) SG 
(e }a)(362 4 ca) * (a+ b)(3c2 + ab) — 
This mequality is equivalent to 
(b— c) [(b? — a)(3c? + ab) + (a? — c?)(3b + ca)| > 0 
or 
a(b — c)*(b? +c? — a? + 3ab + be + 3ca) > 0 
The last inequality clearly occurs for a = min{a, b, c} 
To prove the second inequality, we have 
a(2a—b—c) _ a(a — b) a(a —c) 
yeaa obo Parr Ets aa : by eat hey 
a(a — b(b — a) 4 
a? Dares iat a to erage cee) = 


b 
an se a-=b) Fi b+ c) yae"80) - ceria | mA 
e(a — 6)? [(a — 6)? +¢c(a+ b)| 
=e (b+ c)(c+ a)(3a? + be)(3b? + ca) 20 


Equality occurs if and only ifa=b=c 
* 


61. Let a,b,c be positive numbers such that a? + b? +c? =3 Prove that 


3 
— > 18. 
5(a+b+c)+ “he = 


Solution. Let p=a+6+c and q= ab-++bc+ca. From a? +b? +c? = 3 we 
get p*? = 2q + 3, p> V3, while from the well-known inequality 


(ab + be+ ca)’ > 38abc(a+ b+ c) 


we obtain 


12 Solutions 61 


Thus. it suffices to show that 


5p4 a 218 
q 
Simce 
9p 36p 
Sp+ = - 18 =5p + ——, - 18 = 
P @ (p? — 3)2 
_ Sp’ — 18p4 — 30p3 + 108p? + 81p — 162 _ 
7a ” 
_ (p—3)?(5p° + 12p? — 3p — 18) 
7 (p? ~ 3)? 


we still have to show that 5p? + 12p* — 3p — 18 > 0 Taking into account 
that p > V3, we get 


Sp? + 12p? — 3p — 18 = p” (sp+ 2-2-2) > 
> p’ (5v3 + 12— V3-6) >0 
Equality occurs if and ouly ife=b=c 
* 


62. Let a,b,c be non-negative numbers such thata+b+c= 3. Prove that 


See ee eee 3 
6-ab 6-be 6 


—ca~5 
Solution. By expanding, the inequality becomes 


108 — 48(ab + be + ca) + 13abe(a + b + ec) — 307b?c? > 0, 
4[9 — 4(ab + be + ca) + 3abc] 4 abe(1 — abc) > 0. 


By the AM-GM Inequality, we have 


Consequently, it suffices to show that 


9 — 4(ab + be + ca) + 3abe > 0 


62 1 Warm-up problem set 
This inequality has the homogeneous form 
(a+64+c)> + 9abe > 4(a +b + c)(ab + be + ca), 


which is just Schur’s Inequality of third degree. 


3 
Equality occurs for a = b = ¢ = 1, as well as fora =0 and b=c=75,5=0 


d eae 
and c=a=5,¢=Oanda=b=5 


Remark Actually, the following inequality holds 
1 1 1 3 
< 


Sob p= pen pel 


for a,b,c non-negative numbers such that a+b+c = 3 and p> 6. This 
inequality is equivalent to 


p [3p — (p + 2)(ab + be + ca) + Babe] + 3abe(1 — abc) > 0. 
Since 1 — abe > 0, the inequality is true if 


3p — (p + 2)(ab + be + ca) + babe > 0 


or 
(p — 6)(3 — ab ~ be — ca) + 18 — 8(ab + bc + ca) + Gabe > 0. 
Since 
2 
3—ab—be—ca = S404 9 _ gh be—ca = 
— p\? _— p\2 _ p\2 
_ (a b)* + (b—c)* + (c— a) >0 
6 
and 


9 ~ 4(ab + bc + ca) + 3abe > 0, 
the conclusion follows. For p > 6, equality occurs if and only ifa =b=c=1. 
63. Letn > 4 and let a,,02, ..,@, be real numbers such that 
a) +ag+°+: +a, >7 and att ag4-.- a2 >n?, 


Prove that 
max{a,a2,. ‘ An} 2 2 
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Solution. For the sake of contradiction, assume that a; < 2 for all i. Let 
2, =2—a;>O for alli, and let S=2,+294+-- +2,,5>0 From 


nm<atagt- +a, =2n-S, 
we get S <n, and from 
n 
n?<attaz+---4+02 = )\(2-2;)* = 
i=l 
n 
=4n—45 + S° 2} < 4n—48 4S? =4n—4+4(S—2)?, 
i=1 
we get (S — 2)? > (n —2)?. For S > 2, (S—2)? >(n — 2)? implies S > n, 
which contradicts S <n. For S < 2, (S—2)? > (n—2) implies 2—-S > n—2, 
and hence S < 4—n < 0, which contradicts S > 0. 


* 
64. Leta,b,c be non-negative numbers, no two of which are zero Prove that 
a b Gad 13 2(ab + be + ca) 


bre’ ctaatb= 6 3(a? + 2 + c?) 
Solution (by Pham Huu Duc) Rewrite the inequality as 


c 3. 2 ab+ be + ca 
eo ee ae Se qe 
Bee ea ges al TT) 


a Ey: (a—-b)+(a—c) _ ~aQ 
oS eee ee 2(b + c) sperms sro ‘Dayeray” 
a-b/f 1 (a — by? 
ral wang ed 7 EE Cea 


2 ab + be + ca 
Bes te ree eee 
={ ret) = Teas ce)? 


the inequality becomes 


and 


Ce eee ee 
2(b+c)(c+a) 3(a? +b? 4 c2)} = 
It is true because 
3(a?+ b?4 ¢?)— 2(b+ c)(¢ +a) =(a+b—c)*+ 2(a—b)*>0. 
Equality holds if and only ifa=b=c. 


4 1 Warm-up problem set 


* 
65. Let a,b,c be non-negative numbers, no two of which are zero Prove that 


a’(b +c) b(c +a) c(a + 6) 


= > 
re ae eth 2Zatbte 


First Solution (by Gabriel Dospinescu). We have 
(b+) (b+ c) ab(a — b) + ac(a—c) 
ye = oe => [Ste - | <> b+ c2 F 
_ eo abla — 5) ba(b— a) ab(a + b)(a — b)? 
=) pa 2s eae = ereayeray 2° 


Equality occurs for a = 6 = ¢, as well as for a = 0 and b = c, b = 0 and 
c=a,c=QOanda=b. 


Second Solution. By the Cauchy-Schwarz Inequality, we have 
ster, (Ceoral! 
b? + ¢? oa (b +c)(b? + c?) | 
Then, it suffices to show that 
[M*o+e]’ 2 (Ke [MP o+ oe +-)] 
Let p=a+6+cand g=ab+ bc+ca Since 
> a?(b+ )] = (pq — 3abc)? = p*q? — babcpg + 9a*b?c? 

and 

3 a(b + c)(b? +c?) = S(b +e) [(a2b? + bc? + 7a) — be? = 

= (a7b* | bc? + ca”) So(b +c)- Sp —a)b*c? = 

= p(a2b? + bc? + c2a*) + abcg = p(q? — 2abep) + abcq, 


the mequality becomes 
abc(2p* + Yabe — 7pq) > 0 
This inequality immediately follows by the third degree Schur’s Inequality 
p? + Gabe > 4pq 


and the known inequality p* — 3q > 0. 
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* 
66. Let a,b,c be non-negative numbers such that 
(a + b)(b+ c)(c + a) = 2. 


Prove that 
(a? + be)(b? + ca)(c? + ab) <1 


Solution. We have to prove the homogeneous inequality 
4(a? + bc)(b? + ca)(c* + ab) < (a+ b)*(b + c)?(c +0). 
Without loss of generality, assume that a > b > c. Since 
a? 4+be < (atc) 


and 
4(b? + ca)(c? + ab) < (6? +ca +c? + ab)?, 


it suffices to show that 
e+e t+abtac< (a+ b)(b 4+ c) 


This inequality is equivalent to ¢e(c — 6) < 0, which is clearly true. Equality 
occurs if and only ifa =O andb=c=1,b=0andc=a=1,c=O0 and 
a=b=1. 

Remark Michael Rozenberg noticed that the above homogeneous 
mequality is equivalent to 


(a — b)?(b— c)*(e— a)? + dabe S > be(b +c) + 8a7b*c? > 0. 


66 1 Warm-up problem set 


Chapter 2 


Starting from some special 
fourth degree inequalities 


2.1 Main results 


1. If z,y,z are real numbers, then 
(a? ty? + 27)? > 3(x9y + y°z + 232) 
( Vasile Cirtoaje, GM-B, 7-8, 1992) 
2. If x,y,z and r are real numbers, then 
ye + (3r? — 1) LS xy? + 3r(1 — r)tyz) > x > 8r So ay. 
(Vasile Cirtoaje, MS, 2005) 
3. If z,y, z are real numbers, then 
i tytt 244 cy? 4 y22 4 223 > Wary byPz+ za). 
( Vasile Cirtoaje, GM-B, 10, 1998) 
4. If x,y,z are non-negative real numbers, then 
att yt 4 24 ay? 22? 729? > 2(2%y + 824 232 — ry yz3— 225) 
5. If 2,y,z and r are real numbers, then 
D(« —ry)(e —rz)(x—y)(x - 2) > 0, 
where y is cyclic over z, y, z. 
(Vasile Cirtoaje, MS, 2005) 
67 
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6. Let x,y,z be non-negative numbers, and let S; = So ai(z ~y)(z - z). 
For any real numbers p,q satisfying pg > 0, the inequality holds 


So-Spiqg 2 Sp Sq 
( Vasile Cirtoaje, MS, 2005) 


7. Let x,y,z be non-negative real numbers such that r+y+2z = 3. If 
In3 


M= Tooma ©) BS andO<rsm, then 
ay" +y"2" + 2a < 3. 
( Vasile Cirtoaje, CM, 1, 2004) 


8. Let z,y,z be non-negative real numbers such that z+ y+2= 2. If 
2<r< 3, then 


a(yt z)ty"(z ta) t+27%(c+y) <2 


9. Let x,y,z be non-negative real numbers satisfying c+y+z=1. Ifp>0 


(p — 1)(2p + 1) 
4 


andqg< , then 


deg eee ee 1+ 99 
rt+p ytp zip 1437 


( Vasile Cirtoaje, MS, 2005) 
10. Let z,y,z be positive real numbers If 1 <r < 3, then 
gyi? +y7r2t + gre t < =(£ +y7 +2 


11. Let x,y,z be positive real numbers. 


1 
a) Ifot+y+z2=3and0<rsz, then 
git? yr tyitr2 4 gltrgr <3; 
b) If2+y+z2=142r andr > 1, then 


gittyy + y {+r z4oaltts r <r’ (14+r)i*" 


21 Main results 69 
12. Let x,y,z be positive real numbers. 


3 
a) Ifot+y42=3and0<r< 5, then 


eytyzt2’2 <3; 
b)ife+y+2z2=r41 andr > 2, then 
sytyzt2a<r’. 
13. Let m>n > 0, and let x,y,z be positive real numbers such that 


mtn 4 yn 4 ymin =3 
Then 


(Vasile Cirtoaje, MS, 2005) 
14, Let a,6,c,d be non-negative real numbers. If p > 0, then 


(1+2;7) (1+>+,) (1 +P5—-) (1 +p) > (14p)?. 


( Vasile Cirtoaje, MS, 2004) 
15. If a,b,c are positive real numbers, then 


1 1 1 1 


1 1 1 1 1 
pate ass pace > —— —— SS 
4a 4b cae ae oe ee ee 


(Gabriel Dospinescu, MS, 2004) 


16. If z,y, z are non-negative real numbers satisfying x + y+ z= 3, then 


xz ‘i y + z > 3 
cyt] yztl > zex+17 2° 


17. If z,y,z are non-negative real numbers satisfying x +y+2z—3, then 


£ z 3 


a SE 
r?437 4 


18. If a,b, ¢ are positive numbers satisfying abe = 1, then 


ERP: has Darren SES Nien 
Vb+8 c+8 Va+8-" 


y 
yrs Peat 
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19. If a,b,c are the side-lengths of a triangle, then 
a) 3(a°b + bee + 8a) > (ab + be + ca)(a? + b* + c?), 
b) 9(ab + be + ca)(a? +b? +c”) > (a +b+c)4 
20. Let a,b,c be the side-lengths of a triangle. If r > 2, then 
3(a"b tb"c+c7a) > (at+btc)(a b+ bc 4+ C71). 
21. Let a,b,c be the side-lengths of a triangle. If r > 2, then 
a’b(a — b) 4 b’ce(b—c) 4+ c"a(c— a) >0 
(Vasile Cirtoaje, GM-B, 4, 1986) 
22. Let a,b,c be the side-lengths of a triangle. IfO<r< 1, then 
a?b(a” — b") + bc(b” — cc") + c*a(c” — a") > 0. 
(Vasile Cértoaje, MS, 2005) 


23. Let a,b,c be the side-lengths of a triangle. If x,y,z are rea] numbers, 
then 


(ya? +2? 4+2c*)(za2 4+2b" + yc?) > (xytyztzz)(a2b? 4b2c* +7?) 


(Vasile Cirtoaje, GM-A, 2, 2001) 


2.2 Solutions 
1. If x,y,z are real numbers, then 
(a? + y? + 2”)? > 3(a9y + ySz + 292). (1) 


Proof. A way to prove (1) would be a suitable arrangement of the variables 
Let 
E(2,y,2) = (2? + y? + 27)? — (ay + y®2 + 292) 


First we write E(z,y, 2) in the form 


E= y= [ra +(1- ry! + Qe*y? _ 32%y| ; 
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where r is a real number and 5° is cyclic over z, y, z (this convention will be 
used along all the book), then try to find a suitable number r, 0 < r < 1, 
such that 

roi 4 (1—r)y* + Qx*y* — 323y >0 


for any real numbers x and y. We can’t find such a number r, since the left 
side of the inequality divides by x —y for any r, but divides by (x — y)? only 


5 
for r= —> 1. Thus this method fails for our inequality. 
Under the circumstances, we will use the substitution method Setting 


y=rtp, z=2+4q, 
inequality (1) can be written as 
FE, — 2B, > 0, 
where 


= So 23(2—-y) = —px? + (p—g)y? + q23 = 
ae +yx +27) +4 9(z-y)(227 + zy +y’) = 
= 3(p* — pq tq’) x? + 3(p? — p?g + q3)x + pt — pq + qf, 


= Vo2’y(2 — y) = —pa*y + (p — g)y?z + q2?2 = 
= py(yz—2*) + qz(za—y*) = 
= (p? — pq t q?)x? + (p> + p2q — 2pq? + @) x + pq — peg? 
The inequality is equivalent to 
ax? + Baty >0, 
where 
a=p—pqt@’, 
B =p —5p'q + 4pq? +.¢, 
y = pt — 3p°q + 2p?q? + q°. 


For p = q = 0, we have az? + Bx+y7 = 0. Otherwise, we have a > 0, 
and it is enough to show that the discriminant 6 of the quadratic function 
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ax* + Bx + is less than or equal to zero. Indeed, we have 

5 = B — dary = —3(p® — 2p°q — 3p'q? + 6p?q? + 2p7q4 — 4pg® + 9°), 

5 = -3(p* — pq — 2pq? + q°)? <0. 


We observe that equality in (1) occurs for (z,y,z) ~ (1,1,1) Besides, 
equality occurs for 


4n Qn, 
(x,y,z) ~ (sin? > sin? > sin? =) 


or any cyclic permutation thereof. The last equality points can be derived 
from the equality equations 


p? — p’q — 2pq + 94° =0, 
_ re = 5p? + 407? + 7) 
2(p? — pq + q°) 


taking into account that y=2+p,z=244. Oo 
Remark 1. Starting from the obvious relation 
4a(ax* + Bx +) = (2ar + BY —6, 
we can deduce the following identity 
4F - E(x,y,z) = (A—5B+4C)? + 3(A- B-2C + 2D)’, 

where 

Pag pane? ee Se = et) ed Ua 
A=xety+23, Baxtytyzt+272, Cegatyoa D = 3xyz 
Remark 2. We can also prove (1) using the special identities 

(2? +9? + 22)?— 3(2%y + ye + 292) = 5 (ey ay + 2ys — 20)? (2) 
and 


1 
(x? + y? +27)? -3(2%y +-y%s +222) os § (20? 9? — 2? — Bay + 3y2)” (3) 


22 Solutions 73 


Remark 3. Inequality (1) can be rewritten as 
2x — y)(2— 2y) + ¥?(y — 2)(y ~ 22) + 2°(2 — 2)(2 — 22) > 0. 
* 


2. If x,y,z andr are real numbers, then 


Se +( 3r? — J yey + 3r(1—r) )zyz So 2 > 3r Say. (4) 


Proof. We first notice that (4) is a generalization of (1). Indeed, for r = 1, 
the inequality (4) turns into (1). 
Let y=2+pand z=2+4q. Wesee that (4) is equivalent to 


Ey + (1 — 38r)E2 + 3r(r — 1)E3 > 0, 
where E, and FE are the previous expressions, and 
E3 = Yo ay —2yz) r= EAC —2)P= 
= (vp — pq + q?)x? + (p?q + pq?) x + pg? 
Thus, inequality (4) reduces to 
ax’ + Bx+7>0, 
where 


a = (3r? — 6r + 4)(p? — pq +9”), 
= (4 -3r)p? + (3r? — 6r — 2)p?q-+ (3r? + 3r — 2)pq’ + (4— 3r)q3, 
= pt — 3rp°q + (3r? — 1)p2q? + qi! 


For p = q = 0, we have ax? + Br + y= 0 Otherwise, we have a > 0, and 
6 = B? — day = -3 (rp? — (3r? — 2)p?q + (3r? — 3r — 2)pq? + rq] <0. 
Another proof of (4) is the following We write the inequality in the form 


3 (So 2?y? — xyz > 2) r—3 (So 2%y—ayz So 2) r+ 
+o 2*- So 2*y? >0 (5) 
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Since 


3 3 (>) 2?y? — zyz5> a) = ; (xy — 2Qyz + 22)", 
3(S\2%y—ayz 5 °2) = 85 yal x? —y?) = 

= -3 5° y2(2? — y*) + (ay + yz + 22)(2? - y’) = 
= S"(2? -y’) (ay — 2yz + 22), 


Sia! - Sat? = 5 Le? — y?, 


the inequality becomes as follows: 


x” So (zy —2yzt zz)*—r (2? —y") (ry —2yz +422) + ; Yi(z? —y’)? >0, 
or , 
5 > (2? —y*? — rey + 2ryz— rer)? > 0, 
which is clearly true 
Equality in (4) occurs for (z,y,z) ~ (1,1,1) Forr> i, we claim that 
equality again occurs for a triple (x,y,z) ~ (21,%1,1) with 2) > 0, y1 > 0 
and (z1,y1,1) # (1,1,1) For example, in the case r = = equality occurs 


for (x,y,z) ~ (0, V2, 1). 0 


2 -1 
Remark 1. For r= 3 and r= az inequality (4) becomes 


and 
2 
35 a4 +35 2% > 2(>° zy) ; 
respectively. Equality occurs in both inequalities for (x,y,z) ~ (1,1,1) 
The first inequality becomes again equality for (x,y,z) ~ (1,y1,71) with 
y) © —2565 and 2, + —18 35, while the second inequality becomes again 
equality for (x,y,z) ~ (1, y2, 22) with yo + —0.4874 and 22 ~ —0.9115 


Remark 2. We can also write inequality (4) as a sum of squares, as follows 


So (22° —y? — 2° —8rey+ 3ryz)* > 0. 
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Remark 3. The following statements is valid: 
If x.y,z are real numbers, then 


4 Oo: gi — si y?2?) ‘o> ys xyz). =) >3 (> xy — xyz yo2)’ . (6) 
(Vasile Cirtoaje, MS, 2005) 
We note that (6) is equivalent to 6 < 0, where 6 is the discriminant of 
the non-negative quadratic of r from the left hand side of (5) 
Surprisingly, Thomas Mildorf noticed that (6) is equivalent to the following 
obvious inequality 


(>- 2? (xy + yz — 2ox)]” >0 
Equality in (6) occurs for (x,y,z) ~ (1,1,1), but also for many other triples 
(x,y, 2). 
* 

3. If x,y,z are real numbers, then 

cityt +244 ay? + y2? + 203 > a(a%y + y2z + 232). (7) 
Proof Setting y=2x+p and z=2 +4, the inequality turns into 

Az? + Br}+C>0, 
where 
A= 3(p’—pq + q°), B= 3(p?—2p'q + pq? + 4°), C = pt—2pq + pq? + 9 
Since the discriminant of the quadratic Az? + Bx +C is non-positive, 
B? — 4AC = —3(p° — 6p? + 2pq? + 9p? q4 — 6pq? + q°) = 
= —3(p° — 3pq’ + q*)? <0, 


the conclusion follows. 
We have equality for (x,y,z) ~ (1,1, 1). Besides, equality again holds 
_w Ww on Ww 
for (rz, y,z) ~ (sin . sin ig sin 3 sin 3) or any cyclic permutation O 
Remark 1. Inequality (7) is more interesting in the case ryz < 0. If 2, y,z 
are positive numbers, then inequality (7) is less sharp than inequality (1), 
because (7) can be obtained by adding (1) to 


ry(x — y)* + y2(y — 2)? + za(z—2)? >0 
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Remark 2. From the proof above, we can derive the following identity 

M - F(a,y,z) =(A—3C + 2D)? +3(A—-2B4+CY, (8) 
where 


F(z,y,z)= 24 +y8 + 244 cy? + yo? + 223 — 2(23y + y3z + 232), 
M =4(2? + y? +2? — zy — yz — 22) = (2 —y)* + Ay —z)? + 2(z- 2), 
A=e+y42, Baryty2t+ ze, C= ay? + y2? +227, D = 32yz 


Remark 3. Inequality (7) is a direct consequence of the identity 
ai tyt +244 cy? 4 y2? 4 209 — 2(29y 4 y82 4 232) = 
1 
= 5 (2? -y? + yz - ay). (9) 


Remark 4. By identity (9), it follows that (7) becomes equality if and only 
if 

a(x—y) = yy — 2) = 2(z-2) 
Assuming that 


2(z—y)=y(y—2z) =2(z-z)=s, s £0, 


we get 


zy 2 s s s 
This result yields the following nice statement: 
If x,y,z are distinct real numbers such that 


ai tyt +24 +4 cy? + y23 4 227 = Q2%y + y22 +.2°2), 


1 1 1 
then -+-+-=0. 
xz sy 2 
Remark 5. Inequality (7) is equivalent to either of the inequalities 


(x — y)(203 + y?) + (y — 2)(2y + 23) + (2 — 2)(227 +.2°) > 0, 
(x — y)(x? + 22°) + (y — 2)(y? + 22°) + (z — 2)(z? + 2y?) 2 0 


* 
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4. If x,y,z are non-negative real numbers, then 
zi tyt 4 24-2? y?—-y?2?- 274? > 2(a3y + y22 4 232 — ay? yz?—-z2x3). (10) 


Proof. Write first the mequality in the form 


1 


1 1 
2 22, +72  02)2 , Le 2 aye 
sw) (2) + 5 (2-24 


+22 —y)(y—2)(2—2)(e+y +2) >0. 


Due to symmetry, we may consider that x = min{x,y, z}. Using the substi- 
tution y=x+p,z=—2+ q (2 >0, p > 0, q > 0), the inequality reduces 
to 

2Az? +4Br+C>0, 


where 
A=p'+(p—q)’+¢@, B=p(p-q)?+¢, 
C = p* — 2p°q — p?q? + 2pq° + gq! = (p? — pq — q°)?. 


Since A > 0, B > 0 and C > O, the inequality is obviously true. Equality 


1475 
11) or any 


occurs for (x,y,z) ~ (1,1,1), and again for (x,y,z) ~ (0, 7 a 


cyclic permutation. 
Remark. Inequality (10) is equivalent to 
a(x? — y?)(x — 2y) + yy? — 2°)(y — 22) + 2(2? — 2?)(z— 20) > 0. 
* 
5. If x,y,z andr are real numbers, then 
>i (2 -ry)(x — rz)(z— y)(x — 2) > 0, (11) 
where 3 is cyclic over x,y, 2. 


Proof. Let y= x+p and z =x+4q. We can rewrite the inequality in the 
form 


Au? + Bu+ C>0, 
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where u = (1l—r)z,s=2+r and 
A=p—pqt+q’, 
B= (p+4)(2A — spq), 
C = (p+q)’A-spq(ptq)? + s?p?q? 
The quadratic Au? + Bu+C has the discriminant 
D ~ B* —4AC = —3s*p*q?(p — q)? 


Except for the trivial case p = q = 0, we have A > 0 and D < 0, and the 
conclusion follows 

We have equality in (11) for (z,y,z) ~ (1,1,1). Additionally, equality 
again occurs for (x,y,z) ~ (r,1,1) or any cyclic permutation. Oo 


Remark 1. Setting r = 0 in (10) yields Schur’s Inequality of fourth degree 
Soe (x —y)(x-—2z)>0 


which is equivalent to each of the following inequalities 
ity! +24 +cy2(r+y tz) > Di y2(y? +2"), 
at pyt 424 4 Qeyz(n+y +2) > (zy tyz t2z)(2? + y? +27), 
S(y-2(y+2—2)? 50 


and 

(S? — Sp) (452 — S?) 
Si : 

where S$; =2+y+z and So= ry+ yz + 22. 


6ryz > 


Remark 2. Inequality (11) is equivalent to each of the inequalities 
So attr(r+2) ye + (1—r*)ayz Siz > (r+1) S_ y2(y? +27) (12) 
= St 5)S?S. 2)?S3 
B(r—1)(r + Qjaye < BOW tS) Se iro a =i (13) 
o1 
where Sj =x2+y+z2and Sg=2y+yz+22 Forr= 1 and r = 2, from 
(12) we get the inequalities 
a4 pyt pt + 3(2y? + yz? + 222?) > 2d  ya(y? + 2’), 
ait yt 4244 8(27y? + y?2? + 2727) > 3(ry + yet za)(x? + y? + 2°), 
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respectively We have equality when (z,y,z) ~ (1,1,1). For the last 
inequality, equality agam occurs when (z,y,z) ~ (2,1, 1) or any cyclic per- 
mutation. Notice that the first inequality can be written as 


(x—y)' + (y—2)4+(z-2)'>0. 


Remark 3. We can also prove (11) using the identity 


De -ry)(e-r2)(e—wle-2)= 5 Ny Pyt2-a-ra)? (14) 
Remark 4. From the proof above, we can deduce the following identity 
4M Vile —ry)(x —rz)(z — y)(2— 2) =p? + 3Q?, (15) 
where 


Maa? ty 42? ay —yz—2x = S (x —y)(2 — 2), 
P=2) 7 a(x —y)(2-2)—r SY 2ly - 2), 
Q = (r+2)'(2—-y)*y - 2)?(2-2). 


For r = 0, we get the identity 
MS) 2?(2—y)(a—2) = (30 2(x-y)(e—2))" +3(2—y)*(y—2)?(2—2)?_ (16) 
Denoting S; = 4 x'(x—y)(x—z), identity (16) yields the following inequality 
So S2>S}, 
with equality if and only if two the numbers x,y,z are equal. 


* 


6. Let x,y,z be non-negative numbers, and let S; — So 2'(x—y)(x —2). For 
any real numbers p,q satisfying pq > 0, the inequality holds 


So°Sptq 2 Sp: Sq. (17) 


Proof. If two of x,y,z are equal, then So = Sp= Sy= Sp+qg = 0 Consider 
now, without loss of generality, that x > y > z Dividing by 


(z-y)'(y—2P(z-2?, 
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the inequality becomes successively as follows: 


(ee) (Ee)? Ee) EAD). 


yPtd 4 2P+9 — yP2t — = aP 
X (x — y)(z— 2) 
Diy — 2)(y? — (yt — 27) <0, 
(y=) y=?) y!—29) + (2-y) a? —vP) (29-8) < (= 2)(2? 2) (24-29), 
Since (y? — z?)(y% — 24) > 0 and (2? — y?)(x9 — y1) > 0, we thus have 


(y — z)(y? — 2P)(y? — 2%) < (x — 2)(y? — 2”)(y* — 2%) 


0, 


and 
(x — y)(2? — y?)(24 — y!) < (x — 2)(2? — y?)(x4 — y"). 
Thus, it suffices to show that 
(y? — 2°)(y? — 22) + (2? — y?) (x9 — 2) < (2? — 2?) (x9 — 29). 
This inequality reduces to 
(oP — 2°)(y? — 29) + (v— Py! —2) <0, 


which is true for all real numbers p, g with pg > 0. This completes the proof. 


Je have equality if and only if two of the numbers z,y, = are equal i) 
* 
7, Let x,y,z be non-negative real numbers such thatz +y+z = 3. If 
m= a 1.355 andO<r<m, then 


vy +y'27 4272" <3. (18) 
Proof Let E,(z,y,z) = 27y’ +y"2" +272". By the Power-Mean Inequality, 
we have ‘ : 
iG) 
3 ~\3 
Thus, it suffices to show that Em < 3. To prove this, suppose that 


+2 
x= min{zr,y,2} and denote t = “= (hence x + 2t = 3, t > 2). 
We will show that 


Em(z,y,z) < Em(2,t,t) < Em(1, 1,1) (19) 
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The left inequality of (19) can be written as 
2my™ +y™z™ 4 zMym < Qe™MyM oe. 
or 
2m > 2™(y™ + ym ot™) +y™e™, 


By Jensen’s Inequality, we have y™ + z™ — 2t™ > 0. On the other hand, 
from x = min{z,y,z} we have x™ < /y™z™ Therefore, 


z™(y™ + z™ — 2™) < Symz™M(y™ 4 2™ — 21) 
Thus, it suffices to show that 
t2m > Vyma2™(y™ + ym 2t™) 4+ y™z™ 


This inequality is equivalent to each of the following inequalities: 


(r+ IR > I (V4 VE 
um + yam > yma (ym + Vz"), 
2 2 
0 (ep) + (fp. a) >0 


/ m + a/ ™m 2 
Since t™ — eS) > 0 (by the Power-Mean Inequality), the 


inequality is clearly true. 
The right inequality of (19) can be written in the homogeneous form 


Qr™z™m 4 ¢2m 2 @ + 2 


3 3 (20) 


For t = 0, the inequality is trivial Otherwise, we may set ¢ = 1, which 
implies <1 Taking logarithms yield 


To prove this inequality, we consider the function 


m 
f(e) = 2mIn = E> yy HT 
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We have to show that f(z) > 0 for 0 < 2 < 1. The derivative 


yy 2m Ima™! Wma" — 2a! + 1) 
f"(2) = —4 - sae = ond 
+2 Q2wmM4+ 1 (x + 2)(22™ + 1) 


has the same sign as g(x) = 2™ — 22™~! + 1, and the derivative 


2 2(m — 1 
g'(z) = ma"! — ao 
2(m—1) 
is zero for « = 2, = —————- » 0524. Since g/(x) < 0 for x € (0,27)) and 


g'(z) > O for x € (2x1, 1], the function g(z) is strictly decreasing for x € [0,2], 
and strictly increasing for + € [21,1]. Since g(0) = 1 and g(1) = 0, there 
exists x2 € (0,21) such that 9(22) = 0, g(x) > 0 for x € [0, 22), and g(x) < 0 
for x € (2,1) Hence, f’(x2) = 0, f(z) > 0 for x € (0,22), and f’(2) < 0 for 
xz €(r9,1) Therefore, the function f(x) is strictly increasing for x € (0, x2], 
and strictly decreasing for x € [2,1] As a consequence, 


f(x) = min{f(0), f(1)} 


Since [(0) = f(1) =0, we get f(x) > 0, establishing the desired result. 
We have equality in (18) for (z,y,z) = (1,1,1). In the case r = m, 


3 3 
equality again occurs for (x,y,z) = (0, 5 3) or any cyclic permutation O 


4 
Remark 1. For r = 3 we obtain the following nice statement 
If x,y,2 are non-negative real numbers such that z+y+z = 3, then 
4 4 4 
(zy)3 + (yz)8 + (22)5 <3 (21) 
(Vasile Cirtoaje, GM-A, 1, 2003) 
Remark 2. An interesting extension of inequality (18) is the following. 


Let x,y,z be non-negative real numbers such thatz+y+2z—=2. Ij 


In3 
r>m 


a In9 — In4 Meno ice 


ay ty 274272" <1 (22) 


22 Solutions 83 


r 
Let p= —, p21, and let a= y™2z™, b= 2™a™, c= 2™y™. From 


a Pp b y'+( c ae 
(Ra) +(s a+b+c/ — 


a < b i, Se 
atb+te a+tbt+e a+bt+te 


IA 


? 


we get 
aP + bP 4 cP < (a +54)? 


Hence 
ay" + yr" +27" = (x™y™ )P + (y™2™)P + (z™a™)P < 
Consequently, it suffices to show that 2™y™ 4 y™z™ 4 2%o™ < 1. According 


to (18) — case r = m, we have 


amy 7 (2). 


and the proof is complete. 
Equality in (22) oceurs for (x,y,z) = (0,1,1) or any cyclic permutation. 


222 
In the case r = m, equality occurs once again for (z,y,2z) = G 3? 3): 
* 


8. Let x,y,z be non-negative real numbers such that zr +y+2z = 2. if 
2<r<3, then 


z(ytz)+y"(z+2)+27(r+y) <2. (23) 


Proof. Let E,(x,y,z) be the left hand side of the inequality. Assume, 
without loss of generality, that z < y < z, and then show that 


E,(z,y,2) < E,(0,z +y,2) < 2. 
The inequality E,(z,y, z) < E,(0,2 + y, z) is equivalent to 


zy r _- Tr Tr Tr 
(2 ty") < (w@+y) -2"-y". 
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Since the left hand side is decreasing with regard to z, it is enough to consider 
that z =y In this case, the inequality reduces to 


227 +y" "(at+y) < (x+y). 
Since 22" < z”~-1(x +4 y), it suffices to show that 
art gyll < (x+y) 

This inequality is true, because 

r-1 7-1 rl r-1 

Ga Gia) Gh) <sta 

Notice that the inequality E,(x,y,z) < E,(0,2 + y,z) is valid for any real 
r > 2. 


Setting now t = x+y (hence t+ z = 2), the inequality E,(0,2+y,z) < 2 
becomes 


te(t? 1 427-1) <2 


By Power-Mean Inequality, for r < 3, we have 


tr-} 4-27} <4 ¢2 + 2? 4 
2 s 2 : 


rol 


—— 


so that 


73 43 2} < >) ( 


Thus, it suffices to show that 


r 


-1 
12 2\ 
te( +=) <1 


Since ¢ + z = 2, this inequality is equivalent to 


or 
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2 : 
Let u = = u > 1, and let p = a 1 <p < 2. Using Bernoulli’s 
2 r— 
Inequality, we get 
1\ nT 1 in 
(—) —24te= [1+ (u-IP-2+ 5 > 1+p(u-1)-2+— = 


tz 
=(u-1)(p- +) 2 0. 


Equality in (23) occurs for (x,y,z) = (0,1, 1) or any cyclic permutation. O 


Remark 1. For r = 3, the inequality has the form 


By +2)+y%(2+2) +(e +y) <a (ety ta) (24) 


We can prove this inequality using the assumption z = max{z,y, z} and the 
identity 


(—z+y+ z\s + r3(y +2z)+2(yt+ 2p, 


oo| 


1 
g(ttytz)= 


The inequality becomes 
y2(y? + 27 — 32y — 3rz) < (-r +y +2), 
and it is true, because left hand side is less than or equal to zero: 
y? +2” — 82y — 822 < y? +2? — 3y? — 327 <0. 


Remark 2. Inequality (23) is not valid for r > 3. However, as shown above, 
if the numbers x, y, z sum to a constant value, then the expression E,,.(z, y, z) 
with r > 2 attains its maximum value when one of z,y,2 1s zero. For r = 4, 
we have the following nice statement: 

If x,y,z are non-negative real numbers, then 


syte)tul(et2)+e(ety)<cletytay® (25) 


( Vasile Cirtoaje, MS, 2005) 


On the assumption that x < y < z, this inequality follows from 


E4(z,y,z) < E,(0,2 +y,2) < an 


5 
< 1p (@ +¥ +2) ; 
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We have 


Fy(0,2 + 9,2) — Ea(a,y,2) = 2(2+y)* —24(y + 2) -y"(e +2) = 
= xy [22(22? + 2y? + 32y) — 23 — y°| > 
> ry [(z + y)(2x? + 2y? + 32ry) — 2° -— y*| > 0, 


and 
(cty+z)°-12E4(0,2+y, 2) =(xt+y+z)(x? +y? +2? +2ry—dyz—4zx)? > 0 


Equality in (25) occurs for (z,y,z) ~ (0,1,2+ V3) or any symmetrical 
permutation. 


Remark 3. We will show in chapter 5 that inequality (23) is valid for the 
larger range ro < r < 3, where 


In 2 
eee a 
On the other hand, we will show in chapter 3 that for 0 < r < ro and 


2+y+z= 3, the inequality holds 
z(y+z)+y"(z+2)+2"(r+y) <6 


All these results solve the problem posted on Mathlinks Inequalities Fo- 
rum in 2005, by Pham Kim Hung. 

Let x < y < z be non-negative numbers such thatz+y+z = 3. For 
r > 0, when the expression E,(x,y,z) attains its mazrimum value? 

The answer to this problem is the following’ 

a) E(z,y,z) < E(1,1,1), forO<r< ro, 


33 
b) E(z,y,2) < E(1,1,1) = B(0.5.5): for r = ro: 


3 3 
c) E(a,y,z) < B(0, 55): for rg <r <3, 
d) E(2,y,z) < max, E(0,y,z) = max, y2(y"~! +27), forr>3 
yte= 
* 
9. Let x,y,z be non-negative real numbers satisfyingxz+yt2=1. Ifp>0 
—1)(2p4 1 
andq< ae then 


149 
y2 Ee SE ed 
rtp ytp ztp ~ 14+3p 


(26) 
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Proof. We write the inequality in the form 


1 1 1 1 9 
Lae e 2 pets es am) < 
zt+p ytp <ztp 1+3p 


+ — ht 
t+p ytp z+p 14+3p 
By the AM-HM Inequality, we have 
1 1 1 9 _ 9 


+ + > FE 
r+p yt+p z+p~ (x+p)t+(y+p)t+(z+p) 14+3p 


—1)(2p+1 : 
Thus, it suffices to prove the inequality for q = sea In this case, 


the inequality becomes 


Jet, ee ry tq . Sp—-5 
r+p y+p z+p” 4 


2 


or 
(6p—5)(x + p)(yt+p)(z+p) 24> (yz + 4)(y t+ pz +p). 


Let ¢= ry + yz + zz. By the well-known inequality 


(z+ y+2)? > 8(2y + yz + 22), 


— 


we get << ~. Since 


w 


(6p— 5)(2 + p)(y + p)(z + p) = (6p — 5)(zyz + pt +p? + p*) 
and 


4\(yz+q Oe a an me ee 
= 4} °y?2? - (6p? + 3p —1)t + p(3p + 2)(2p* —p—1)—12pryz = 
= 41? + (6p? ae — p—1)—A4(3p + 2)zyz, 


the inequality reduces to 


(1 — 4t) (2p + t) + 3(6p + 1)ryz > 0. 


1 ; 1 
For t < — the inequality is clearly true. Consider now 7 <t<v-s. By the 
third degree Schur’s Inequality 


(rx+y+z)° +4 9ryz > 4(a+y + 2\(zy + yz +22), 
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we get 
4t—1 
ryz > . 


Thus, 


(1 — 4t)(2p + t) + 3(6p + 1)zyz > (1 — 4t)(2p + t) + (Cpt tent) _ 


e (4t — net — 3t) > 0. 


111 
In the original inequality, equality occurs for (x,y,z) = G 3 3) In the 


(p—1)(2p + 1) 


11 
special case q = , equality also occurs for (z, y, z) = (0, = 5) 


4 2’2 
and any cyclic permutation. oO 

: 5 1 
Remark [In the particular cases p = 1, g = 0 and p = a q= —5 from 


(26) we find the following inequalities 


yz 2 ry 1 
for apa ee 
9yz—1 9zr—] 9ry-1 9 
62 +5 6y +5 6z45 7” 


111 
respectively. Equality occurs for (z,y,z) = (55-3) as well as for 


11 
(z,y,z)= (0, 5 5) and any cyclic permutation 
* 
10. Let x,y,z be positive real numbers. [fl <r <3, then 
ay ty vat batt <5 (a? fy ee (27) 


Proof, We notice that for r = 1 and r = 3, this inequality becomes of type 

(1) Let E, = 2%yt-* + y"24-" + 2%24-" For 1 <r < 3, we apply Jensen’s 
r-1 

Inequality to the concave function f(t) = ¢77 to get 


ro-t r-l1 r-l meat 
2\ 2\ ~ y2\ 3 EB 3 
3/7 3/¥ 3 [2 £2 ee 
E, = zy (5) +yz (5) +22 (i) SE, (2) = 
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1 1 
According to (1), Fy < g(r ty? +2?) and E3 < q(ety tz’), and hence 


E, < =(z?+y?+2z7)? There is equality in (27) for (x,y,z) ~ (1,1,1). In the 


wl 


T 2r us 
case r = 3, equality again occurs for (x,y,z) ~ (sin? = sin? sin? *) or 


any cyclic permutation. Also, in the case r = 1, equality occurs occurs again 


a pe 3 gam ; . 
for (z,y,z) ~ [ sin 7sin® = ,sin’ — } or any cyclic permutation. Oo 


Remark. Replacing x,y,z with /z, /y, /z, respectively, and r with 2r, 
we get the following equivalent statement. 


? 


bol cw 


1 
Let x,y,z be positive real numbers such thatxz-+y+z = 3. Ifs <r< 
then 
xy? $y"227 + eet < 3. 


* 


11. Let x,y,z be positive real numbers. 


1 
a) a pura stand Or = then 


aitty™ + yl tre" + itty? < 3; (28) 
b) Ifa+y+z=1+42r andr > 1, then 
gitry? + ah the” + gitta? < r7(1 + r)itr, (29) 


Proof. Let F,(2,y,z) = al tty” 4 y!tr2” 4 gltrgr 
1 1 
a) Forr = 5? the inequality Py <3 is just of type (1). ForOQ<re< 3? 
applying Jensen’s Inequality to the concave function f(t) = t?" yields 


F, = 2(/2y)"" +9 (uz) + 2(Vza)” < 


Fi Qr 


1 
ForO<re< 3 equality in (28) occurs if and only if (2,9, 2) = (1,1,1). 


b) There are two cases to consider. 
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Case x <2 <y We will show that 

Fy(z,y,2) < F(0,2+y,2) < F(0,14+7,r) 
We have 
F,(0,2 + y,2) — Fy(2,y,2) = (a@t+ yet et — al tty? — yl tre? — alt gt, 
Since 
(zt y)" > (xtyl(2"+y") Day +a7y ty", 
we get 
F.(0,r + y,2) — F.(2,y,2) > ays” tatyz” — a t"y" - grzit? — 
= gy'(27 2") + 272"(y—2z) > 0. 
Setting now x-+ y=t(t > 0,t+z=1+2r), the right inequality becomes 
F,(0,t,2) < F,.(0,1 + 7,r), 


t ltr py yr 
Ce GES 
l+r r 


This inequality follows by the weighted AM-GM Inequality, as follows 


t \ltryzyr l4r t ro t+ 
i) Gs Viger aa 
l+r r 1+2ri¢tr 1+4+2rr 1+ 2r 


Cuse x <y < z. We will show that 


or 


F,(z,y,z) < F(0,2+2,y) < F(0,14+7,7). 


Since the right mequality is similar to the above one, we will prove only the 
left mequality We have 


F.(0,2 + 2,y) — Fi(z,y,2z) = (z+2)7y" -— gittyt —yltrer — gltrgr 
Since 
(2+ 2)'t" > (e+2)(2" +2") > alt? poet $2347, 
we get 
F,(0,2 + 2,y) — Fe(z,y,z) > ay'o” + yt2ht? — yl" — 27st = 
= y"2"(x@—y) + 2!*7(y" — 2°) 
= py aa) 0: 


Equality in (29) occurs for (2, y,~) = (0,1+7,r) or any cyclic permutation 
D 
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Remark Inequalities (28) and (29) are not valid for : <r<tl 
* 
12, Let z,y,2 be positive real numbers. 
a) Ifetytz=3and0<er< . then 
eytyz+2"2 <3, (30) 
b) Ifa+y+z=r4+1 andr>2Q, then 
gytyz+2"@ <r’. (31) 


Proof. Let G,(2,y,2z) =a27y + y"2 + 272. 


a) Since the function f(t) = t® is concave on (0,00), by Jensen’s 
Inequality we get 


2r 


o=u(2t)F +2 (#)¥ +2 ()* < 


3 3 3\ Ga\ = 
yr? + zy? + 222 3 
<(y+2+2) | >> =3/—~ ; 
o ( y+z+e ( 


Thus, it is enough to show that Ga <3 Since the function f(t) = Vt is 
concave, by Jensen’s Inequality we get 


xty + y2z 4+ 222 
Gs =rtyJ/z+ yz /yt 2rVz < (sy tyz+2r),f/o2 eo Te 
g=tyvat ys /yt zzz < (ryty ) ee 


We still have to show that 


(xy + yz + 22)(x?y + yz + z*z) <9. 
Write this inequality in the homogeneous form 


27 (xy + yz + z2)(x*y + y2z + zn) < (2+y+ 2). 
Suppose that z = 


(32) 


min{z,y,z}. Setting y=a2+pandz=2+4 q (p> 0, 
y > 0), mequality (32) becomes 


27(p? — pq + q’)x? + 9Bx? + 3(p + q)Cx + D> 0, 


92 2. Starting from some special fourth degree inequalities 
where 
B = 4p°—6p"q+3pq?-+4q°, C = 5p°—12p?q+6pq?+5q°, D = (p+q)°—27p°q? 


The last inequality is true since 


B= (5 -4) (7 +49) + 2p >0 

3? —4) (tP+4q)+7P 20, 

3 BS Oat «ae 

C = (p— 29) (p+) + 6p(=p-4) +ep +g 20, 
pa (P45 P 474440) a2y [sof(P\ (2), 3.2 
“Gest — mpd? > 159 (5) (5) | — 20a? = 

_ 209 ? 

> 
= jog? 7 2° 


Equality in (30) and (32) occurs for (z,y,z) = (1,1, 1). 

b) We will present an elegant solution posted on Mathlinks Inequalities 
Forum by Gabriel Dospinescu. Using the assumption 2 = max{z,y,z}, he 
proved that 


Gr(2,y,2) $Gr (2+ 5,9 + 5,0) < G,(r, 1,0). (33) 


2 


The left inequality of (33), namely 
4 if 2 T T 
(2+) (y+3) px yt+yz+2'2, 
2 2 
z 
can be obtained by adding up the below inequalities multiplied by y and =, 
respectively: 
(2 + 4) > W277), 
To prove these two inequalities, we notice that 
r Tr z 
(x +2) =2' (145) sat (1+Z) 22 a (142 2) =a" $2" 1p. 


Since 
2 tar, > 2 4 yz 
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and 
a ta 'z> 227) 4a2") = Qa27! 


the conclusion follows. 
The right inequality of (33) has the homogeneous form 


r(FEeee)™ 2 (04+ 2)" (v4 3) 
m( r+1 alta} Ws 


Zz Zz 
Using the substitution ¢ = € + 5)! (2 + ae reduces it to 


t+1 
(=) > rt. 
r+1 — 


By Bernoulli’s Inequality, we have 


bo 


rt+r\rtl ( rt—1\"+} rt—1 
(a) r+1 = gS ae ar : 
and the conclusion follows. Equality in (31) occurs for (x,y,z) = (r,1,0) or 
any cyclic permutation : Oo 


Remark 1. In the following section of this chapter (problem 33), we will 
show that inequality (30) holds for 0 <r <1), where r) = 1.558 is a root of 
the equation 

(l+r)'*" = (3r)’. (34) 
Remark 2. Inequality (31) was published in Vietnamese journal 
"Mathematics and Youth”, 1996 On the assumption x2 = max{z,y, z}, 


we can prove that inequalities (33) are valid for r > ro, where 


In2 


= ——— 1.71. 
In3—In2 : 


TO 


Then, we can say that (31) is valid for any r > ro. Moreover, we conjecture 
that (31) holds true for r > r;, where r ~ 1.558 is a root of equation (34). 


* 


13. Let m > n > 0, and let x,y,z be positive real numbers such that 
gmtn 4 ymin 4s ymtn — 3. Then 


— +4242 53, (35) 


Od 2. Starting from some special fourth degree inequalities 


2n min min 
Proof Using the substitutions p = Pa a=2n°7 ,b=y 7" and 
m+n 


, we have to show that a? + b? + c? = 3 yields 


min 


Cas 


Write this inequality as 


1 
Applying Jensen’s Inequality to the convex function f(u) = | we get 
U 


a? b? ce a+b? +2 gitp 
(ab)? * (be)P 7 (ca)? = /g2.ab+b? be+c? ca\? — (a3b+- b3c+c3a)P 
ete pe 


To end the proof, it suffices to show that a2b+b3c+ a<3 This mequality 
immediately follows from 


(a? +b? +c”)? > 3(a7b + e+ a), 
which is just (1) Equality occurs for (x,y,z) = (1,1,1) im 


Remark. The above inequality is a@ generalization of the below statement, 
posted on Mathlinks Inequalities Forum by Michael Rozenberg. 

e If n,2z,y,z are positive numbers such that 22"7) 4 y?+1 4 z2nt] = 3, 
then 


14. Let a,b,c,d be non-negative real numbers. If p > 0, then 


(1+ 552) (14 eye) (+ Paga) (tees) 2 Oa 


Proof This mequality is well known for p = 1; that is 


(a+btc\(btet+d)(ct+dta)(d+atb)>4(atb)(b+ej(c4 d)(d+a) 
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Since (a+b +c)? > (2a+b6)(2c +) and (2a+6)(2b +a) > 2(a+b)?, we have 
[[(¢ + 6+ ¢)? > [[ (2a + 6)(2¢ 4 b) = J] (2a + 4)( }(2b + a) > “TIC (a+b)? 


aud the above mequality follows (J] is cyclic over a, b,c) 
Another proof of the same particular case is based ou the inequalities: 


(at+tb+c)(b+c4d) > (b+c)(at+b+c4d) > 2(b+c)/(a + b)(c+ d) 
Then, 


[[(e4 b+c)*=[](atb+el(bt+e+d)> 
> BT] (b+ e) f(a + b)(c+ d) = 24 TJ (a +)? 


a b 


In order to prove the original inequality, denote 2 = ; 


a 


c d 
Fae and t = ae Since 
[[( + pz) > l+piatytr+t)+p(rytyz+2t+te4 az + yt), 


it suffice to show that 
E+ytz+t>2 
and 
aydyzt+e2t+tr+as+yt > 1. 
The inequality + y+4 2+ > 2 is the well-known Shapiro’s Inequality 


for 4 positive numbers. It can be derived as follows 


Z b e d (a+b+c+d)? 


—+ +--+ ——. > — OOOO DD 
bee etd da ob) = alba puexal +e(d+a)+d(a +) ~ 


The left inequality follows by the Cauchy-Schwarz Inequality, whereas the 
right inequality reduces to the obvious inequality (a — c)? + (b- d)? >0. 

The inequality ay + yz + 2+ tz +2z2+ yt > 1 can be derived using the 
inequalities 


ztz be + da + (a—c)? yt+t ab + cd + (b— d)? 
—f2 = >> 2, yl = + > 
2 Abee(dtay —° 2! “eas ena 


and the identity 
zo(lt+y+t)t+yl+a42)=1. 
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Indeed, we have 


Ez +t 
ny tyr tattieboztyt == (yt) +o (et2) tact ytd 


>arz(yt+t)+yt(etz)+2z+yt=r2(ltytit)+yt(lt+e2+2z)=1, 


and the proof is finished 
There is equality for either a = c=Qorb=d=0. Oo 


* 


15. Ifa,b,c are positive real numbers, then 


Joep tpt (+ te 
b+e cta™ Sat+b 3b+c 3c+a 


) . (36) 


Proof. We present the author’s solution, which emphasizes that (36) is an 
ingenious consequence of the special inequality (1). 

Actually, we will prove that for any positive t, the following more general 
imequality holds . 


4a 4b de at+b 


tia pdb gc t2(a+b) p2(0+6) t2(c+@) paatbd pab+c picta 
da? a+ dct ath + bre * eta (Sent ObEe. ara) 2 


For t = 1, this inequality turns into (36) Denoting the left hand side by 
f(t), the inequality becomes f(t) > f(0) We see that it suffices to show 
that f’(t) > 0 fort >0O Indeed, 


f'(t) = tia-1 + pte-l +4 pico 42 (are +4 p2b+2c-1 4 een) _ 
28 (aes a pote-l +4 po) 
and letting x = {0-4 y= toa, z= to-4, the inequality f’(t) > 0 reduces to 
at 4 yt + 24 +2 (xy? + y22? + 232”) > 3 (2%y +y32+ 23x) 
which is just (1). Equality occurs for a = b=. a) 


Remark Another similar problem is the following 
If a,b,c are positive real numbers, then 


a ee ee i i 1 1 1 
geal apa Rem > 2(-—5 aaay ) 37 
tae et ee eee ae ee eee 

(Vasile Cirtoaje, MS, 2005) 
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This inequality is a particular case (t = 1) of the inequality g(t) > 0, 
where 
4 tid tie pots po+3e je+3a 
= aot at get ares bese! cr aa 
paatb pote picta 
7 (sere apna is) ' 


In order to prove that g(t) > g(0), it suffices to show that g’(t) > 0 fort > 0 
We have 


gi (t) = 18971 4 t8O-} 4g gterd g got Sb-1 4 pdt Se—1 y yotBa—1_ 
9 (gare 4 prterd yp eed) 


1 


Denoting x = t°"4, y= t-4 and z= ter 4, the inequality g’(t) > 0 becomes 
zt tyt + 244 ay? + yz? 4 223 > (ny +yP24 232), 
which is just (7). We have equality for a= b= c. 
* 


16. If x,y,z are non-negative real numbers satisfying x + y +z = 3, then 


x y z 3 
> nx. 
ay peel eel —2 


(38) 


Proof. Since the Cauchy-Schwarz method fails in proving this inequality, 
we have to choose between expanding and using a suitable hint. We will 
approach the second way The hint is using the relations 


z : zry y yrz z 2a 
— _ Tie ees - Se 
zytl zy+1? yz+1 S yz+1' 2r+1 ze+1 


to transform (38) into 


zy y?2 2a 


ed peed eee 


< 


Nol ew 


By the AM-GM Inequality, we have 


ry+1l>2/ry, ye+1>2/yz, zx+1>2 zx. 
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Consequently, it suffices to show that 


xy yz 2a 


2, /cy . 2/yz i 2/22 


that is 
zJf/zytyJfyzteVvzr <3 


This inequality has the homogeneous form 


(x tyt+2) >3(2Viy + yvyz t+ 2V22). 


Replacing x,y,z by 2”, y?, 2, respectively, we get just inequality (1) 
Equality occurs in (38) only for (z,y,z) = (1,1,1) O 


Remark 1. A slightly more general statement is the following 
Let x,y,z be non-negative real numbers satisfyingx+y+2z= 3. If 

O<p< 1, then 
z y tis 3 


+ + —— 39 
sytp yztp z+p” 1lt+p (39) 


Proceeding as before, we can rewrite the inequality as 


2 2 2 
ey wr. _3 


+ < 2 
zytp yetp ztp” 1l+p 


By the weighted AM-GM- Inequality, we have 


1 1 
ny tp=1-aytp-1>(1+p)(ay)H* 1 = (1+ p)(zy)F*. 
Hence, : 
FY < olay), 
zyt+p” 1+p 
and similarly, 
2 2 1 
oe A (yz) , Be og 2(za)i+e 


yzt+p 1+p v 
Thus, it suffices to show that 


Pp 


x(ry)™ + y(yz) 9 ++ 2(2z) TP <3 


1 
Since 0 < = < mE this inequality coincides with (28) 
p 2 
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We conjecture that inequality (39) is valid for 0 < p < po, where 
93. : 

po = 1.5874. Replacing the triple (z,y,z) = (0,73) in (39) yields the 


27 
necessary condition p< 7 ~ 1.588. 


* 


17. Ifz,y,z are non-negative real numbers satisfying x +y+2z=3, then 


x y z 3 
hy eh SE Se, 40 
ee ee ae ee ae oe (40) 


Proof. By the AM-GM Inequality, we have 
y+3ay414+141> 47. 


Hence, 


2 =7-—¥ pe UE Saas 
yts "43>" 4 49) 


and similarly, 


3y 1 32 1 
= hs oO Sp 
mgt qe PO te 4°" 


3 3 
2 2, 


Using these results, it suffices to show that 


3 3 3 
wy? + yz? + 242 < 3. 
. 3 
This inequality is just (30) for r = 3 Equality occurs in (40) only for 
(242) = (1) 131) oO 


Remark. The following more general statement is valid: 
Let x,y,z be non-negative real numbers satisfying z+y+z= 3. If 
O<p<3, then 
z y z 3 
5 + += > —— 
yt+p 2+p  2ttp itp 
By the weighted AM-GM Inequality, we have 


(41) 


2 
y?+p>(l+pyte, 
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Hence, 
xc 2 2 2 
[rn ee eee eee See 
y +p y° +p (1+ p)ytte l+p 
and similarly, 
py 1 oe pz 2p 
= > y —- —_ yeite, ——, > z- ZZ +P 
ape 1t+p” * t+ pa? ~ l+p 
Consequently, if the below inequality is true, 
tee +y- Se ea aie <3, 
: . we 
then (41) is also true. Since 0 < —— lips <>: this inequality follows from 


(30). 

We conjecture that inequality (41) holds for 0 <p <3+2V3 Replacing 
the triple (z,y,z) = (0, 3 — /3, V3) in (41), we get the necessary condition 
p<34+2V3. 

* 


18. If a,b,c are positive numbers satisfying abc = 1, then 


a b Cc 
jae i > 1. 
b+87 oat a+ 21 (42) 


Proof. By Bernoulli’s Inequality, we get 


vere ay b— -—1 b+17 
EZ = : 
1+—_ 9 eee = TR 


Then 
a. bya Bie 6Vb ar 6/e 
b+8 7 b+17’ c+8~ c+17’ a+8~ a+17’ 
and it suffices to show that 


Substituting — for Va,> * tor vb, and = for /c to obtain abe = 1 (#,y, z > 0), 


the mequality Gone: 


23 3 ys 1 


Bes a SS 
y(17x? + 2?) bs x(17z? + y?) “ 2(17y? + 2?) ~ 6 
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By the Cauchy-Schwarz Inequality, we have 

3 3 2 

+ eon t ao 2 
2(17y? + 22) ° x(17z? + y?) 

> (x? + y? + 2°} 

= gy(17x? + 22) + y2(17y? + 2?) + 22(172? + y?) ° 


> 
y(172? + z?) 


Therefore, it is enough to show that 
6(x? + y? + 2°)? > 17(23y + yP2 4 rae ee azyz(z+y+2), 
which follows by combining (1) and 
(2? + y? + 27)? > 8ayz(x ty + 2). 
The last inequality can be obtained as follows 
(2? + y? 4 2°)? > (xy + yz + zz)* > 3zyz(z + yt z). 
Equality occurs in (42) only for (a,b,c) = (1,1,1). O 
* 
19. If a,b,c are the side-lengths of a triangle, then 
a) 3(a°b + Be 4 ca) > (ab+ be + ca)(a" + 6% 4 c’), (43) 
b) 9(ab + be + ca)(a* +b? +c”) > (a +b4 0c)! (44) 
Proof. In order to prove (43), we write it as cyclic sum 
>> ab(2a? — 6? — c*) > 0. 
Since 


do ab(2a? — b? — c?) = 7 abla? — 6?) — So ab(c? — a?) = 
= ¥F ab(a? — 6?) — * be(a? — 4%) = > (a? — b*)(a — c)b, 


the inequality becomes 


> (a? — b")\(a—c)b>0. 
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Using now the classical substitution a = y+2z,b=2z2+2,c=a2+y 
(7,y,2 > 0), we have 


a? — 6? = (a—b)(a +b) = (y—a)(yt 2+ 2z) =y? —2? + 2z(y—2), 

(a—c)b=(z—2)(242) = 22-2’, 

S_ (a? — 6?)(a — c)b = Soy? — 2?)(z? — 2?) +2 2(y— 2) (2? — 2”). 
Since 

Si (y? — 2°)(z? - 2*) = \i(2t — 2?y? + y?z? — 272”) = Si(2t-2 y ) 
and 


s z(y—z)(2?-27)= S_(yz4-2°yz—229 +232) = ¥_(2a%2-2°yz—2z°), 
the inequality transforms into 
y (x4 — ay? + 4a%z — 22?yz — 2xz3) > 0. 
We can find this inequality by adding the below inequalities 
S(24 — xy? +4 2x32 — 2xz3) > 0, 
2 yz - xyz) > 0. 


First inequality 1s just (10), while the second inequality follows by the 
Cauchy-Schwarz Inequality applied to the triples (x Juz, y VE, 2/2y) and 
(Vin vi. va). 


(x32 + yPx + 29y)(y +242) > zy2(z+y +2). 

To prove (44), denote A = a? + 6? + c* and B = ab + bc + ca. Since 
9(ab+ be + ca)(a? +6? +c?)-(a+b+c)4=9AB-(A + 2B)? =(A—B)(4B—A) 
and 

Ase 
we still have to show that 4B — A >0 Indeed, we have 
4B — A> 2%Aab+be+ca)—a?-b-c? = 
= (Vat Vb+Ve) (—Va+vb+ ve) (Va-Vb+Ve) (Va+vb—ve) > 0. 


Equality occurs in both (43) and (44) only for an equilateral triangle QO 
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Remark. From (43) and (44) we get 


3 3 3 4 
eee (EY (45) 


The following more general statement is valid: 
If a,b,c are the side lengths of a trangle and r > 3, then 


"b+ b’c+ca atb+ce\"t} 
ae > (HEX) . (46) 


Indeed, from the weighted Power-Mean Inequality and (45), we have 


ee, = a®b+ Be4 Ba 3 2 atb+e 
( b+eta = b+c+a 3 : 
and from here, (46) follows 

* 


20. Let a,b,c be the side-lengths of a triangle. If r > 2, then 
3(a7b + Be + c"a) > (atb4 c)(a"—1b +6 ey ea). (47) 


Proof. By the weighted Power-Mean Inequality, we have 


(= + b’e+ =) = 
a+tb+e 


Thus, it suffices to show that 


a’ bh +4 Poet le 
a+b4+e 


3(a7b + b'c + c"a) (= +04 ca\ 
ed fee ee ; 
(a+b+c)? ~ atbt+e ) 
which is just (46). Since (46) is valid for r > 3, it follows that (47) is also 
valid for r > 3 
For r = 2, (47) reduces to 


b ¢ a a 6 ¢ 
2(24eas)ata casas (48) 

a b e¢ ca 
7 : : eee ate 
Assuming a = min{a,b,c} and using the substitution 6 = x + ae 


inequality (48) becomes 


(2¢-a)a? + (x + 22) (a—c)? >0 
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This inequality is true, because 2c — a > 0 and 
4x + 3a = a+ 4b —2¢ = 2(a+b—c) + (2b—a) >0 


Inequality (48) becomes equality only fora =b=c 
To prove (47) for all r > 2, we rewrite it in the form 


a™1b(2a — b— c) + 6” 1 c(2b—c—a) +c" 'a(2c—a—b)>0. (49) 


We claim that the following more general statement holds. 
If a,b,¢ are the side-lengths of a triangle and f(x) is an increasing posi- 
tive function on (0,00), then 


ab(2a — b—c) f(a) + be(2b-— c— a) f(b) + ca(2c—a—b)f(c)>0 (50) 
First notice that for f(z) = 27-7, r > 2, (50) turns into (49) In order 
to prove (50), denote its left side by E(a,b,c), and then consider two cases. 
a>b>canda>c>b 
Casea>b>c Since f(a) > f(b) > f(c), we have 
E(a, b,c) > ab(2a — b — c) f(b) + be(2b — c — a) f(b) + ca(2e—a—b)f(c) = 
= b[2(a—6)(a—c) + ab—c"| f(b) + ca(2c— a — b) f(c) > 
> b[2(a— 6)(a — ¢) + ab — cc’ f(c) + ca(2e— a— b) f(c) = 
boc oa a 6b ¢ 
= abe [2 (245 +2) —(F +245) —3] F0. 
Taking account of (48), we get E(a,b,c) > 0 
Case a >c> b. Since f(a) > f(c) > f(b), we have 
E(a,6,c) > ab(2a— 6 — c)f(c) + be(2b — c— a) f(b) + ca(2e — a—b)f(c) = 
= al(c — 6)(2c— a) + b(a — b)| f(e) + be(2b — c— a) f(b). 


sified 
(c —b)(2c — a) + b(a —b) > (c— b)(b+e—a) +(a—b) >0, 
we get 
(a,b,c) > a[(e — b)(2e — a) + 6(a— b)] f(b) + be(2b— ¢— a) f(b) = 
= abe[2 (2 +5 +2) -(Z+245) - 3] /) 20 


c 
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Remark. The following inequality is sharper than (48). 


b 
3 wees) oa(Er 24s) 43 (51) 
a 6 ¢ boc oa 


( Vasile Cirtoaje, MS, 2004) 


Proceeding in the same manner as in the proof of (48), we obtain the 


inequality 
(3c — 2a)(2b— a — c)? + (4b 4+ 2a— 3c)(a—c)? > 0 
It is true, because 3c — 2a > O and 4b + 2a— 3c = 3(a+b—c) + (b—a) > 0. 
* 

21. Let a,b,c be the side-lengths of a triangle. If r > 2, then 

a”b(a — b) + b"c(b—c) + c"a(c— a) > 0. (52) 
Proof. For r = 2, the inequality turns into the well-known inequality 

a%b + Bet 8a > a2? +. bc? + c2a?. (53) 


Using the substitution a =y+2z,b=2z+2,c=a4+y (x,y,z > 0), this 
inequality reduces to 


zy? + yz? 422° > zyz(x+y+2), 
which follows by the Cauchy-Schwarz inequality 
(2°24 y%x + 22y)(y tet x) > cy2(z +y+t z)? 


Let us denote now by E(a,b,c) the left side of (52) and assume, without 
loss of generality, that c = max{a,b,c}. We have 


E(a, 6, a) a ab(a - b)(a"} i be} 
E(a,,c) — Ba, b,a) = (c— a) fale" — 6°) ~ (c~ 68", 


whence 


E(a,b,c) = ab(a ~— b)(a"~* — 6") 4 (e- a) [a(e” — b”) — (c — b)b"] 
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Writing now the product ab as 
ab= c(a+b—c)+(e—a)(e—}), 
we get 
E(a, b,c) = e(a + b— c)(a — b)(a"* — 1) + 
+ (e~a) [(c— 6)(a— b)(a""? — b') + afc” — 6") — (c— b)b"}, 
E(a,b,c) = c(a+ b—c)(a—6)(a" | — 7") + 
+a(c—a) [(a— b)(c— ba”? + ee"? —b"™")} . 
Since 
(a — b)(c— b)a"~? 4 e(e7 1-1) = 
=(a—b+e)(e—b)a"* +c [-(c — bat? 4.7} or] = 
= (a—b+ce)(e—b)a"™? + ee- b)(c7? — a"~*) + bec"? — br-*), 
we obtain the final form 
E{a, b,c) = e(a+b—c)(a—b)(a" 1 —b"-!) 4+ (e—a)(e—b)(a—b +c)a” + 
+ ae(e— a)(c — b)(c"~? — a"~?) + abe(e — a)(c"? — 7 *). (54) 
For r = 2, this identity has the form 
a2 + be + cba — ab? — be? — 2a? = 
= cat b—c)(a— 6)? + a(a—b + ¢)(e—a)(c —b) 
From (54) it is clear that r > 2 together with c = max{a,b,c} imply 
E(a,b,c) > 0. Equality occurs only for an equilateral triangle 
Another interesting solution was posted on Mathlinks Inequalities Forum 
by Mikhail Leptchinski It two of a,b,c are equal, then (52) is valid. Other- 
wise, consider that c = max{a, b,c}. On the other hand, since the inequality 
1s homogeneous, we may assume that b= 1 This implies eithera << 1 <c 
orl<ac<e Let 
f(x) = a7b(a —b) +.b*e(b—c) + c7a(c—a) = a*(a—1) + e(1—c) +c*a(c—a). 
According to (53), we have f(2) > 0. Therefore, it suffices to prove that 
f(x) > f(2) for x > 2. We have 
f(z) = a"(a — 1) Ina+c*a(e—a)Inc 
Since (a—1) Ina > 0 and (c—a) Inc > 9, it follows that f'{x)>0 Therefore, 
f(z) is strictly increasing and hence f(z) > f(2) O 
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Remark An interesting generalization of (52) is the following: 
Let a,b,c be the side-lengths ofa triangle If f(x) is an increasing positive 
function on (0,00), then 


a? f(a)b(a — b) + bf (b)e(b — c) +c? f(e)a(e— a) > 0. (55) 


(Dary Grinberg, MS, 2005) 
For f(z) = x"~*, the inequality turns into (52). To prove (55), denote the 
left side by E(a,b,c), and then consider the following two cases a > b> c 
anda>c> 6. 
Casea>b>c. Since f(a) > f(b) > f(c), we have 


E(a,b,c) > a? f(c)b(a — b) +b? f(c)e(b — c) + cf (c)a(e— a) = 
= f(¢) [a?b(a — b) + 67 e(b— c) + c?a(c—a)] > 0. 


Case a>c > b. Since f(a) > f(c) > f(b), we have 


E(a,b,c) > a? f(a)b(a — b) +b? f(a)e(b — c) +c? f(a)a(e — a) = 
= f(a) [a?b(a — b) + be(b —c) + Fale a)] >0 


* 
22. Let a,b,c be the side-lengths of a triangle. If0<r <1, then 
a®b(a" — b”) + b*c(b” — c") 4 cra(c” — a") > 0. (56) 


Proof. We observe that for r = 1, the inequality transforms to the well- 
known inequality 


a3b + Bet ca > a2b? + be? + ca? 


On the other hand, we see that the inequality is true if two of a,b,c are 
equal For example, if a = b, the inequality reduces to 


ac(a — e){a” —c") > 0, 


which is clearly true We will consider now that a,b,¢ have distinct values 
and a = min{a,6,c} Rewrite the inequality in the form 


a™** (ab — c?) + b+! (be — a?) + + (ca — b*) > 0 (57 
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Since the inequality is homogeneous, we may cousider a = 1 
This assumption yields either b<c<iorc<&<1 Let 
f(z) = a®**(ab — c*) + bF+*(be — a”) 4 ce? “(ca — 6?) = 
= b—¢? + bbe — 1) + He — b). 


We must prove that f(x) > 0 for0<a2<1 Note that f(0) = 0 and, m 
accordance with (53), f(1) > 0 The function f(z) has the derivative 


! r+1 
fs) = (z) eda eee ne. 
b 
Caseb<c <1 Since (be -1)Inb > 0 and 0 < as 1, the function 
f'(z) 1s strictly decreasmg We claim that f’(0) > 0 Indeed, if f’(0) < 0, 
then f’(2) < 0 for 0 < x < 1, the function f(x) is strictly decreasing on 
(0, 1], and therefore f(1) < f(0) = 0, which is not true. Hence f’(0) > 0, 
as claimed Since f’(x) is strictly decreasing and f/(0) > 0, two cases are 
possible either f/(x) > 0 forO< 2 <1, or there exists x, € (0,1) such that 
f'(x1) = 0, f'(z) > 0 for x € [0,2,) and f’(xz) < 0 for x € (x;,1] In the 
first case, f(x) is strictly increasing on [0,1], and hence f(x) > f(0)=0 In 
the second case, f(x) is strictly mcreasing on [0,2] and strictly decreasing 
on [2;.1] Consequently, f(x) > min{f(0), f(1)} = f(0) = 0 
Case c <6 <1. Let us show that f’/(0) > 0 We have 


f'(0) = b(be — 1) nb + e(c— b?) Inc. 


If c— 6? <0, then f’(0) > 0, because (be — 1) Inb > 0 and (e—b7)Inc >0 
If c— 6? > O, that is Ine > 2Inb, then 


f'(0) > b(be — 1)Inb + 2e(e — b?) nb = (2c? — be — b) nb 


Since Inb < 0 and 2c? — b&e — b < 2c? —  —c = —c(c—1)* < O, it follows 
that f’(0) > 0, as claimed. To finish the proof, we observe that the function 


b 
f'(x) is strictly increasing, because (be — 1)Inb > O and —> 1 Therefore, 
f'(x) > f/(0) > 0, f(z) is strictly increasing, and hence f(x) > f(0) =0 for 
0<2<1 Equality occurs only for an equilateral triangle Oo 


* 
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23. Let a,b,c be the side-lengths of a triangle. If x,y,z are real numbers, 
then 


(ya? + 2b? +.2c7)(za? +26? + yc?) > (cy t+yz+22x)(a7b? +b7c74 ca?) (58) 
Proof. We write the inequality as follows: 
xb? + yrcta? + 2202b? > yza?(b? + c? — a?) + 2xb?(c? + a? — 67) 4 
+ zyc*(a? + b? — c?), 


ae oy? 2? y2(b? 4c? a?) zx(e® +02? —b? = xy(a? + b? — c?) 
ge ae ee ee 
x? y? 2? QyzcosA  2zxcosB 2xycosC 
a Re 2 622 c2a? a 
2 2 
(= - # cose — = cos B) + (2 sinc -= sin B) >0 
a b c b c 
Since the last inequality is clearly true, the proof is complete Equality 
° 1p © y z 
occurs if and only if aa a Oo 
1 1 1 
Remark 1. For + = pel SS and z = —, from (58) we get again the 
a 


well-known inequality 
a°b + b8c 4+ Ba > a2b? + bc? + c2a?. 
1 1 1 : 
Remark 2. For x = et = and z = ;,, from (58) we obtain the 
elegant asymmetric inequality of Walker (Math. Mag. 43, 1970): 


2 72 22 
nn ar 2 2. afl 1 1 
(tate) 244) (e+), 
2.3 Another related inequalities 
1. Let x,y,z be non-negative numbers. If 0 <r < V2, then 
Veit yt + 24 4 ry/aty? + y222 4 222? > (14 r)\/r3y 4 y8z 4 232. 
{Vasile Cirtoaje, MS, 2004) 


2. Let x,y,z be real numbers. If —1 <r < 2, then 


x(x — y)(z —ry) + y*(y —2)(y — rz) + 2(z—-2 z—re >0. 
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3. Let x,y,z be non-negative numbers. If -2 <r < 2, then 


2 _ ny?) 4 y(y — z)(y? — 2?) + 2(z — 2)(z? —rx*) >0 


a(x — y)(x 
4. If x,y,z are real numbers, then 
(x —y)(2a + y)? + (y—2)2y + 2) + (2 2)Q2 +2) >0. 
5. If 21,22,.  ,£n are real numbers, then 
(a; —22)(321 +22)? +(x2—x3)(3x2 +23)° + sep (tn —21)(3¢n+21)° >0. 
6. If x,y,z are non-negative numbers, then 
(x — y)(3a + 2y)® + (y — z)(3y + 22)° + (z — )(32 + 2x)? > 0 
7. Let 21,22, .,2n be non-negative numbers If r > a4 ~ 1.7024, 
then 
(xy —a9)(r201 4:2)? + (009-23) (re2 4 x3)°+ -- +(en—21)(r2nt21)® > O. 
8. If x,y,z are real numbers, then 
(x —y) 22 ty + (y—z)/2y +24 (2-2) V22+ 2 20. 
9. If x,y,z are real numbers, then 
(x —y)(x + 22)9 + (y — 2)(y + 2x) + (2—2)(z + 2y)> D0 
10. If 2, y,z are real numbers, then 
(x —y) YeF 22 + (y— 2) Yy + 20 + (2-2) i/z + 2y 20 
V3-1 


11. Let x1,22,.. ,2n be real numbers. IfO<r< , then 


ei tagt-- tad tr (x23 + ror} +: + In23) 2 
> (l+r) (iro + x23 +- +2421). 


12. Hf 2,,22,.. ,2n are positive numbers, then 


1 
xt +a}+- +n +5 (x23 + 2223 +- “+ 2n2}) > 


3 
= 3 (xjx2 +e323+ ++ v3.21) . 
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13. If x,y, z are real numbers, then 
(ety) +y(yt+z)P +2(z+2)2>0 
(Vasile Cirtoaje, GM-B, 11-12, 1989) 


14. If a,b,¢ are positive numbers, then 


2a 5p. oe a+b b+e cta™~ 
1 1 1 1 1 ) 


1 
24 tertias a+3b 6+3ce c+t+3a 


1 
15. If z,y,z€ [5-2], then 
s(2+%+2)o5(£+242) 49. 
y 2 zy 2 
1 
16. Let p= 4+ 3V2, and let z,y,z € [5 Prove that 


Oay + yz + 2x)(2? + y? + 2”) >(rtyt z)\. 


( Vasile Cirtoaje, Moldova TST, 2005) 


17. Let z,y,z> such that r+ y+2= 3. Prove that 
xy? + yz? + 272? > ryt yz + 22. 
18. If z,y,z are real numbers, then 
8(a*+y4+24—23y—y3z— 232) > a? (y—z)? +-y?(z—2)? + 27(a—y)?, 
(Vasile Cirtoaje, MS, 2005) 
19. If x,y,z are real numbers, then 
at tyt+24—2y2(2+y+ z) >2V2(a3y+y9z4 232 ~-2y>—yz3~ 223), 
(Pham Kim Hung, MS, 2006) 
20. If x,y,z are non-negative numbers, then 


x4 tyt pet 17(22y* + y?224 2°97) > 6(e+y+ z)(x®*yty?z+z%2), 
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21. If x,y,z are non-negative numbers, then 
Yl2? — yz)? > VES ey(z — 2)? 
22. If x,y,z are non-negative numbers, then 
ai + yt + 24 4 5(28y + yz + 232) > 6(a7y? + yz? + 222”) 


23. Let x,y,z be non-negative numbers, no two of them are zero. Prove 


that 


ze—yz y?—-2ze 2*—ay 


zt+y yt2 Z+2 


> 0. 


24. If x,y,z are real numbers, then 
3(x4t + yt + 24) + 4(a?y + yz + 232) > 0. 
(Vasile Cirtoaje, MS, 2005) 


25. Let z,y,z be positive numbers such that + + y+ z = 3. Prove that 


x 1 y 1 Zz 2 
l+y3 1422 1+a3 72° 


(Bin Zhao, MS, 2006) 


26. Let a,b,c, d be non-negative numbers such that a+ b+e+d=4. Prove 
that 
3(a? + b? + c? + d*) + dabed > 16. 


(Vasile Cirtoaje, MS, 2004) 


27. Let a,b, c,d be positive real numbers such that a+6+c+d=4 Prove 


that 
a b c d 


= >2 
The lee ise 


t+a2 ~ 
(Russian Winter Olympiad, 2006) 


28. Let a,b,c be non-negative numbers such that a+b+c=1 Prove that 


WMe+3 2%at+3 2ab+3 _ 15 
a+1 b+1 e+1 ~— 2 


(Vasile Cirtoaje, MS, 2005) 
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29. If a,b, c are the side lengths of a triangle, then 

a’(a + 6)(b—c) + b°(b + c)(e—a) + e*(c + a)(a—b) > 0. 
30. If a,b,c are the side lengths of a non-equilateral triangle, then 


ab+b3ce+ Ca—a*h? —b2c* —c2q? 


a*b + b2c + cta — 3abc a aa a cae 


31. Let a,b,c be the side lengths of a triangle. If x,y,z are real numbers 
such that «+ y+ z= 0, then 


yza(b+c—a)+zab(c+ a—6)4 2yc(a+b—c) <0. 
32. If a,b, ¢ are the side lengths of a triangle, then 
(2a? — be)(b — c)? + (2b? — ca)(e — a)? + (2c? — ab)(a — 6)? > 0. 


33. Let x,y,z be non-negative real numbers. If 0 < r < m, where m = 1.558 
is a root of the equation 


(1 + mre = (3m)”, 


then 


a yty z+ 272 P (ee ig 
3 7 3 : 
( Vasile Cirtoajye, MS, 2005) 
2.4 Solutions 
1. Let x,y,z be non-negative numbers. If0<r< V2, then 
V4 t yt $24 ryfary? + y222 4 22a? > (14 r)y/a3y + y3z + 232. 
Solution. Squaring transforms the inequality into 
S- ai tr? Se + 2ry/ ‘eS 2") (3° 2?y?) >(1+r)? as xy. 


By the Cauchy-Schwarz Inequality, we have 


V (S024) (So 2?y?) > Yay 
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Thus, it suffices to show that 
Es Liye So y?2? >(1+r?) So aey. 
For r = 0, this inequality is true since 
zi ty! 424 —a3y —y32— 232 = 7X 324 + y4 — 4r°y) = 
- 7-9 (3a? + Qry + y*) > 0. 


For 0 <r < V2, the inequality can be rewritten as 


l 4 3 3 2.2 
a (doz - Yia’y) 2 bia’ Doo’ 
Since x4 — Yo ay > 0, it suffices to consider r = V2 In this case, the 
inequality is equivalent to (1) There is equality if and only if 2 = y =z. 
* 


2. Let x,y,z be real numbers. If -1 <r < 2, then 
a?(a —y)(2— ry) + y*(y — 2)(y — rz) + 2*(z — 2)(z— rz) 2 0. 


Solution. Denote by F the left hand side of the inequality There are three 
cases to consider. 
Caser—0O We have 


1 
ees ree re, ee 3 3. _ ay)? fou? 2 
Baa ty +z -2 y-y2z—z2= 7) (x -—y) [Qa +(x+y)"] 20. 
CaseO <r<2 We have 


B= - = (2! tyt+24— ay — yz — 2) — 2? y(2 — y)— 


-y Wepsaiai? 2(z— 2) 


Since x4 + y4 +.24—2y—yz— 252 > 0, it suffices to prove the inequality 
for r = 2, when it becomes just (1) 
Case —1 <r <0. We have 
—1 —1 
— B= (xi t¢y! +24 - ay — yz — 232) + 
r r 
+ 2°y(a —y) + y22(y — 2) + 27(2 —2) 
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8 
IV 


Since 24 + y4 + 24 — a23y —y3z —z 0, it suffices to consider r = —1 In 


this case, we get 


2_9,2)2 pee Ly ne ey ee 
Poe yee fea = (x*—y*)* + (y ; ics ) > 0. 


3. Let x,y,2 be non-negative numbers. If —2<r < 2, then 
a(x —y)(x” — ry”) + y(y — 2)(y? — rz”) + 2(z — 2)(z? — ra?) > 0 


Solution. For r = 0, this inequality is true (as shown above). 
Case 0 <r < 2. We write the inequality in the form 


1 
= (x4 + yt + 24 — 28y — y8z — 232) > zy?(z —y) + yz?(y — 2) + 22?(z— 2) 


Since 21 + y4 + 24 — ay — y3z — z3z > 0, it suffices to prove the inequality 
for r = 2; that is 


at tyt42442(2y?+y23 422°) > 2(22y? 42224222?) pa%ytyse4 23m, 
Summing up the inequalities 
(x? +y? + 27)? > 3(a8y + yz t 28a) 
and 
2a? y byez + z3x) + 2(ay* -y2d + zz) > 4(x®y? + yz? + 2727), 


we get the desired inequality. The first inequality is just (1), while the second 
1s equivalent to the obvious inequality 


xy(x — y)? + yz(y — z)? + za(z— xt)? >0. 
Case —2<r <0 We write the inequality as 


—l 
os (4 +y4+24—2%y—y3z~ 232) 4 2y?(2—y)+ y2"(y—z)+227(2—2) >0 


Since 24 + y4 + 24 — 23y — yz — 292 > 0, it suffices to prove the inequality 
for r = —2, that is 


(2? + y? + 27) > ay + y2zt 23a 4 Aay? + yz? + 22° 
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According to (1), we have 
(x? + y? + 27)? > 3(a3y + Fz + 2°c) 
and 
(a? + y? + 27)? > 3(ay? + y2° + 20°), 
whence the conclusion follows. 
* 
4. If x,y,z are real numbers, then 
(x — y)(22 +y)? + (y — 2)(2y + 2)? + (2—2)(2z +2)? D0 


Solution. Using the substitution 22 + y = a, 2y+ z=, 2z+2 = c, which 
is equivalent to 
4a—2b+ec _ 4b-2c+a _ 4c—2a+b 


Sg mg, or ag 
the inequality reduces to (7): 
at + 64+ 4 4+ ab? + be? + ca® > 2(a°b + be + ca). 
* 
5. Ifa,,29, .,2n_ are real numbers, then 
(x, —x2)(32, +22)? + (x2—23)(3a2+23)*+ - + (tn—21)(3en+21)* > 0 


Solution. We will show that there is a real number gq such that the following 
inequality holds for any real numbers x and y 


(x —y)(3a + y)* > q(x? —y*). 
Since 
(x —y)(3e +y)? — g(a" — y*) = 
=(2~y) [(3ety)?— (2? +2°y + ay? +y°)], 
we will choose g = 16. For this value of q, we have 
(x — y)(3e + y)® — 16(a* —y*) = (x — y)? [I(x + y)? + 4y7] > 0 


Using now this result, we have (for tn41 = 21) 


Ste i41)(30i + Fi41) es > q (xf — 2441) =0, 


which completes the proof Equality occurs only for 1 = 22 = --- = 2p. 
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* 
6. Ifz,y,z are non-negative numbers, then 
(x — y)(3x + 2y)? + (y — z)(3y + 22)? + (2 —2)(3z + 2) > O. 
Solution. By expanding, the inequality becomes 


19(a4 + y4 + 24) + 27(28y + y®z + 232) > 
> 28(ay? + yz? + za) + 18(ay? $ yr2? + 22"), 


Since x4 4+ y4 + 24 > zy? + yz? + 223, it is enough to show that 


18(a4 + y4 + 24) + 27(2%y + yFz + 232) > 
> 27(axy*® + y2? + zx?) + 18(27y? ty?2? + 2727), 


that is 


2(n4 + y4 + 24) + 3(a%y + y3z + 29x) > 
> 3(zy? + yz? + za) + 2(a?y? + y?2? + 272?) 


This inequality follows by adding up the inequalities 
Oat + yt + 24) + 4(a2y? + y22? + 22a?) > 6(xy? + yo? + 223) 
and 
_3(ay + yz + 232) + 3(xy? + yz? + 203) > 6(x2y? + yz? + za), 


First inequality is equivalent to (1), while the second inequality is equivalent 
to 
xy(z — y)? + y2(y — 2)? + za(z—2)? > 0. 


Also, we can prove the above inequality by adding the inequalities 
Aattyt t+ 2t)4 Wary + yPz + 23a) > A(ry? + yz? + zz?) 
and 
(a3 y + y?z + z3a) + (zy? + yz? + zz) > Q(x? y? + yz? + 274"), 


Notice that the first inequality is of type (7). 
Equality in the original inequality occurs only for 2 = y = 2. 
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* 
1 
W¥4-1 


(x1 —2)(r2, +22)? +(2g—23)(rz2+23)° ++ -+(t,—21)(r2,+21)° > 0 


7. Let 21,29, . ,2n be non-negative numbers. If r > ~~ 1.7024, then 


Solution. As above, it suffices to show that there is a real number gq such 


1 
that the following inequality holds for r > and any positive numbers 
V4-1 
z andy’ 
(x — y)(ra + y)* 2 a(a* —y’). 

Since 

(x —y)(r2 + y)? — q(x4 — y*) = 

=(e-y) [(raty)>- g(a? +2°y 4 ay? +y%)}, 

(r+1)8 

choosing q = , we get 


1 
(e —y)(re + y)° — (4 —y") = 5 (@—y)(A2? + Bay + Cy’), 
where 


A=4r—(r4+1), B=2(r—-1)(r?+4r4+1), C=(r+1)?-4 


1 
For r > ==, we have A>0, B>OandC > 0. Hence 
V4—-1 
(z—y)(rx + y)* — q(a* — y*) 2 0 
Equality occurs only for 2] = 22 =++ = 2p. 


* 


8. Ifxz,y,z are real numbers, then 


(x —y) 2a + y+ (y— z)Y%yt+ zt (2-2) V2z4+2 20. 


Solution. Let 22 +y = a3, 2y+ z= 6° and 2z2 +a” =c?, We obtain 


_ 4a? ~ 268 + 3 _ 4-23 +03 de ~ 20 + 8 
=— 


=e ? 


Saag 9 
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and the inequality transforms into 
at + bt 444 a3b+ e+ c3a > 2(ab? + bc? + ca’), 


which is of type (7). 


9. If x,y,z are real numbers, then 
(x —y)(a + 2z)° + (y — 2)(y + 2x)? + (2 —2)(z + 2y)® 20. 


Solution. Let 2+ 2z =a, y+ 2x = band z+2y=c. We have 
_ at 4b—2c¢ _ 6+ 4ce— 2a _ e+ 4a— 2b 


Sage ee gh ee ge 
and the inequality reduces to 

a4 + b+ ch 4 a8b+ Bet ca > ab? + bc? + ca), 
which is also of type (7). 

* 
10. If z,y,z are real numbers, then 
(zy) Vat 22+ (y 2) Vy t+ 2a + (z—2) 4/2 + By 20. 

Solution. Setting x + 2z = a?, y+ 22 = 68 and 2+ 2y= c3, we have 


a® + 463 — 2¢3 b8 + 4c3 — 23 + da — 263 
omer merase CS gs. he —— 


and the inequality reduces to (7) 
a8 +4 + 64+ ab? + be? + ca? > 2(a°b + be + Ba). 


* 


-1 
11. Let 2\,22,...,2, be real numbers, focrs , then 


aptapte + an tr (x2) + aond +--+ 2,28) > 


> (1+r)(xjr2 + a3e3 + +--+ 232). 
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Solution. We will show that there is a real number q such that the following 


inequality holds forO<r < and any real numbers x and y: 


a4 + ray? — (r+ 1)2%y > q(x4 — 4) 


If this claim is true, we get the given inequality as follows (for tp, = 21) 


n n 
> [=f + rae, —(rt+ 1)xPa41] > 4 (x? _ wt.1) =0 
i=l 


i=l 

We have 

a + ray? —(r + 1)a*y — q(x —y*) = 

= (c—y) [2° - ray( + y)— g(a? + 2*y + zy? +y")]. 
1 ~—2r 

4 
a4 t+ ray? — (r+ 1)x%y —q(r4-y't)= 
1 

sa (2 - y) [(2r + 3)x? — Qay + (1 - 2r)y?| = 


= j0e—u? |r +3) (2 i eo) >0 


Choosing ¢ = , we get 


4 ar +3 ar +3 ie 
Equality occurs only for zy = 2g = --=2n. 
* 
12. Ifz,,z9, . ,2n are positive numbers, then 


1 
xi +apt- tants (a3 + 2203 + - - + an2t) > 


3 
2 5 (xia +2303 +°+- +2321) 


Solution. Write the inequality as 


n 
> (2x4 + 2:23,, — 3x32:41) > 0, 
i=l 


or 
n 


>) 2i(i — ri41)? (22; + 2i41) > 0. 


i=1 


Equality occurs only for 2) = 22 = -+: = 2p. 
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* 
13. If x,y,z are real numbers, then 
e(r+y)+y(y+z)? +2(2+2)° 20. 


Solution. Using the substitution y + z = 2a, z+2 = 2b and x+y = 2c, 
the inequality becomes 


a4 +644 4 4 ab? + bc8 + ca? > 03h 4+ Be + ca. 
This inequality is equivalent to 
(a? —ab—b?)? + (b?—be—c*)? + (c?-ca—a?)* + a7b? + bc? + c2a? > 0, 
which is clearly true. Equality occurs if and only if = y = z =0 


Remark. Similarly, we can show that the following inequality holds for any 
real numbers z, y, z. 


a(z ty) +y(y +2) + 2(z+ 2) > 0. 
Using the same substitution, the inequality transforms into 
a& + B84 8 + ab® + be? + ca® > ad + bBe+ ea, 
which is equivalent to 


S-(a® + 2ab5 — 2a5b 4- b6) > 0, 


S (a? + b?)(a? — ab— b?)? > 0. 
Equality occurs if and only if z = y = z= 0. 
* 


14. If a,b,c are positive numbers, then 


aes pe 1 1 1 
2a 2b 2 a+tb b+e cta 
1 1 1 1 1 1 
Se ay 
3a4b' 3b40 Beda a+3b b4+3c c4+3a/° 
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Solution. We will prove that the following more general inequality holds 
for any positive ¢: 


pia pie tic {2(a+b) 12(b+<) {2(cra) 


p3a+b p3b+e pic+a fa+3b po+3e tet3a 
= (ait 3bp07 3Scta at3b 0b0436e a) 20 


Since f(0) = 0, it suffices to show that f’(t) > 0 fort > 0. We have 


5 f(t) we flOm 1g paddy pho-1 _ 42(atb)—-1 _ 42(b+e)—1 __ y2(c+a)—1_ 


ay) Gr + pote-l + peta—l =, yot3b-1 a po+3e-1 a torres) : 


b— 1 


Denoting x = {2-4 y=t’-4 and z =t° 4, the inequality f’(t) > 0 reduces 


to 


ah tyt424—g2y?—y22?— 22o? > 2(a8yt+-y%z4 22 —ay*—yo?—z2%), 


which is just (10). 


wo 


15. Ifx,y,z€ 15-2}, then 


Solution. Let 
B(x,y,2)=8 (24442) -5(%+2+2) ~9. 
Without loss of generality, assume that x = max{z,y,2z} We will show that 
E(z,y,z)>E (x, J/zzZ, z) >0 


We have 


_ (y= v2)" (B= 52) , 9 
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x 
tet now im 15452 We get 
z 


B (x, Vzz,2) =8 (2/2 + 2-3) -5 (2/2 42-3) = 


(t —1) (2 + 1) 2 (t- 1)(¢+2) = 


_ (t-1)7(8+ 6t—5t?) — (t—1)?(4+ 5t)(2 — #) e 
ge eR ee ge, 


This completes the proof. In the assumption 2 = max{z,y,z}, equality 


5) 
Remark. Using the same way, we can prove the following more general 


occurs only for x = y = z and (z,y,z) = (2, l= 


statement: 


1 
Ifp>1 and z,y,z€ Fee then 


Bee? Ye 2 
p(p+2) (= +242) > p41) (24242) 43 1). 
* 


16. Let p= 4+ 8v2, and let x,y,z € -. 7. Prove that 
2 


Ory + yz + zx)(x? + y? + 27) > (a+ y + 2)'. 
Solution. Let A = 2? + y? +2? and B = zy + yz +422. Since 


Oxy + yz + zx)(x? + y* 4 2?) — (ety+z)i= 
= 9AB—(A+2B)? = (A—B)(4B— A) 


and 
2(A- B) = (x-y)? + (y—z)? + (z-2)? 30, 
we have show that 4B — A >0. This inequality is equivalent to 
E(z,y,z) <0, 


where 
E(z,y,z) =a? +y? + 2? — (ry + yz + 22). 
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We will show that the expression E(x, y, z) is maximal for 2, y, 2 € {<r}. 


Assume that this assertion is not true. Then, there exists a triple {x,y,z} 


1 
with o <2 < psuch that 


From 
E(z,y, 2) B(+,u,2) = (2-5) (e+ 5-4v~4e) 20, 
we get ‘ 
sO 
and from 
E(z,y,2) — E(p,y, 2) = (x ~ p)(x + p — 4y — 42) 2 0, 
we get 


4(ytz)—22>p 
1 
These results imply p < B which is false. Consequently, the expression 


1 
E(z,y,2) is maximal for x,y,z € rt. Since E(x,y,2) is a symmetric 


expression, we have 


B(2,y,2) < max {E (2,7 : s).EG. 7 r)) B(~,p.0) £0.p.2)} - 


= 2 2 
eee ip 23 -8,5- — 2p -8}=p'- 5-8=0, 


1 1 
Equality occurs when 2 = y = z, and also for (x,y,z) = (5.5.7) or any 


cyclic permutation 


* 


2 
17. Let x,y,z > 3 such that x+y+2z= 3. Prove that 


ay? + y?2* 4 222" > ay + yz t 22. 
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Solution. Without loss of generality, assume that x > y > z. Let 
E(z,y,2) = a*y? + yz? + 29? — xy — yz — 22 


2 , 
and ¢ = 24 =. From z,y,z > yt 2y22and x+ty+z= 3, it follows 


immediately that =< t <1. We will prove that 
E(z,y,2z) > E(z,t,t) > 0. 
We have 
E(z, y,z) — E(z,t,t) = x?(y? +22 2t?) — (e - yz)(t? +yz-1)= 
l 


= 5 (y—2) [2? + (2? — yz) +(1-#)] 20, 


and 
E(a,t,t) = 227t? + t4 — et - t?. 


Since x + 2t = 3, we get 
9E(x,t,t) = 18x? + 94 — (22t + t?)(a + 2t)? = 

= t(5¢? — 122t? + 927t — 223) = 

= t(t —x)?(5t — 2x) = 3¢(t — x)*(3t — 2) > 0 
and the proof is completed. Equality occurs for (z,y, z) = (1, 1,1), and also 
for (x,y,z) = Gey ;) or any cyclic permutation. 

* 
18. If x,y,z are real numbers, then 
8(24 ty! +2423 y—y32— 232) > x? (y—z)? +y?(z—2)? 4+.27(x—y)?, 
Solution. The inequality can be rewritten as 
82°(2—y)+3y3(y—2z)+323(z—2) > x? (y—2z)? 4y?(z—a)? 4+27(2—y)?. 


Using the substitution y = 2+ p and z= 2+ q, the inequality becomes as 
follows 


7(p? — pq + q?) x? + (9p? — 11p2q— 2pq? + 9q2)x+ 
+ 3p4 — 3p%q — 2p*q? + 3q4 > 0. 
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The left hand side is a quadratic of x For p = q = 0, the inequality becomes 
equality. Otherwise, we have p? — pq + q* > 0, and it remains to show that 
the discriminant is non-positive. Indeed, we have 


A = (9p? — 11p"q — 2pq? + 9q)?— 
— 28(p? ~ pq + q°)(3p* ~ 3p°q — 2p?q? + 3q*) = 
= ~3(p® + 10p®q + 9ptq? — 78p°q? + 74p%q? — 16pq° + g°) = 
= ~3(p? + 5p"q— 8pq? + q°)’ <0. 
Remark 1. We can rewrite the inequality as a sum of squares, as follows: 
) (22? — y? — 2? — zy + yz)? 20, 
S° (82? — 3y? — xy + 2yz — zx)? > 0 


Remark 2. Using the substitution x = 2a — b, y = 2b—c and z = 2c—a, 
the inequality transforms into 


(a? + b* + c2)? > 3(a3b + bee4 ca), 
which is Just (1) 
* 
19. If x,y,z are non-negative real numbers, then 
ai +yt424—ary2(x+y+z) > 2/2(23y4-y%24+-232—ay? —y2? ~ 223). 
Solution. First write the inequality as 


x(a? — yz) + y*(y* — 2) + 27(2? — zy) > 
> 2/2(x + y + 2)(x — y)(y — z)(z - 2) 


Without loss of generality, assume that z = min{z,y,z} Using the substi- 
tution y = 2+pand2z=2+4q (p> 0,q > 0), the mequality becomes 


5(p? — pq + q?)x? + (4p? — pq — pq? +4q°)z+p'+q¢ > 
> 2V2pq(p — q)(3a +p +4) 
or 
5(p — pq + 47)? + [4p? — (6V2 + 1) p2q + (6V2 — 1) pq? + 4q°] 2+ 
4+ pit qi +2V2pq(q? — p”) = 0 
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2 
Since p*—pq+q? > 0 and p*+q*+2vV2pq(q? —p”) = (p? - V2pq—4) 20, 
it is enough to show that 


4p> — (6/2 + 1) p?q + (6V2— 1) pq? + 4q° > 0. 
Indeed, we have 


4p> — (6V2 + 1) p?q + (6V2 — 1) pq? + 49° > 


oq 


25 
> 4p* — 10p'q + 7 pa? + 4q° = p(2p- 1) + 4q° > 0. 


Equality occurs for (x, y, z) ~ (1,1, 1), and also for (x,y,z) ~ (0, V2+4+ V6, 2) 
or any cyclic permutation. 
* 
20. Ifx,y,z2 are non-negative numbers, then 
ai tyt zt $i7(a2y? +y222 42727) > 6(24 yt-z)(x*yty*2+z72) 
Solution. Write the inequality as 
(S> a4-\* yz”) +12 ‘o> yz" —xyz DS x) —6 ‘o> xy—xyz yo x) > 0. 
Since 
1 
a Soy? 2? = . S(2?-y?)?, 
6 ‘o> yz? —ryz s zs So (xy—2yz + zx)’, 
3 De x y—xyz Ss x) =-3 S y2(x?—y?) = 
= —3° ya(2?—y?) + S(ay + yz + 22)(2?-y?) = 
= §\(2?-y*)(zy—2yz + 22), 


the inequality becomes as follows: 


1 
5 So(2? —y’)? + 2S" (ay — 2yz + za)?— 
~- 25° (2? — y’)(xy — 2yz + zr) > 0, 


l 
3 (2? = y* — Qry + 4yz — Qzx)? > 0. 
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* 
21. Ifz,y,2 are non-negative numbers, then 
(2? - yz)? > V6 >° 2y(z — 2)? 
Solution. First write the inequality in the form 
(Sat Lote) 42 (Lotsa Pa) ve (Leva Da) 20 
Since 
Satyr yz? = ; S(2?—y")?, 
6 ‘o> yr2*—xryz yy x) = S\(zy—2yz + 22), 
3 O- xy—xyz \~2) =-—3 S y2(x?—y?) a 
= ~-3~ y2(2?—y?) + (ay + yz t 22)(2?—-y?) = 
= S(2?—y)(zy—2yz + 22), 


the inequality becomes as follows: 

l 1 

5 S-(2? — y?)? + 3 So (ay — 2yz + zx)*— 

2 
— (2d ~— y’)(zy — 2yz + zx) > 0, 
. 1 2 ; 
ee |? -9- VJ lev 2ve +20) >0. 
ae : 
22. If x,y,z are non-negative numbers, then 
ai ty? 424 45(28y + ybz + x) > 6(a?y? + y?2? + 2727). 


Solution. Without loss of generality, assume that + = max{z,y,z} Using 
the substitution y = «+ pand z= 2+4q (p20, q = 0), the inequality 
becomes 


9(p? — pq + q?)x? + 3(3p° + pq — 4pq? + 3q°)a+ 
+ p' + 5p°q— 6p’q? + q’ 2 0. 
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This inequality is true, since 
Pp’ -pqt+¢ 20, 
3p° + p*q — 4pq? + 3q° = 3p(p — q)? + g(7p” — 7pq + 3q’) > O, 
p* + 5p°q ~ 6p?q? + q* = (p— q)* + pa(3p — 2g)? > 0 
Equality occurs for 2 = y = z. 


* 


23. Let x,y,z be non-negative numbers, no two of them are zero. Prove that 
2_ 2 2 
x*—yz yr—2zn 2t*—ay >0 
x+y yt2 z+2 


First Solution. Since 


ve? —yz x(x +2) 


z+y z+y 


? 


we can write the inequality as 


a(c+z) y(ytx)  2(z+y) 


ze+y yt2 zZ42 


2xrtytz 
Applying the Cauchy-Schwarz Inequality, we get 


rot+y yt2 z42 
, aera (E+)! 
~Daetner) Se?+ (Ss) (ov) 


Then, it is enough to show that 


(Se? + Nye)” = (Nz) (a) + (Lz) (Hy). 


a(r+z)  y(yt+z) 2z+y) 5 


Since 


(2? + yz)" = (a)? + 42(Ne”) (ye) + (yz)? 
and 


(D2) (Lz) = (Le?) (yz) +2(D 2)’, 
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the inequality becomes 
2 2 
(ie?) + (0 2") (Loyz) 2 (oe) (LEa*) + (Moye) 
This imequality reduces to 
SS yr2? > xyz Soz, 

which 1s true because 

1 

yz? —ay2z 2= 5 y —- 2)? 

We have equality if and only ifa=y=z 


Second Solution By expanding, the inequality becomes as follows 


Yily? - 22) (2? + YS y2) 2 0, 

Dv — Dav? + (Le") (Lye) - (Lye) 20, 

S\a°y > ryz oe. 
The last inequality follows immediately from the Cauchy-Schwarz Inequality 

(So2*y) (2) 2 ave (Ne) 
* 
24. If x,y,z are real numbers, then 
3(c4 + yt + 24) 4 4(28y + 22 + 232) 20 


Solution. If x,y,z are non-negative numbers, then the inequality is trivial. 
Since the inequality remains unchanged by replacing z, y,z with -x, —y, —2, 
respectively, it suffices to consider the case when only one of x,y,z is nega- 
tive, let z <0. Replacing now z with —2, the inequality becomes 


8(24 +4 + 24) + dey > 4(y®z + 2°a), 
where x > 0, y > 0,z>0 It is enough to show that 
3(a4 + y4 + 25y) > 4(y?2 + 29x) 

Case x <y Since 3x°y > 3274, it suffices to show that 


621 + 38y4 + 324 > 4(yz + 2°) 
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Using the AM-GM Inequality, we have 
B8y4 + 24 > AV yl224 = dy32 


and 


4512 
gat 4 ot Baty oat + St +g aay = at > Qaz?. 


Adding the first inequality to the second inequality multiplied by 2, the 
desired inequality follows. 
Case x >y Since 3x%y > 3y4, it suffices to show that 


3x4 + 6y4 4+ 324 > 4(y2z + 232). 


Since , 4 
by! + > = 2y' + 2y4 + 2y4 + & 24 iy at = Aye, 


23 
we still to show that 324+ —z4 > 4x23. We will prove that the following 
sharper inequality holds 


3a4 + 52 > 4xz3 
Indeed, we have 


5 4312 
Batt pata Sata Fatt Pat ot aE 5 geet 


Equality holds only for 2 = y = z = 0. 
* 


25. Let x,y,z be positive numbers such that x + yt2z=3. Prove that 


Sees ee ee ee Og 
l+y? 1423 ° 14237927 
Solution. Using the AM-GM Inequality, we have 


e 3 ay ays/? 
1+y3 1+y3 ~~ 2y3/2 2% 
and, similarly, 
3 _ yet? 2 oer? 
a ee 
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Thus, it suffices to show that 
ay?/? + y29/? 4 2e3/? < 3. 
This inequality follows immediately from (30). Equality occurs if and only 
ifz=y=r2z=1 
* 


26. Let a,b,c,d be non-negative numbers such thata+b+c+d= 4. Prove 
that 
3(a? + b? +c? + d*) + 4abed > 16 


b+et+d 


3 
a+ 3x2 = 4 Without loss of generality, assume that a = min{a,b,c,d}, 


a<1 We will show that 


4 
Solution (by Gabriel Dospinescu). Setting x = yields x < = and 


E(a,b,¢,d) > E(a,x,2,2) > 0, 


where 
E(a,b, c,d) = 3(a? + b? +c? + d?) + dabed — 16. 


Assume that a = min{a,b,c,d}, a < 1. We will show that 
E(a,b,c,d) > E(a,z,z,x) > 0. 
The left side inequality is equivalent to 
3(322 — S) > 2a(x3 — bed), 
where S = bc + cd+db By Schur’s Inequality 
(b+c+d)* + 9bed > 4(b + c+ d)(be+ cd + db), 


we find that ae 
a? — bed < 3 (32" ~ S) 


Thus, it enough to show that 
3(3a? — S) > oF (30? - S), 


that is 
(3x? ~ $)(9 ~ 8ax) > 0. 
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The mequality is true since 
6(32? — S) = (b~c)? + (c—d)? + (d— a)? > 0 
and 
3(9 — 8ax) = 27 ~ 8a(4 — a) == 8(1 — a)’ +. 16(1 — 2) +3>0. 

With regard to the inequality E(a,x,2,2) > 0, we have 
3(a? + 327) + dax® — 16 = 

3(4 — 3x)? + Ox? + 4(4 — 3x)a3 — 16 = 
= 4(8 — 182 + 9x? + dz? — 324) = 

4(1 — x)*(24 2)(4— 32) >0. 


This completes the proof. Equality occurs for (a,b,c,d) = (1,1,1,1), and 


444 ; : 
3) or any cyclic permutation. 


d) = aia 
also for (a,b,c, d) (05.55 


* 


27. Let a,b,c,d be positive real numbers such thata+b+c+d= 4. Prove 


that 
a b c 


d 
iat ae fe SS 
fae iae ise ipe 
Solution. Using the AM-GM Inequality, we have 


Win tap Re ab? & ab? ab 
ey eens te a) ner Te 


and, similarly, 
b be c cd d da 
—-z > b—- ~, — >e-~ —, —_ > d- : 
Teer Ope gt page = og 
Thus, it suffices to show that 
ab+be+ed+da<4 


Indeed, we have 


16 — 4(ab + be + ed + da) = (a+ b+ 04d)? — 4(ab + bc + cd + da) = 
=(a-b+e~d)?>0 


Equality occurs if and only ifa=b=c=d=1. 
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* 
28. Let a,b,c be non-negative numbers such thata+6+c=1. Prove that 


2bc4+3 2ca4+3 2ab+3 _ 15 
a+l1 b+1 ct+1 ~— 20 


Solution. Let x = ab+ bc+ ca. By the known inequality 


(a+b+c)* > 3(ab+ be + ca), 


1 
we get x < z and by Schur’s Inequality 


(a+b+c)? 4 9abe > 4(a +b + c)(ab + be + ca), 


we get 
1+ 9abe > 4x 


The required inequality is equivalent to 
15(a + 1)(b4+ 1)(e+ 1) >= 23° (2be + 3)(b+ 1)(c +1) 
Since 
15(a + 1)(b41)(e+ 1) = 15(abe + 2 + 2) 
and 
25° (2be + 3)(b+ 1)(e+1) = S_(4be + 6)(be -a+2) = 
= 45> bc? + 14x + 30 — 12abc = 4x” + 142 + 30 — 20abc, 


the inequality reduces to 


x(1 — 4x) + 35abe > 0 


1 1 1 
For x < a the inequality is clearly true. Consider now rm <a2< 3" Since 


4x — 


1 
abc > , we have 


35(4z — 1 4x — 1)(35 —-9 
x(1 ~ dat) + 85abe > 2(1— 42) + PED _ Me ~ WS—e) 


For a < b < ¢, equality in the original inequality occurs when 


ee 
(a,b,c) = (0,0,1) and (a,b,c) = (0.5.5): 
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* 

29. If a,b,c are the side lengths of a triangle, then 

a*(a + b)(b—c) + b7(b 4+ c)(e—- a) +. c*(c + a)(a—b) >0 
First Solution We write the inequality as 

a?b? +670? 4 7a? —abc(a+b+c) > ab? +be? +ca>—a3b— be— ca, 
or 
a” (b—c)* +-b?(c—a)*4+c7(a—b)* > 2(a+b+c)(a—b)(b—c)(c—a) 
Using now the substitution a =y+2,b=2z+2,c=24y (x,y,z >0), we 
have 
a?(b—c)? + b?(c—a)? + c2(a—b)? = (y?— 22)? + (2222)? 4 (2? 22)? = 
= (at py%424—22y?—y22?— 222?) 
and 
2(a tb+e)(a—b)(b~c)(e~a) = (z4+y+2)(y—2)(z—y) (2-2) = 
= 4(2°y+-y3z4-2%2—2y3 —y23 —z25), 
Thus, the inequality reduces to 
aig yt 4 24 — gy? — y22? — 222? > 
> 2(a3y + yz 4 232 — zy? — yz? — zz), 

which is Just (10). Equality holds only for an equilateral triangle. 
Second Solution. Write the inequality as follows 

bc? + 02a? 4 ab? > ab(b? +c? — a?) + be(c? + a? — 7) 4 

+ ca(a? +b? — c*), 


b b 
= + = + = > 2bcos A + 2ccos B + 2acosC. 
: neal ca ab be 
Making the substitution « = PytyoeF a the inequality 


transforms into the well-known inequality 
x? py%4 22> 2yzcos A+ 22% cos B + 22ycosC, 
which is equivalent to 


(x — ycosC — zcos B)* + (ysinC — zsin B)* > 0. 
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* 
30. Ifa,b,c are the side lengths of a non-equilateral triangle, then 


a2b+68c+ c8a—ab?—b2c? —c?a? ee (b+ b b 
a*b + b?¢ + c?a — 3abce Snir eae ear c} 


Solution. By the AM-GM Inequality, we have 
a*b + b?c + ca — 3abe > 0 
Let us assume now that c = max{a,b,c} Then 
min{b+c—a,c+a—b,atb—c}=a+b—c, 


and the inequality follows from the identity 
a®b + be + Ba — a2b? — bc? — c*a? = 


= (ab + bc + c2a — 3abc)(a + b—c) + 2a(c — a)(b — c)? 
On the assumption c = max{a, b,c}, equality occurs for either c = @orc = b 


* 


31. Let a,b,c be the side lengths of a triangle. If x,y,z are real numbers 
such thatz +y+2z=0, then 


yza(b+c—a)+zxb(e+a—b)+4+2rycla+b—c) <0 


ae ; a+bte , 
Solution. Multiplying the incquality by ——-——, it becomes as follows: 


abc 
24 p2_ 72 24,2 _p2 24 p2_ A2 
yz as Sen +22 aul eee 4+ay eee, <0, 
be ca ab 
2yz cos A + 2zzcos B + 2xycosC + 2(ry + yz + 22) <0, 
x? 4 y* + 2% —2Qyzcos A — 2zzcos B—- 2xycosC > 0, 
(x — ycosC — zcos B)* + (ysinC — zsm By? >0 
The last inequality is obviously true. Equality occurs if and only ifztytz=0 
zr y z : 
- = ; that is forz2 =y=z=0 
snA sinB sinC ss 
Remark For 2 = a—c, y = b—aand z = c—b, we get the known inequality 


and 


a2b? 4+ bc? + c2a? < ab + be + ca 
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32. If a,b,c are the side lengths of a triangle, then 
(2a — bc)(b — c)? + (2b? — ca)(c — a)? + (2c? — ab)(a — b)? > 0 


First Solution Using the substitution a = y+2,b=z+2,c=2+y 
(x,y,z > 0), the equality becomes 


23024 + QWwyzS a> SX yay? + 2”) +25 % y?2?. 
This inequality follows by summing Schur’s Inequality below multiplied by 
2 
Siet +ayz V2 > SY y2(y? +27) 
to the obvious inequality 
d y2(y - 2)* 2 0. 


Equality occurs for an equilateral triangle. 


Second Solution. Without loss of generality, assume that a > b > c. Since 
2a? — be > 0, it suffices to show that 


(2b? — ca)(a ~ c)? + (2c? — ab)(a — b)? > 0. 


Since (a~c)? > (a — b)? and 2b? — ca > 2b? —c(b +c) = (b~c)(2b+c¢) >0, 
it is enough to prove that 


2b? — ca + 2c? ~ ab > 0. 
Indeed, we have 


2b? + 2c? — ab — ac = (b—c)? + (b +c)? — ab—ac= 
= (b-c)? 4+ (b+c)(b+ce—a)>0. 


33. Let x,y,z be non-negative real numbers. If O< r < m, wherem ~ 1.558 
is a root of the equation 


(1 +m l+m aS 3m)™, 
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then 
xeytyz4+ 272 Z (zt + a 
3 Ss 
Solution. Since the function f(t) = t’/" is concave, by Jensen’s Inequality 
we get 


xy fe yr2 +22 = y(2™)r/™ + z(y™yr/™ +a(2z™)7/™ < 
yo™ + zy™ + =e 


<(y+2 te) ( yet 


Thus, it is enough to prove the inequality for r = m Without loss of 
generality, assume that + = min{x,y,z} There are two cases to consider 
xSz<yandr<y<z. 


l. Casex <z<y. If z= 0, then x = 0, and the inequality is trivial. 
Otherwise, for fixed y and z (y > z > 0), let us denote 


m+1 
f(x)= 3(=72**) —a™y—y™z—-2z™2, «xe [0,2]. 


We will show that 
(2) > min{f(0), f(2)} 2 0. (1) 
Let us show that f(z) > min{f(0), f(z)}. We have 


; m 
atut*) ~ma™ ly — 2™, 


f(a) = (m+) (778 


f"(z)  m+1 (ees _ (m—l)jy 
3 ge-m 


m 3 
Since f”(z) is strictly increasing and lim f"'(x) = —oo, two cases are possible: 
r- 
a) f"(x) <0, forO<2<z; 


b) there exists xz, € (0,2) such that f”(2;) = 0, f’(x) < 0 for z € (0,2) 
and f”(x) > 0 for x € (21,2], the point 2, satisfies the relation 


(m +1) (HAEFAN" = 3(m — 1) ty (2) 


Case (a). The function f(x) is concave on [0, 2], and hence 


f(x) > min{ f(0), f(z)} 
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Case (b) The derivative f’(x) is strictly decreasing on (0, x;] and strictly 
increasing on [2,2]. We have 


(0) = (m4 1) (YE2)" am > [(m41)(2)" - 1] 2”. 


2\™ 1\™ m 
By Bernoulli’s Inequality, 6) a (: - 3) >1l- 3 Then, 


(m+1)(3)" -1> (m+n (1-2)-1- ME“) 59, 


and hence, f’(0) > 0 There are two possible cases to consider f'(z) < 0 or 
f(z) >0 

Sub-case f’(z) < 0 There exists ry € (0,z) such that f’(z2) = 0, 
f(z) > 0 for x € (0,22) and f’(z) < 0 for x € (x2,z) The function 
f(x) is strictly increasing on (0, x2] and strictly decreasing on [z2, z]. Hence, 
f(z) 2 min{ f(0), f(z)} 

Sub-case f'(z) > 0 We claim that f/(21) > 0. If our claim is true, then 
f(z) = f'(21) > 0 for x € [0,2], the function f(z) is strictly increasing on 
(0, z] and f(z) > f(0) > min{f(0), f(z)} To show that f’(21) > 0, taking 


into account (2), we have 


f'(x1) = (m locas ~ map ty ~ 2" = 


3 
=(m—1)2™~*y(2, +y tz) — maf ly — 2” = 
=a ie L)y(2i + y +2) — mayy — 22> nz = 
— * [(m = yy + 2) = ny 2-2") > 
ay? [(m—1)y(y + 2) ~ ay~ 27] = ay + 2)[(m— Ly — 2]. 


Thus, it suffices to show that (m— 1)y > z. To prove this, we will show that 
(m —1)y < z implies f’(z) < 0, which is a contradiction We have 


Z +=)" —m2™ ly — 2m, 


f'(2) =(m+1)( 
For fixed z, consider the function 


h(y) = (m +1) (sy" —m2z™ly — 2m, 
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We must prove that A{y) < 0 fory € EB a i): Since A(z) = 0, it 


Indeed, since the derivative 


suffices to show that h’(y) < 0 on le, 


a" 
oe 


m~ 


jeg te) fy eNO ot 
pg) = BED (2 


is strictly increasing, we have 


Zz m+1 /2m-—-1\™7! 
' <p! i= = m1 nw 
my) sh (SS | 3 Ge | 


sz -0.0282mz™~"! <0. 


This completes the proof of the left inequality (1). To prove the right in- 
equality (1), we will show that f(0) > 0 and f(z) 20 Since 


ee. ae (ee - is 
the inequality f(0) > 0 is equivalent to 


m Zz m+1 
(5) S$ (= 1 ) 


This inequality follows from either the weighted AM-GM Inequality or Jensen’s 
Inequality bellow applied to the concave function f(x) = Inz. 

vi-) 
m+1/° 


mf (%) + sz) < (m+n ( 


Since 


the required inequality f(z) > 0 can be rewritten as g(t) > g(1), where 


a “> 1 and 
a(t) =3 (242) 1 =t-1. 
We have 
g(t) =(m+1) ()" —~mt™!— 14, 


m-1 seal 
f= MN ERY - ae 
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Since the function g’(t) is increasing, we get 


g(t) > g"(1)= am(2 =m) >0 


Then, the derivative g/(t) is strictly increasing on [1,oo), and hence 
g'(t) > g'(1) = 0. Consequently, the function g(t) is also strictly increasing 
on [1,00}, and therefore g(t} > g(1). 


Il. Casex Sy < z. Let F(z,y,z) = 2™y + y™z+ 22. We will show 
that 
F(2,y,z) < F(x,z,y) <3 


zty+z m+1 
Gerace) 
Since the right imequality is true (as shown in the preceding case), it is 
enough to prove the left inequality F(z,y,z) < F(z,z,y). For z = y, the 
inequality becomes equality, while x < y < z it is equivalent to 
f(z)- fy) - fM)- fe) 


z-y y-z 
i(2) tv) Caer 
(e-y)(z—z)  (y-—z\(y—2)  (z-2)(z-y) 7’ 
where f(t) = 1”. These inequality are true because the function f is convex. 
The original inequality becomes equality for (x,y,z) ~ (1,1,1). More- 
over, in the special case r = m, equality occurs again for (2, y, z) ~ (0,m, 1) 
or any cyclic permutation. 


or 
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Chapter 3 


Inequalities with right 
convex and left concave 
functions 


Let f be a function defined on an interval I Cc R. The function f 1s said 
to be right convex on f if there is s € I such that f is convex for zx > s. 
Similarly, f is said to be left coneave on I if there is s € I such that f is 
concave for x < s [7] The following two theorems and their corollaries are 
useful to prove a large class of Jensen’s type inequalities for right convex and 
left concave functions. 


3.1 Inequalities with right convex functions 


Right Convex Function Theorem (RCF-Theorem) Let f(u) be a func- 
tion defined on an interval C R and conver foru > s,s EI. If 


ces) 
n 


f(r) + flee) +++ San) > af ( (1) 


for allz,,22, ,2n€I such that 


Bittets: +p 
n 


then (1) holds for all x, 29,...,2n €1 such that 


Zp+Lat ..+2y 
2s. 
n 


143 
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Proof. Without loss of generality, assume that 2; < 22 < -: < ap. If 
x, > s, then the desired inequality is just Jensen’s Inequality for convex 


functions. Assume now that 2; < s Since 2; + 29+°-:'+2n > ns, there 
exists k € {1,2, ,n— 1} such that 


BS Say Ss S441 Se Say. 
Setting 
_ treats: +n Bite tee . Lear tes + Ln 


zo t= 


mei n , k 
we have z €],t eI, kz+(n—k)t =nS and 
z<es<S<t 
By Jensen’s Inequality, we get 
f (e41) +--+ + f(@n) 2 (n—k) FO) 
Then, we still have to show that 


f(z1) +--+ + flee) + (n—k) f(t) > nf(S) 


NS — 2; 
fori = 1,2,...,k. Let us show thats << y, <¢ 


Denote now y; = —— 
The left side inequality reduces to x; < s, which is true fori =1,2,.  ,k. 
In addition, we have 


_ ns— 2 < MM tga+- -+2y ec chert tn 


A See eee n-1 = n—k 


Thus, according to the hypothesis, the inequality holds 
f(zi) + (n— I f(y) 2 rf(s) 
Summing all these inequalities fori = 1,2, .,k, we get 
f(ai)+ +++ f(xx) = knf(s)—(n-1) [f(y +--+ FQe)), 
and we still have to show that 


kn f(s) + (n—k) f(t) > nf(S) + (n— 1 Fm) + + F(ve)]- 
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(n+k—1)s—kz 


Let s; = 7, . We have 
k-1)S—k k-1 n—k)t 
s<ay < MERU US a he _ Boe (nO cy, 


We will apply now the Karamata Majorization Inequality, which states the 
following. 

e If f is a conver function on I, and a vector A = (a1,42, .,@,) with 
a; €1 majorizes a vector B = (b1,62,. 64) with b; EI, then 


f(a1) + f(a2) +++» + flax) > f(b1) + f(b2) +--+ + f (be). 


We say that A = (a1,@2,. ,@,) with a) > ag > --- > ap majorizes 
B=(b,b2,  ,bn) with by > bp > --> bn, and write it as A> B, if 


a; > by, 
a + a2 > b + be 


a) +ag+- -+ 4,1 > b) + bot +++ + bn, 
aj +agt-++ +a, =); +b.4+- + by. 


In our case, the vector A= (s1,5,.- ,5) majorizes the vector B= (Ye. Yea sYt)s 
since(k-1)sts;=y+ +ypands<ypSypis: <y Consequently, 
by Karamata’s Majorization Inequality we have 


f(y) +--+ FY) < (KR - 1) f(s) + f(s1). 
Therefore, it suffices to show that 
(n+ k—1)f(s) + (n—k) f(t) > nf(S) + (n—1)f(s1). 


This inequality can be obtained by summing the following Jensen’s 
inequalities multiplied by n and n — 1 respectively. 


ari M4 Fay MOB) 
s)+ ) > f(s1). 
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Remark 1. The theorem hypothesis is equivalent to the condition: 


f(z) + (n—1)fly) 2 nf(s) 
for alla,y EI such thattr <s<y andx4+(n—l1)y=ns. 


f(t) — f(s) 
8 


Remark 2. Let g(t) = 5 


we get 


For2<s<yandz24+(n—-l)jy=ns, 


f(z) + (n-1)f(y) — nf(s) = f(x) — f(s) + (n- 1) LF) — f(s) = 
= (x —8)g(z) + (n—-1)(y — 8)9(y) = (s —2)[o(y) — 9(2)I- 


Thus, the theorem hypothesis is equivalent to the condition 
g(x) < g(y) for allx,y EI such thate <s Sy andat+(n—Il1)jy=ns. 


Remark 3. Assume that f is differentiable on ] Then, the RCF-Theorem 
holds valid by replacing the theorem hypothesis with the more restrictive 
condition 

f'(z) < f'(y) for all x,y €1 such thatz Ss <y andz+(n—l)y=ns. 


To prove this claim, let us denote 


ns—2£ 
n-l 


F(a) = f(x) + (n= )f (S=*) — gis) 


Since 
F(a) = f'(2)— f(y) <9, 


the function F(x) is decreasing for x < s Therefore, F(x) > F(s) = 0 for 
x <8, and hence f(x) + (n—1)f(y) —nf(s) > 0. 


Right Convex Function Corollary (RCF-Corollary) Let f be a function 
defined on (0,00), and let r > 0. If the function f\(u) = f(e") is convex for 
u>Inr, and 


f(a1) + f(a2) ++ ++ flan) 2 nf (Yara an) (2) 
for all ay,a2,. .,Q@n > 0 such that 

/ajQ2...0n =7T and ag =ag= =a,27, 
then (2) holds for alla,,a2, ,@n >0 such that y/aja2 .-an >. 
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Proof. Apply RCF-Theorem to the function f(e"). Moreover, replace s by 
Inr, and 2; by Ina; for all indices 7. O 


Remark 4. The corollary hypothesis is equivalent to the condition’ 
f(x) + (n-1)f(y) 2 nf(r) 
for allz,y >0 such thatzr <r <y anday™! =r". 


Remark 5. Assume that f is differentiable on I The RCF-Corollary holds 
valid by replacing the theorem hypothesis with a more restrictive condition 
xf'(z) <yf'(y) for allz,y €1 such thata <r <y and xy"! =r", 

To prove this, let us denote 


P(e) = f(a) + (n—1)f (r=) — ng(r). 


i f(a) - vf") 
"(x)= f(x) — 2 -a/™ py) = SA) 
P(x) = f(a) - = = fy) UW) <0, 
the function f(x) is decreasing for x <r Therefore, F(x) > F(r) = 0 for 


xz <r, and hence f(x) + (n—1)f(y)-—nf(r) >0 


3.2 Inequalities with left concave functions 


Left Concave Function Theorem (LCF-Theorem). Let f(u) be a 
function defined on an interval CR and concave foru< s,s €I. If 


et ten) 
n 


f(s) + f(t2) + + fen) < nf ( (3) 


for allx,,2x2, ..,2, €1 such that 


Yit@ot+-: +2 


zn =s and 4 =29= --=2y,_1 <8, 


then (3) holds for all x1, 29, ..,2, € 1 such that ER <s. 
n 


Proof. To prove this theorem we proceed as in RCF-Theorem proof. O 
Remark 6. The theorem hypothesis is equivalent to the condition. 

(n— 1) f(z) + f(y) < nf(s) 
for all z,y El such thata <s <y and (n-l)ety=ns. 
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Remark 7. Let g(t) = 
to the condition 
g(x) > gly) for allz,y €1 such thatzr <s <y and (n—-l)r+y=ns. 


f(t) — f(s) 
8 


; The theorem hypothesis is equivalent 


Remark 8. If f is differentiable on I, then the LCF-Theorem holds valid 
by replacing the theorem hypothesis with a more restrictive condition 
f'(z) > f'(y) for allz,y €1 such thata cs <y and(n—l)r+y=ns 


Left Concave Function Corollary (LCF-Corollary), Let f be « 
continuous function on (0,00), and letr >0. If the function f,(u) = f(e") 
is concave foru <I|nr, and 


f(a1) + f(az) + > +f(an) < nf (Ya1a2 an) (4) 


for all a,,a2, ..,4, >0 such that 


aja... Gn =7 and a =ag=- =4n-1 <7, 
then (4) holds for alla,,a2, ,@, > 0 such that w/ajaq° an Sr. 


Remark 9. The corollary hypothesis is equivalent to the condition: 
(n — 1)f(z) + f(y) < no(r) for all x,y > 0 such thatz <r < y and 
erly =n 


Remark 10. If f is differentiable on I, then the LCF-Corollary holds valid 
by replacing the theorem hypothesis with a more restrictive condition 
af'(z) >yf'(y) for allz,y €1 such thata <r <y anda” 'y=r" 


3.3 Inequalities with left concave-right convex 
functions 


Left Concave - Right Convex Function Theorem (LCRCF - Theorem). 
Leta <c be real numbers, and let f be a continuous function on 1 = [a,oo), 
concave on [a,c] and convex on [c,oo). Ifr1,42, tn € I such that 


2, 4+29+---+2, = S=constant, 
then the expression 
E = f(x1)+f(t2)+ + f(2n) 


is maximal fora’; =22=-: =2pn-1 < 2n. 
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Proof Without loss of generality, assume that 2; < 22 <-- < ay. If 
Ly <c, then by Jensen’s Inequality for concave function we have 


fles)+ f(a) + + f(tn) Sng (4 E + Fn) 


n 
Therefore, the expression E is maximal for 21 = x2 = =I, Ifa, >, 
there exists k ¢ {0,1, ,n —1} such that 


acrS + Srpoe<Mpyy SF << Xy 


By Karamata’s Majorization Inequality for convex function and Jensen’s 
Inequality for concave function, we have 


F(tass)t ++ 4 f(tn) S(n-k-1)f (Cc) +f (tapi t ++ +2n— (n—k—1)e) 
and 
a 
(n—k—-1)f(c)+f(a1)+- -+f (re) <(n-1)f (f 1) 
respectively Summing up these inequalities yields 


f(t1) + f(za)+ +4 flan) < (n-1)f(x) + f(y), 


ce+2;4+--- +e) 
n-1 ; 


where 
n—k—l1)ce+2,1---+2 
= ( jet ae y= Lepit - +a, —(n—-k-1)c 
It easy to check that (n—1)r+y=2,+29+-- +2, and x < y. According 
to the last inequality, the expression E is maximal for 2} =: -=2,-1 =2 
and ry = y | 


Remark 11. Theorem 1 1s also valid in the case I = (a, 00) and jim 1 f(x )= 
—oo In addition, Theorem 1 is still valid ifa<c<b,S< (n = Wye +5 
and f is a continuous function on I = [a, b), concave on [a,c] and convex on 
[c, b) 

In a similar manner we can prove that the following statement 
Single Inflexion Point Theorem (SIP - Theorem). Let f be a twice 
differentiable function on R with a single inflezion point, let S be a fixed real 
number and let 


a(e) = f(z) + (n—1)4 (2). 


If%\,22,  ,£n are real numbers such that 2ytag+-- +2, =S, then 


inf g(x) S f(a.) + f(w2) ++ ++ flan) < supg(z). 
‘i xeR 


150 3 Inequalities with right convex and left concave functions 
3.4 Applications 


1. If 21, 29,.. ,2, are non-negative real numbers such that 
Yi +2eot-:' +t mM=Nn, 
then 
(n—1) (af +a3+---+a3) +n? > (Qn-1)(xi+a3+ -+2%)- 
(Vasile Cirtoaje, GM-A, 2, 2002) 
2. If a,,22, . ,%n are non-negative real numbers such that 


+2%9+°: +2p =n, 


then 
ap tast---tae tn? < (ntl) (xi +23+---+2%) 
( Vasile Cirtoaje, MS, 2004) 
3. If 2;,22,. ,2n are non-negative numbers such that 
2 +2o+--++2n yes oe. 
n n 
then 1 1 43 \ 52 
1+2) + i+¢a + Type -T4r? 
(Vasile Cirtoaje, GM-A, 2, 2005) 
4. If x},22, ,2n are non-negative real numbers such that 
a taet ttn _ 2 j-n=t 
n ~Vnt-n4+1’ 
then 1 ‘ 1 on i 2 
l+2?  1+22 L+a2 ~14r?' 
(Vasile Cirtoaje, GM-A, 2, 2005) 
5. If 21,29,...,2n are positive real numbers such that 21+ 29+- +2, =1, 
then 
es 1 2 ree 2 
—f-— te $— > (n—2)? +4n(n- 1) (af + ap +--- +22). 
a «2 Ln 


(Vasile Cirtoaje, MS, 2004) 
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6. If 21,29,...,2, are non-negative real numbers such that 
Zp+ Zot: +24 n—1 
oe ¢ 

- (n +J/n- 1) 
then 


1 1 1 n 
1-Ja 1-ja *i- yn *i-v 


7. Let 0 < 2,29,...,2n < 1 such that 


2+ 29+ Sap Se n—l 
Le (Jn + vn —1) 
Then , . 1 hee 1 . " 
=a I= ya ie tI 
8. If 21,29, ..,2, are positive real numbers such that 
tit 22+ ton _ eeicp oF 
n n 
then 1 1 1 ign 
(+=) (22+ —)...(tn+—) > (r+-) : 
zy Hop) In r 
9. If 1,29, ..,2n (n > 3) are positive real numbers such that 
Z1+294+-+:+2, = 1, 
then 


(Jeo) (dev) (gv) > (Sy) 


10. If z,y,z are non-negative real numbers, no two of them are zero, then 


ice 482 48 7 482 


(Vasile Cirtoaje, CM, 6, 2005) 


11. Let x,y,z be non-negative real numbers, no two of them are zero. If 


In3 
r > ro, where rp = ho 1 = 0585, then 


( Qz )'+( 2y ) +( 2z eer: 
ytz z+z a) Pete) 


(Vasile Cirtoaje, CM, 6, 2005) 
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12. Let x,y,z be non-negative real numbers such that r+ y+2z = 3. If 
In2 


In3 —In2 
a (ytz)+y"(z+2)+2"(z+y) <6. 


O<r<vro, where rp = «171, then 


13. If z,,22, .,2n <1 are non-negative real numbers such that 
Bitatg+: ++2n 1 
ees EA Dak ae 

n — 3 
then 
S21 ; WET ae Jtn 2 n Jr 
1-2, l—z2 1—2Zp l-r 


(Vasile Cirtoaje, CM, 7, 2004) 
14. If a,b,c are non-negative real numbers such that a+ b+ c¢= 3, then 


(L—a+a7)(1—b4+b*)(1—c4e*) >1 


15. Ifz1,29,. .,2, are non-negative numbers such that 11+272+---+2, = 7, 
then 
1 1 de 1 
n—-2,+27 ° n~29+23 N—I_ +22 — 


(Vasile Cirtoaje, MS, 2005) 


16. If a,b, ¢ are positive real numbers such that abe = 1, then 


zal 
Madi es RTs ee 
a boc 
17. If a,b,c,d are positive real numbers such that abcd = 1, then 
(a—1)(a—2) + (b—1)(b—2) + (e—1)(c—2) + (d—1)(d—2) > 0 


18. Ifa;,a2, . ,@, (n> 4) are positive real numbers such that aja2 a,=1, 
then 


(n-1) (af+a3+ -+an)+n(n+3) > (2n+2)(artar+-- +an) 
( Vasile Cirtoajye, MS, 2005) 


19. Ifa;,a2, , @_ are positive real numbers such that aja. . a, = 1, then 


1.1 1 
att4anly. -+at-ltn(n — 2) > (n-1) (—+—+ . +—) 
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20. Let a,,42,  ,@p be positive real numbers such that a,a2 ..a, = 1. If 
m > n, then 


1 1 1 
ay’ + ag + “fam +mn>(m+1)(—+—4--+—). 
at a2 n 
( Vasile Cirtoaje, MS, 2006) 
21. Ifai,a2, a, (n > 3) are positive real numbers such that 


/aja2...0, =p>Vn—l, 


t 
hen 1 1 1 n 


(tay? * Gray * + Ata? = G+ep 


22. If a1, a@2,...,@, are positive real numbers such that 
Yaa... a, = p> n? — 1, 


then 


1 1 1 n 
Se tt eee td mR ee . 
Vita, V1l+a, Vi+a, ~~ JI+p 
23. If a1,@2,.. ,@, are positive real numbers such that 
VQ102-..€, = PS 1, 
then 
ee ees ee ee ee ” 
(1+ .a;)? — (1 +449)? (kan)? We pe 
24. Ifa,,a2,.. ,a@, (n > 3) are positive real numbers such that 
2n—1 
Vaiag. Qh =p< (n—1)?’ 
then 


1 1 1 n 

a Oe ds tt ee  ., 

Vita, V1+ae Vi+a,~ JIi+p 

25. If a1,a2, .., an are positive real numbers such that f/aja2 . Qn =p> 
1, then 


1 1 1 
oe tet te 
Lta;t---4ah"! © 1+ag¢-+- az} l+a,t---+an7) = 


a 
1 + p 4+. .- + pro} 
(Vasile Cirtoaje, GM-A, 2, 2005) 


154 3 Inequalities with right convex and left concave functions 


26. If a,,a2,...,@n are positive real numbers such that aja2 ..a, > 1, then 
1 2 
a +09+-+ +a, — Yayag ..a,> ini > (In a; ~ Ina;) 
1<i<j<n 


(Marian Tetiva) 
27. If aj,a9,.. ,@n are positive real numbers such that aja2 ..a, = 1, then 
(Ye Be at set 

(Vasile Cirtoaje, GM-A, 3, 2004) 
28. If z,,29, ..,2, are non-negative real numbers such that 


Zy+2eot-+- +2, =7, 


then 
nt 4 nee enn ee > 1. 
(Pham Kim Hung, MS, 2006) 
29. Let 21,29,  ,2, be non-negative rea] numbers such that 
Btreot::-4+2,=N. 
Prove that 


2(adtag+--- toa) tn? <(Qnt1) (cp +23+- - +24) 
30. Let x,y,z be positive rea] numbers such that z+y+z2z=3 Prove that 
1,11 Bee x20 
8(—~+—-+4+-—]4+9> 10(0* + y* + 2°). 
zy 2 


(Vasile Cirtoaje, MS, 2006) 


3.5 Solutions 

1. If x1,22,.. ,2_ are non-negative real numbers such that 
Ztteat:: +2, =N, 

then 


(n—1) (23 +234----+23) +n? > (2n-1) (zi +254-- +23). 
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Proof. We may write the inequality in the form 


? 


2, +29+ ==) 
n 


fer) + flor) + + S(en) 2 nF ( 
where f(u) = (n —1)u% — (2n — 1)u?, u > 0. The second derivative 


f"(u) = 6(n — 1)u — 2(2n — 1) 


2n-1 
shows that f is convex for u > Bn = 1)’ and hence for u > s, where 
ee In — 
pee, Se ieee 
n 3(n — 1) 


By RCF-Theorem, it is sufficient to prove the inequality for 
a) SlSag=273=-+:+=2,. 


According to Remark 2, we have to show that g(x) < g(y) forO<z<1<y 
and x + (n—1)y =n, where 


F()- f0) 


ei = (n—1)(t? + t4 1) — (2n—1)(t +1) 


g(t) = 
Indeed, we have 


9(z)—9(y) = (2—-y)[(n—-1)(e@+y+1)—2n+1] = (n—2)2(z—-y) $0 


For n = 2, our inequality becomes equality. For n > 3, equality occurs 


when either 2; = 29 = -- =a, = 1, or one of z; is equal to 0 and the other 
n 
ones are equal to . | 
n—1 
* 
2. If 21,29,...,2p are non-negative real numbers such that 


y+ 22+ +++ 2, = 7, 


then 
ap tapte tant? < (nt) (22+ a8+---402), 
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Proof We inay write the inequality in the form 


(a1) + faa) +2 + flan) < nf (Ga), 


n 
where f(u) = uo — (n+ 1)u?, u > 0. This function is concave for 
n+l 
O<u< , and hence for 0 < u < s, where 
_tittet: a n+l 
n aoe 


By LCF-Theorem it is suffices to prove the inequality for 


Zperg= += fp-1S1<2q. 


Taking into account Remark 7, we have to show that g(x) > g(y), for 
O<a2<1<y and (n—l)aty=n. 


We have 
g(t) = fo ~ 10) =?—nt—n 
and 
g(x) — g(y) = (z-y)(z@ +y— 7) = (n— 2)z[y— 2) 20. 


For n = 2, the original inequality becomes equality For n > 3, equality 


occurs when either 21 = 29 =- - = Zn = 1, or one of 2; is equal to n and 
the other ones are equal to 0. O 
* 

3. If z1,z9, ..;2n are non-negative numbers such that 

ay+aq+ -4+2y = Bey 

n n 
h 
ie a ee rere n 
1+a2?  1+23 L422 ~14r? 


Proof. Apply RCF-Theorem to the function f(u) = u > 0. From 


1+u?’ 
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1 n—-1 1 
it follows that f is convex on |-7:00). Since s = "a > a’ the 
function f is convex on [s,co) By RCF-Theorem and Remark 2, we have 
to show that g(x) < g(y) forO<2<s<yand2+(n—1)y= ns, where 


S(t) — f(s) _ =I 
a t-s (1+ s?)(1 +1?) 
ae (c- yls(a+y) +2y-1] 
xz—y)[sfet+ty)tay—- 
g(x) - g(y) = “(+ s)(14+22)(1+y) ’ 


we still have to show that s(z +y)+zy—12>0 Indeed, 


ns*—n+1+42[2(n—1)s—z] 3 ns?—n+1 _ 


> 0. 
n+] n+l1 


s(z+y)+a2y-l= 


. n—-1 
Equality occurs for x; = x9 = = 2p = 7. In the case r = 4/ ——, 


equality occurs again when one of 2; is equal to 0 and the others equal 
n 


ae oO 
* 
4. If x1,29,.. ,2,_ are non-negative real numbers such that 
Z+a9+-: 4+2y n—-1 
ep Sf 
n ~Vn?—-n+1 
then 
| i 1 iets 1 <_ 
lta? 1423 L+22 ~1+4,r? 
l 
Proof. Apply LCF-Theorem to the function J(u) = —,,u>0 Since 


1+ u?’ 


: 1 -—1 1 
f is concave on {0,—=| and s = oS < —=, it follows that f is 
V3. ne—-n+1~ V3 


concave on [0,s]. According to LCF-Theorem and Remark 7, we have to 
show that g(x) > g(y) forO<2<s<yand (n—1)z2+y=ns, where 
S(t) — f(s) ers 


NSS peg ee at) 18) 
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(z—y)[s(z+y)+2y— 1) _ 

(1+ s*)(1+2?)(1+y?) 

- (2 —y) [ns? —1 +4 sx —(n— 1)a:?| 
“assay 


9(z) - 9(y) = 


we have to show that ns? — 1+ 2sz —(n—1)xz? <0 Indeed, 


2 a ee ee, 
(Steen ee n+1)s*—n+1 —[(n—l)z—s]" _ 


n-1 
_ ri(n-Ne~sl? 4 
n—1 
ae ‘ In th yy ete 
quality oceurs for 2; == --=2,=r In the cascr = y/->— 


equality occurs again when one of x; 1s equal to (n — 1)r, and the other ones 


r 
lt O 
are equal to ~—— 
* 

5. If21,22,  ,Zn are positive real numbers such that x, +22+- -+2n =1, 
then 

ty 4g bs (n 2)? 4 n(n -1) (27 +23 + +23) 

QI 22 In 1 2 n 


Proof We may write the inequality in the form 


? 


Zy +29 +- =n) 
n 


fer) + fm) ++ + Stn) Sn ( 


1 
where f(u) = 4n(n — 1)u? — StS 0. We see that the function f(z) is 


1 


concave forO<u< }_____ Since = , the function 


1 
4n(n — 1) n~ \ 4n(n—1) 
f(u) is concave on (0, s] 
According to LCF-Theorem and Remark 7, it is enough to show that 


1 
g(x) > g(y) for OSes Sy and (n—l)a+y=1. 
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Indeed, we have 


t)— 1 n 
g(t) = LOLS) ann ayes) + 4 = ain —1Y(nt 41) +" 
and 
1 n(y—x)(2nz—2x—1)? 
_ = —y) | 4n—4-—— ) = 0 
9(z)—g(y) = n(x—y) ( n =) i 
1 
This completes the proof. Equality occurs for x; = zg = ++ = tn = 77 a8 
1 1 
well as when one of x; is equal to Si and the others are equal to ECG O 
* 
6. Ifx,,29, ,2n are non-negative real numbers such that 
,+2o94+ - PP tg n-1 ~ 
ie (n + Y¥n—- 1) 
then 
1 " 1 ad 1 Set 
l-~ fa, 1- fr — 
Proof. Since /21+29+- +. daa 1, we have 2; <1 for all z. 
1 
We will apply LCF-Theorem to the function f(u) = Toga O0<u< il. 
—VJfu 
3/u— 1 
From f"(u) = , it follows that f is concave on o, AR and 
du fu (1 — a )° : 9 
n—1 
hence on [0,s], where s = ————7_:«SO#*B LCF-Theorem,, it suffices to 
(n+ Vn— 1) 
consider the case 21 = rg = + - = ty_1 <s< 2,. Taking into account 


Remark 7, we have to show that g(z) > g{y), forO < x < s < y and 
(n—1)a+y= ns. Since 
yt) — LO=80) 
Las ~ (=V3) (i-va) (Vs+vt) 


and 


(viv) (1-v5-V- yi) 
(1= v8) (1= Vz) (Vs v2) (I- Va (Vet Va)’ 


9(z) — gly) = 
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we still have to show that 1~— /s > /x+./y By the Cauchy-Schwarz 
Inequality, we have 


(+1) e-1)2 +1 > (VE + va)’, 


n—1 
[ss 
> 
ie ae 


or, equivalently 


Therefore, 
1 Ve~ vB g21-(14 = +) v5=0 
n—- 
n—1 
Equality occurs for 7} = 279 = --=2, =7r Inthecaser= 


——, 
(n +Y¥n—-1} 
equality occurs again when one of 2; is equal to (n— 1)r, and the other ones 


are equal to O 
n—-1 
* 
7. LetO< 21,22, .,2n <1 such that 
2j+ao+ > +2n n—1 
ae ar > 
n (Vat vat) 
Then 
ne iis aa eee oe Oe > n 
[= Ja 1- Vm 1- Vin ~ 1- VF 
1 
Proof Wewill apply RCF-Theorem to the function se aa BERT ree 
3fu—1 1 
From f”"(u) = eee it follows that f is convex on [5:1): and 
duu (1 — Vu) 9 


n—-l 


(Vit vn—1) 


By RCF-Theorem, it suffices to consider the case 


hence on [s,1), where s = 


HOSS XQ SHS Mp1 = Ip. 
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Taking imto account Remark 2, we have to show that g(z) < g(y), for 
O<2<s<y<landr+(n-—1)y=ns Since 


igo tay, 
=e OVA vi rv 


and 


(va- vz) (1-Vs- vz Vv) 
(1-8) (1~ Vz) (V3 + Vz) (I~ Vu) (Vs+ V4) ’ 


we still have to show that 1~ /s < /x+./y Indeed, we have 


Vit VitVs—-12 /—— tut Ve-1 = ("+ Vs-1 = 0 


9(z)~9(y) = 


n-1 

Equality occurs forz; = 29 = --=2, =r. Inthecaser = 5 

(Vat VamT) 
equality occurs again when one of 2; is 0, and the other ones are equal to 
nr 
Oo 
n—-1 
* 
8. If x,,22,. .,Zn are positive real numbers such that 
Zytagt---+2n Sie gee, 
n n 
th 
ie 1 1 1 1\" 
(+2) (+5) - (mte)2(r+2)". 
zy x Ln r 

1 

Proof. Apply LCF-Theorem to the function f(u) = —In (u + -), u > 0. 
u 

The first two derivatives of f are given by 

1~u? ut — du? ~1 
f wks d tt “ 
mu) u(u? +1) ene ae) u2(u2 + 1)? 


From the second derivative, it follows that f is concave forO <u < V2+ V5. 
2/n—1 
$2 < ¥2+ V5, f(u) is concave for0 <u< s. By 


n 
LCF-Theorem and Remark 8, it suffices to show that f(z) > f"(y for 


Since ¢ = 14 
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O<a2<s<yand(n-l)zrty=ns 
Since 
2 2p? 25 90} 
f'(2)—1'(v) = (ya) EYE > (ya) 
it is enough to show that z+ y > zy Indeed, we have 
z+y—ry=2+(1—-2) ens = (Vn=12-1~ wet) >0 
Equality occurs only for 2} = 22 =: =2,=T. Oo 
* 
9. If z;,Z2, ,2n (n > 3) are positeve real numbers such that 
ayt+2et+ +-4 2n,=1, 


then 
(Ja-v) (Ja-v")~ (Gen m)2(vi-zg) 


1 
Proof. We will apply LCF-Theorem to the function f(u) = ~In (a vi), 
O<u<1 We have 


1 ue +2u-1 
/ _ ra. ” 
Gls t a, 3 f'(u) 2Qu?(1 —~ u)? 
Xy+2ot+---4 
Since f is concave on (0, V2 1] and s = tee ee vio 


(for n > 3), f is also concave on [0,s] By LCI- Tiesten, it is yenoush to 
1 1 
show that (n-1)f(z)+f(y) < nf(5) forrO<a< a < yand (n—l)xty = 1. 
Write this inequality as 
n3(1—2)"! > (n- L)Pte "zy? : 


By squaring, it becomes 


Since 


this inequality follows from the AM-GM Inequality. Equality in the origmal 


O 


1 
inequality occurs for 2} = %9= + =Zy= 
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Remark 1. According to Remark 8, inequality (5) holds if f’(z) > f'(y) 


1 
forO<2<-~<yand(n—1)z+y=1 Indeed, we have 
n 


t ’ ae: 1 1 1 (y—z)(1-2z—y—zy) = 
IVI oe ae oy ley Sa eal 
_ e(y-az)\(n-2-y) _ zly~z)(l—-y) 
~ Qay(1—a2)(l—y) = Qzy(1—2z)(1- y) 
_ (n~1)2?(y—- 2) 
~ Bayt = a)(T=y) = © 


Remark 2. Inequality (5) can be written as 


I (==-1) ru +vay2 (va~—)" 


i= i=1 


On the other hand, by the AM-GM Inequality and Jensen’s Inequality, we 
have 


n 


n 12 am 1 n 
omaha) (Bs) “a 


i= 


—_ 


Thus, the following result follows: 
e Ifx,,22,. ,2%m (n>3) are positive numbers such that 


2)+20+-:-+2, =1, 


Ca) (Gat) (Ge) ee 


Remark 3. By squaring, inequality (5) becomes 


then 


n 1 ] n 
II (= +2: ~2) 2 (= +n-2) : (6) 
i=1 Zi iy 
l+a2. 
Since the function f(x) = In Tog '§ convex for 0 < x < 1, by Jensen’s 
Inequality we get 
r ‘ 2yt2o+. .t,\" 
—s as eae -(H)". 
int =a > i Zy+ag+...2n n~1 


n 
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Multiplying this inequality and (6), we obtain the inequality of Kee-Wai Lau 
(Crux Mathematicorum, 2000): 
e [fx \,22,.  ,£n (n>3) are positive numbers such that 


Mt+22+ +2, = 1, 


then 


uf 
10. If x,y,2 are non-negative real numbers, no two of them are zero, then 


482 48y 482 
fl 4/1 —4+,/1 > 15. 
eae. E Screg Laer 


Proof. Since the inequality is homogeneous, we may assume that rty+z= 1. 


Under this supposition, the inequality becomes 


j1 +47 | 
eles, el ae Ele ge 
1-z l-y l-z 
To prove this inequality, we will apply RCF-Theorem to the function 


1 + 47 
flu) =f" 


,O0<u< 1. From the second derivative 


48(47u — 11) 


TNS (1 —u)®(1 + 47u)3 


11 
it follows that f is convex on Fea 1). Therefore, f is convex on [s, 1), where 


z+aytz 1 : ; 
Sag By RCF-Theorem, it suffices to consider z < y = z. In 


1 
this case, the problem reduces to show that O< 2 < 3 implies 
1+ 47z 49 — 47x 
——— _ + 2,/ ——_—- > 15 
V 1l-z ig \ lI+2 ~— 
49 —ATx : ; 7 
Setting t = ae (5<t< 7), the inequality transforms into 
~ 9372 
/1175 — 23t > 15 ~ 2. 
t?-1 
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By squaring, the equality becomes 
350 ~ 15t ~ 6142 + 1523 - t* > 0, 


(t~5)*(t + 2)(7 - t) 2 0, 


which is clearly true. 
Equality occurs when (x,y,z) ~ (1,1,1), and also when (z,y,z) ~ (0,1,1) 
or any cyclic permutation. . O 


* 


11. Let x,y,z be non-negative real numbers, no two of them are zero. If 


In3 
r>~7ro0, where rp = ho 1 = 0.585, then 


Tr 5 T Tr 
(SS) + (4+ (S) 3: 
ytz Z4+2 z+y 
Proof. We distinguish three cases. 
Case r = 1. The inequality reduces to the well-known inequality 


x y z 3 
+ + >. 
yt2 z4+2 xt+y72 


Case r > 1. The inequality follows by Jensen’s Inequality applied to the 
concave function f(u) = u7 


2x 2y 22 


r + ae 
Qe 2y \" 2z \" ytz z+n x+y 
> Se > 3. 
(=) Gee +(5) 23 3 = 


Case ro <r <1. Since the inequality 1s homogeneous, we may assume 
that x+y-+ z= 1 and write the inequality in the form 


(a) + flv) + Fle) > 3f (== 2 *), 


Qu \" 
where f(u) = =) ,0<u< 1. From the second derivative 


4r ( 2u 


" ee 
Mu)= a (Tay) Gute, 
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l-r 
it follows that f is convex on 1) Therefore, f is convex on [s, 1), 


2 


rhytz_ 1 il-r : P 
where s = ———— = => oa By RCF-Theorem, it suffices to consider 


x<y=z It is convenient to return to the original inequality (leaving aside 
the constraint x + y + z = 1) and to consider y = z = 1 (which implies 
0 <a <1) Thus, the problem reduces to show that 0 < x < 1 implies 
h(z) > 3, where 


hz) =2"42(<5) 


The derivative 


(2) = ra") —r( e \ 
z+l 


has for 0 < x <1 the same sign as the function 


g(r) = (r= 1) ne = (r+ 1) n 


2ra +r — 


i l-r 
From g’(2) = eee) 2 it follows that g’(x) = 0 for zo = —— <1, 


g(x) > 0 for x € (0,29) and g’(x) > 0 for x € (xo, 1]. Then, ne ruition 
g(x) is strictly decreasing for z € (0, x9] and strictly increasing for x € [Zo, 1]. 
Since lim g(x)=0co and g(1)=0, there exists 2; €(0, 29) such that g(21)=0, 
g(x) > O for x € (0,21) and g(x) < 0 for z € (x,1), hence, h’(x;) = 0, 
h’(1) = 0, h'(x) > 0 for x € (0,2,) and h/(x) < 0 for x € (z,,1) Therefore, 
the function A(z) is strictly increasing for x € [0,2;] and strictly decreasing 
for x € [x;,1] Since h(0) = 27+! > 270+! = 3 and A(1) = 3, it follows that 
h(x) >3 forO<a<¢l 

Equality occurs when (x,y,z) ~ (1,1,1) Moreover, for r = ro, equality 


holds again when (2, y,2) ~ (0,1,1) or any cyclic permutation O 
* 

12. Let x,y,z be non-negative real numbers such thate +y+2z=3 I 

O<r<ro, where r9 = ae 171, then 


a(ytz)+y'(z4 2) +27 (z2+y) <6. 
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Proof. We have three case to consider. 
Case r=1 The inequality reduces to the well-known inequality 


8(xy + yz +22) <(xt+yt+z)? 

CaseO<r<1 The inequality follows by Jensen’s Inequality applied to 
the concave function f(u) = /u 

(yts)a"4 (2+z)y"+(ety)2"< 
tebe letabt (et 
Axty+z) 
Tr 2r 
no (SERA) go (EHH) 


<2 +y+2)| 


Case 1<r<ro. We may write the inequality in the form 
r+ytz 
f(a) + fy) + (2) 2 3f (*), 
where f(u) = u7(u—3),0<u<3 From 


f"(u) = ru? [(r + lu 3(r- 1), 


3r —3 
it follows that f is convex on 3) Since 
r+l 
pe ee Yi uae 
3 r+1 


f is also convex on [s,3] By RCF-Theorem, it is enough to consider 
x <y =z. It is convenient to write the inequality in the homogeneous 
form és 
rtybk2z\" 
6(==2**) Sz (yt z)+y"(z+2)+27%(x+y), 
to leave aside the constraint x + y +z = 3 and to consider y = z = 1 (which 
implies 0 <2 <1) The inequality reduces to g(x) > 0, where 


g(a) = 3(24 2)" gre. 


We have 
a'(2) = (r +1) (=*)" rer! -1, 
Ly rel sgetay! pt 
eS) alr a) "gir 
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2(2-r) 


Since g” is strictly increasing on (0, 1], g”(0) =—oo and ryt) = >0, 
there exists 2} € (0,1) such that g”(z1) = 0, g"(z) < t fer zx € (0,21), and 
g(x) > 0 for x € (x;,1| Therefore, the function g'(x) 1s strictly decreasing 
for x € [0,x,], and strictly increasing for x € [x;,1]. Since 


2\" ay r+l r-1 
omen rat) =f 
g' (0) (r4 Ig 12 (r+) (3 Bag PhS eee 
and g'(1) = 0, there exists x2 € (0,2;) such that g/(x2) = 0, g’(x) > 0 
for x € (0,29), and g(x) < 0 for x € (x2,1) Thus, the function g(2) 
is strictly increasing for x € [0,29], and strictly decreasing for x € [x2, 1] 


2 r+} Ww»? 9y 70 
Since g(0) = 3(5) —~l= 2(5) —1> 2(5) —1=0 and g({1) =9, it 
follows that g(x) >0 forO<2<1 
Equality occurs when (z,y,2z) = (1,1,1). Moreover, for r = ro, equality 


3 3 
holds again when (2, y, z) = (0, > 5) or any cyclic permutation. Oo 
* 
13. Ifay,,22,  ,2n <1 are non-negative real numbers such that 
zy bag+ -+2n ae 
n —~ 3 
then 
gE Nae SER 5p SEO 
1-2, 1-22 1-2n l-r 
vu 
Proof Apply RCF-Theorem to the function f(u) = ore O<u< il. From 
3u? + 6u—1 
MW _ 
I) = Gaal =u 


2 1 2 
it follows that f is convex on I; —1, 1) Since s = 3 > Pa 1, the 


function f is convex on [s,1) By RCF-Theorem and Remark 2, it suffices 
to show that g(z) < g(y) forO<a<s<y<land2z4 (n- ljy=ns, 
F(t) — f(s) 
t—s 
a Efe) i tet 
VS oo = ey 
t?—¢ (1 —c?)(1 — t?)(t +c) 


where g(t) = For convenience, let a = /z,b= /yande= /s 


We have 
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and 


g(x) ~ 9(y) = g(a”) ~ 9(0*) = 
2 19,07 +b? 4+c(a+b)+c?—1+4+ab(1+c?)+abc(a+b) 
~ Oo -AI-a-PY(aF VFS) 


Since 


a? +b? + cla +b) +c? —1+4 ab(1 +c?) + abc(a +b) > 
>a +h 4+c(a+b)+c?-1> 
>’ +P teVfar+P4c? -1, 
it is enough to show that 
zr+y+t Vs(ty)+s-120. 
Indeed, we have 


ns + (n—2)xr ns 


EY S n—-1 


and therefore, 


n [on 
~il> (—— —_— -1 -~1=0. 
rt+yt+Vs(zty)+s—-1 > (5 + aot s—l> 3s 


Equality occurs only for 2; =29 = --=2, =r. O 


Remark. From the final part of the proof it follows that the inequality 
holds for the larger condition 


Piero ete ie I 
ie on sf n ; 
n-1 ae 


In the case r = 


, equality occurs again when one of x, 
n n 


n—-1 ao 


: 7 nr 

is equal to 0 and the other ones are equal to T° 
re 

* 
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14. If a,b,c are non-negative real numbers such thata+b+c= 3, aie 
(lL~a+ta7)(l—b+b?)(1-~c+c?) >1 

Proof. We may write the inequality in the form 


fla) + 400) + se) 3s (8), 


where f(u) = —In(1 -u+u?),0<u<3 Wehave 
1—2u Qu? — Qu —- 1 
a _ uW ead 
Pu) l~u4u? fu) (l1—u+tu?)? 
1 3 +b+c¢ 
Since f is concave on |0, as and s = a = 1, f is also concave 


on [0,s] Therefore, according to LCF-Theorem and Remark 8, it is enough 
to show that f’(x) > f’(y) forO <a <1<y and 2x +y=3 Indeed, we 
have 


(y—x)(l+2+y—2zy) _ (y~—x)(4a*—72+4) 


f'(z) ors f'(y) = (l-z—-2z*)(l-y—y?) - (1—2—22)\(1-y—y?) = 


(y-z)(407—82+4) _—A(y-2)(e-1 
™ (I~-2—27)(1-y-y?)  (l-2-2?)(l-y—y ‘ 
This completes the proof Equality occurs only for a= b= O 


Remark 1. Marian Tetiva found for this inequality a nice elementary so- 
lution He noticed that among the numbers a,b,c always exist two (let b 
and c) which are either less or equal to 1, or larger or equal to 1; that is 
(b—1)(ec—1)>0 Thus, 


(1—b + b?)(1—e +c?) > (b?—-b)(c?-c) +b? 4c? -b-c + 1 > 
> +C—b-ct+1> 

1 a®—4a+5 

> i(b+0)?—(b+e)+1= 2-2 


and hence, 


(l-a + a7)(1-b+ b°)(l-c+c?)-1> 
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Remark 2. Actually, the following more general statement holds. 
e Let x1,29,. ,2n be non-negative numbers such that 


Yt%g+ +2y 
n 


=r>1 
[fn < 18, then 
(1-21 +24) (1 — 22 + 23) .. (1-an +22) >(1—-r+r’)". 


We can prove this statement for n < 10 by following the same way as for 
n = 3. We must only show that 1+2+y—22ry>0forO0<a2<1<y and 


1 
(n—l)a+y=n. Indeed, forO0< 2 < 3 we have 


l+ro+y-2ry=1l+24+y(1—-22r) >0, 
1 
and for a<2E 1 we have 


l+aty—2xy =1+4 2x - 22? —n(2x- 11-2) > 
> 1+ 22 — 22? — 10(22 — 1)(1—2z) = 
5 Tee. A 

= 18x ~ 280+ 11 =2 (32-5) +9 >0 


Remark 3. Bin Zhao posted on Mathlink Site, in November 2005, the 
following conjecture: 
e If a,b,c are non-negative numbers such thata+b+c= 3, then 


(l-a+a?)(1—-b+P)(1-c+c?)>1 


for any p> 1. 
* 
15. Ifz1,22,...,2_ are non-negative numbers such that 2142+ --+atn = n, 
then 
1 1 1 


mye $$ 7 $$ —— 1. 
nm-a,tz? n-29+22 N-~In+ a2 ~ 


Proof. We may write the inequality in the form 


? 


f(a.) + f(xo) +--+ + f(an) <nj (ttt on) 
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rr 9 


where f(u) = ,u2>0 We have 


n-utu? 


fu) = "4, and f"(u) 


_ Gu(u — 1) + 2(1 — n) 
~ (n-utu?y? (pa uteps 


(n-u+u?)3 


Since f"(u) < 0 for 0 < u < 1, it follows that the function f(u) is concave 
aytagt::-+2y 


on -(0,s], where s = — = 1 According to LCF-Theorem 
and Remark 7, it is enough to show that g(x) > g(y) forO<2<1< y and 
t)—f(l 
(n—1)a+y =n, where g(t) = et 
Indeed, we have 
(t) = ia Sen Aa 
ae n(n—t +t?) 
a (y —2)(n— ay) 
-—ax)(n-—xz 
g(x) — gly) = ——¥ "ox 20, 


= n(n—x2+27)(n~yt+y?) ~ 
because n — ry >n —y =(n-— 1)z > 0. This completes the proof. 
Equality occurs for 2] = 22 = --=2n=1 oO 
Conjecture [f 21,22, .,2n are non-negative numbers such that 


atrgte+4Xn = 7, 


then for any p > 1 the inequality holds 
1 1 1 1 1 
n—-ayta2, n-24+25 n—-~In +2, — 


* 


16. If a,b,c are positive real numbers such that abc = 1, then 


| ra ae 
ltatb+e>%jl+—-4++-4+-. 
a boc 


Proof. By squaring, the inequality becomes 


1 1 1 
+P 424+ %atb+e)>2(-+ 742) +3, 
or 


f(a) + £(b) + f(c) = 3f (abc) , 
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2 
where f(t) = t? + 2t— re t > 0. To prove this inequality, we will apply 
RCF-Corollary for r= 1 Let 


fi(u) = fle“) = e24 4 Jet — Qem¥. 


From the second derivative fi/(u) = 2e7% (2e%" +e — 1), it follows that 
fi (u) is convex for u > nr = 0. According to RCF-Corollary, we need to 
show that f(r) + 2f(y) > 3f(1) forO < 2 < 1 < y and zy* = 1. This 
inequality is equivalent to each of the following 


eed 2 Cody oo Sa, 
x y 

4y° — 3y? — 4y? + 2y?+1> 0, 

(y—1)°(y + 1)(4y? +y +1) 20. 


The last inequality is clearly true. 
Equality occurs if and only ifa=b6=c=1. oO 


Remark Marian Tetiva noticed that 
1 1 1 
2 2 249 res poh Op 
a? 4b 424 Hatb+e) 2(-+7 +2) 3 
=a? +b? 4c? 42%a+b+c)—2(ab + be +ca)—-3 = 
= (b—c)? + (a—1)? + 2(1—a)(b + c—2) > 0, 


because the allowable assumption a <b <c yields 1 — a > O and 


1 
b —2>2Vbce-2= —=- > 0. 
+c > 2V “(= 1) >0 


* 


17. Ifa,b,c,d are positive real numbers such that abed = 1, then 
(a~1)(a~2) + (b-1)(6-2) + (e~1)(c-2) + (d~1)(d-2) > 0. 
Proof. Write the inequality as 
f(a) + f(b) + f(c) + (4) > 4F (Yabed) , 
where f(t) = (t— 1)(t — 2), t > 0, and apply RCF-Corollary for r = 1 Let 


fela te") = (eo Pet 2, 
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From the second derivative f{/(u) = e“(4e" — 3), it follows that fi(u) is 
convex for u > Inr = 0. According to RCF-Corollary, we need to show 


that f(z) + 3f(y) > 4f(1) for x < 1 < y and zy? = 1. This inequality is 
equivalent to 


(3-1) (4-2) +8W- 9-2) 20 


We may write it as 
(y — 1)? [y3(y — 1)(3y? — 1) + 3y? + 2y + 1] > 0, 
which is clearly true. Equality occurs if and only ifa=b=c=d=1 oO 


* 


18. [fay,a2,. .,@n (n>A4) are positive real numbers such that a1a2.. an=1, 
then 


(n—1) (a? taz+- +a?) +n(n+3) > (2n+2)(artagt+:: +4). 
Proof. Write the inequality as 


f(a1) + fla2)+-> + f(4n) 2 nf (/a1a2 an), 
where f(t) = (n—1)t? —(2n+2)t+n+3, t > 0, and apply RCF-Corollary 
forr=1 Let 

fi(u) = f(e%) = (n— L)e** — (Qn + 2)e*4+n43. 


From the second derivative f{/(u) = 2e" [(2n — 2)e* — n — 1], it follows that 
fi(u) is convex for u > nr = 0. According to RCF-Corollary and Remark 
5, it suffices to show that 2f/(x) < yf’(y) forz <1 < y and zy"! = 1. 
Since 


x f'(x) — yf'(y) = 2(n — 1)2? — (2n + 2)e —2(n— 1)y’ + (2n + 2)y = 
= Aa~y)[(n-1)(e@+y)-n~ I], 


n+1 
we need to show that x+y > a By the AM-GM Inequality, we have 


y y nf yr! nv/n—1 
= ——— 4 .--4-—"— > a 
wie ee erie ‘ot (n — 1)"-} n—-1 
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Therefore, it suffices to show that 
nY¥n-l>n+4l 
This inequality is equivalent to 
1 n 
n-1l> (1 + 7) 
n 
It is true because for n > 4 we have 
1 n 
n-123>(1+-) 
n 
Equality occurs for aj = ag = ++: =a, = 1. I 


Remark Using thesame way, we can prove the following sharper statement 
eIfai,a2, .,@n are positive numbers such that aja. ..an = 1, then 
nyn— 


2 2 2 2 1 
GG Ee Gy RO Ra age) 


(Gabriel Dospinescu and Calin Popa) 


* 
19. Ifay,a2,. .,a, are positive real numbers such that a,a9.. an = 1, then 
1 1 
apt 4aR ty... tanrl4n(n—2) > (n—1) (—+-+ ves +—) ; 
ay a2 an 


Proof. We write the inequality as 
f(a) + f(a2) +--+ + flan) > nf (xaray an), 
n—-1 
where f(t) = t?-!— ae t>O Let 


fa(u) = f(e%) = D4 — (n— )e-™, 
From the second derivative 
Ai(u) = (n—1rel™"— (n—1e™ = (n—1)e™ (n= 1)e™— I], 


it follows that fi(u) is convex for u > Inr = 0, where r = 1. 
By RCF-Corollary and Remark 5, it suffices to show that xf'(x) < yf'(y) 
forO<a2<1<yand zy"! =1. We have 


tf'(t) =(n— 1m 4 _— 2 
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et SE Ee ee Ee 


and 


n-1 = 


uf'(v) ~2f"(2) = (n—Ayh + ® (a tyart — 


2 ead) 


ae n-1 n- 
= ere (n—1)z = ynaiy > 0. 
Equality occurs for aj = ag =-+- = an = 1. O 
* 
20. Let a;,@2,.. ,@n be positive real numbers such that aja2.. Qn = 1 If 
m>n, then 
mn mn we 1 1 1 
ay + ay + ++ +a + mn>(m+1)(—+— 4+: +—). 
at ag an 


Proof. We write the inequality as 


f(a) + f(a2) +--+ + f(an) > nf ( %/a142--- Gn), 


1 
where f(t) = t™ a. t> 0. Let 


fi(u) = fle) = e™ — (m+ 1)e™. 
From the second derivative 
(a) = m@e™ — (mt em = eo" [mel™* 1" — m— 1], 
it follows that fi(u) is convex for u > Inr = 0, where r = 1, because 
mele _m—1>m?—~m-1>0. 


According to LCF-Corollary, it suffices to show that the given inequality is 
true for ag = a3 =--: = Gn > 1, that is to prove that 


0 


2 4 (n—1)y™+mn— 241 _ (mt Nir— 3) 


y 


for O<a2<1<yand zy"! = 1. By the weighted AM-GM Inequality, we 


have : 
2" + (mn —m—1) > min 1) Ye= MED). 
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Then, we still have to show that 
ae | 1 
(n—1)(y =) ~(m+1)(=-1) >0. 
This inequality is equivalent to h(y) > 0 for y > 1, where 
h(y) = (nv — 1)(y™** — 1) ~ (mt 1)(y” ~y). 
Since 


‘ 
bY) (rn — 1)y™— ny™ 1 41> (n—-1y"-ny™!41= 


m+1_ 
ny" (y— 1)—(y®—1) = 
(y— 1) [(y?~* — y?-?) + (y® 4 — 29) +--+ (y! = 1)] 20, 


the function A(y) is increasing. Therefore, h(y) > h(1) = 0. Equality occurs 
for aj = a9 =---=a, = 1. O 


* 


21. If a,,a0,..., 4, (n > 3) are positive real numbers such that 


V/a1a2. .dn=p>Vn—-1l, 


then ; : , 
n 
a tH po =e, 7 
(tay * Geet + Ora 2 top A 
1 
Proof. We will apply RCF- Corollary to the function fi) = (r+ 5?” 
1 
t > 0. First we must show that the function fy(u) = fle") = ate 


is convex for u > nr, where r — ¥n-— 1. Indeed, the second derivative is 
given by 
he 2e"(2e¥ — 1) 
(1+ ev)4 


and for u > Inr, we have 


2e"-1>2r-1=2 -330. 
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ee eee 


Therefore, we have to show that (7) is true for ag =a3=- =a, >r and 
a2 Gy, =7"; that is to prove that h(x) > A(r) for x > r, where 


gen-2 n-1 
h = 
(x) (xr~1 + rn)? (1 +2)? 
The derivative ace 
[ry 2n- In — 
hit) = 2(n — 1)r™x _ 2An-1) 


3 


Let m = 3 m>1 Wesee that 
hy(z) =,™ (erp age age 
= (x™—r™) (r@a™ +727 — 271) =2™ (2™—r™) he(z), 


where 
2m 


ho(x) = r™ + = —_ml, 
Since h(x) is strictly decreasing for x > r, 
ha(r) = r™"1(2r — 1) =r! (2Vn — 3) > 0 


and hg(oo) < 0 (hg(oo) =r—1= V3—2 for m = 1, and ho(oo) = —0oo for 
m > 1), there exists 21 > r such that ho(z1) = 0, ho(z) > 0 forr¢ 2 <2, 
and ho(z) < 0 for > x, Since the functions A; (x) and h’(x) have the 
same sign as ho(x) for x > r, we may say that the continuous function A(x) 
is strictly increasing for r < x < 2, and strictly decreasing for x > 24; 
consequently, h(x) > min{h(r),h(oo)} Since A(r) = h(oo) = 1, we get 
h(x) > h(r) for « > r, and the proof is complete Equality occurs for 
a; = a), = =Q@,=p)p Oo 


Remark We can rewrite inequality (7) as follows. 
e Let ay,@2, .,@n (nr > 3) be positive numbers such that ajaq ..an = 1, 
and letp > /n—1. Then 


1 1 1 n 
———_ + oa t+ a 2 . 
(1+ pai)? (1+ paz)? (1+ pan)? ~ (1+ p)? 
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For n = 4 and p = 1, we get the well-known statement: 
e If a,b,c,d are positive numbers such that abcd = 1, then 


1 1 1 
G+ a to t+ a 2 


(l+a)? (146)? © (1+e)? © (144)? 
( Vasile Cirtoaje, GM-B, 11, 1999) 
* 


22. If a1,@2, . ,@n are positive real numbers such that 


Ya 142...d, = p> n? — 1, 
then 
1 1 1 


nr 
+ tet ee > 8 
Vita, VJl+a. Vita, ~ JI +p (8) 


1 
Proof. We will apply RCF-Corollary to the function A a are t>0. 


i 
First we must show that the function f;(u) = f(e") = Sarees is convex for 
e 


u > Inr, where r = n?—1 Indeed, the second derivative is given by 


and for u > Inr, we get 
ev —-2>r—-2%=n’?—-3>0. 


We have now to show that (8) is true for ag = ag =--- = Qn > r and 
@142...a_, = 1"; that is to prove that h(x) > h(r) for x > r, where 


n+1 ous 
Kays x n~-] 
gr] 4 pn l+« 
The derivative 
ia) = (n—1)r"2 ie 
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2 
Let m= —=—,m> 3 We see that 
h(x) =r? (x +a” 1 gam) _ 38m 
= ae le — r™) +4 gett tas x?™) = 


= (2™ —r™)ha(z) 
where 
ho(x) = rem _pmgm—l __ ydm—l 
We see that ho(x) is strictly decreasing for x > r, 
ho(r) == 72-1 (p — 2) = r?™- (n? — 3) > 0 


and hy(oo) <0 Then, there exists 2; > r such that A2(z1) = 0, ho(x) > 0 
forr <a < 2, and ho(x) < 0 for 2 > 2, Since the functions hj(x) and 
h’(x) have the same sign as h(x) for x > r, the function h(2) is strictly 
increasing for r < x < 21, and strictly decreasing for z > x1, consequently, 
h(x) > min{h(r), h(oo)} Since h(r)=h(oo)=1, we get h(x) >h(r) for x>r, 
and the proof is complete Equality occurs for a,;=ag= =an,=p oO 


Remark. Inequalities (7) and (8) are special cases of the more general 


statement 

e Let n > 2 be an integer, and let k < n—1 bea a number. [f 
ay,,a2, :@n are positive numbers satisfying %/a,a2 =p2 nk -—1, 
then 


1 1 1 n 
Trak * Tat * Ora > ee 
(Vasile Cirtoaje, GM-A, 2, 2005) 
We can rewrite this statement as follows 
e Let n > 2 be an integer, and letO< hk <n-] and p> nk —1. Uf 
41,42, .4, are positive numbers satisfying ajaq a, = 1, then 
1 1 1 n 
(T+ pai” (rpm * SF pany = oy 
An interesting corollary is the following 
e Let n > 2 be an integer, and letO< k <n-1 and p= nt -1 J 
41,42, ,4p are positive numbers such thata,ay tn = 1, then 
1 1 1 
(Ct pa * pay *  * pan) 
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* 
23. If ay,a9,...,Q, are positive real numbers such that 
Yajag . Gn = PS = 1, 
then 1 1 1 
n 
poet ees tS XK 9 
Gray * Gray t+ ray Soop @) 
1 
Proof. We will apply LCF-Corollary to the function g(t) = (i+ a+ ,t>0. 
1 

First we have to show that the function f(u) = g(e") = aver is concave 


for u < Inr, where r = — 1. Indeed, we have 
\ nh 


yy 2e4(2e" — 1 
f(a) = 


and, for u < Inr, 


Qeu -1<2%-1=2f—" — 3<2V2-3<0. 


We need now to show that (9) is true for aj = ag =- - = an_, <r and 
@142...d, =r"; that is to prove that h(x) < h(r) for 0 <2 <r, where 


n—-1 g2n—2 
h(a) 
(x) (1 + x)? E (xr! + rn)2 
The derivative btn 
Dy an N p2n— = 
ee 2(n — 1)r®x 2(n—1) 


has the same sign as the function 


n 2 
Let m= 5,m> 3 We have 


hy(z) = (r™ —2™)(2?P-1_ mgm _p2m) _. x2™(r™—2™)ho(zx), 
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where 


Notice that lim ho(x) = —oo and 
x 


Ao(r) = r™ (1 — ar) = rt (3 —2, /—— >0 


In the case n > 3 (m > 1), the function f(z) is clearly strictly increasing 
forO <x<r It can be readily checked that this property is also valid for 


n=2(m= =) Thus, there is 1; € (0,r) such that ho(x,) = 0, ho(x) < 0 
for 0 <x < 2, and ho(z) > O for rz; <2 <r Since the functions h,(z) and 
h'(z) have the same sign as ho(x) for 0 < x < r, the continuous function h(x) 
is strictly decreasing for 0 < x < 2), and strictly increasing for 2} < z <r, 
consequently, h(x) < max{h(0),k(r)} From h(0) = h(r) = n—1, we obtain 
h(x) < h(r) for 0 <2 <r, and the proof is finished 

Equality occurs fora; =ag= =a, =p. Oo 


Remark We can rewrite inequality (9) as follows: 
e Let a,,a9,. .,Q, be positive numbers such that ajaq an = 1, and let 


n 
p< —1. Then 


~V¥Vn-1 


1 1 1 n 
——__-—~ 4. ——____ 4... 4 ——_ + < 
(1+ pai)? — (1+ pas)? (1+ pa,)? ~ (1+ p)? 


* 


24. Ifay,a2, an (n > 3) are positive real numbers such that 


V/a}a2...dn =P Ss (n— 1)?’ 


then 
ee ee eee (10) 
JVl+a, JSl+ae Jl+a,~ J/l+p- 
1 
Proof We will apply LCF-Corollary to the function f(t)= Tat t>0 
1 
First we have to show that the function fi(u) = f(e") = is concave 


Vliet 
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2n-1 ; 
for u < Inr, where r = wot Indeed, the second derivative is given by 

r— 

fiw) = 2, 
4(1 + e#)2 
and for u < Inr, we get 
—I2n? = 2n(3 — 
siihap Bina. 2n* + 6n—3 n( Beas 


(w-1P < (a= 
We need now to show that (10) is true for a; = ag = -- = an_1 <r and 
@\Q2...A, = 7”, that is to prove that h(x) < h(r) forO <2 <r, where 


n— ] gn-l 
h(x) = 1 + x + gn-l +rn 
The derivative ta 
n—l)r"2 n—I 


h'(x) = ae Se ae 
Q(a™-14r")2 2r+ 1)? 


has the same sign as the function 


hi(r) = rears (2 +1) —at- lp 


n 
Letm=7,m21 We see that 


hy(z) =r?" (a™ 4 p™—1) _ pho) _ 8m 
= r?M(_™ pM) 4 m= Dpe my = 
= (r™—2™)ho(z) 
where 
h(x) = 2?) 4 pMyM—! _ 2m 
Notice that ho(z) is strictly increasing for 0 < x <r, hg(0) < 0 and 
ho(r) = r?"-1(2—r) >0 


Therefore, there exists x; € (0,r) such that ho(x,) = 0, he(z) < 0 for 
0 < x < 2, and he(x) > O for z; < z < r. Since the functions hi (a) 
and h’(z) have the same sign as ho(x) for 0 < x <r, the function h(x) is 
strictly decreasing for 0 < x < 2), and strictly increasing for 27; <2 <r; 
consequently, h(x) < max{h(0),h(r)} From h(0) = A(r) = n— 1, we obtain 
h(x) < h(r) for 0 < x <r, and the proof is finished. Equality occurs for 
4, =.= :-=a,=p D 
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Remark Inequalities (9) and (10) are special cases of the more general 
statement: 


eo Let n > 2 be an integer, and let k > j be a positive number. If 


41,42,. ,Q@, are positive numbers satisfying 


then the inequality holds 


1 1 1 n 
Ga a de + eg ae eA + gt + eat os AE < Pa oe ENE. 
(L+a,)* © (1+ a2)" (1+ an)* ~ (1+ p)* 

(Vasile Cirtoaje, GM-A, 2, 2005) 
We can rewrite this statement as follows: 


1 n \&k 
e Let n > 2 be an integer, and letk > ;ando<p< (—_) —1. 


— n—l 
Ifa,,a2,  ,@y are positive numbers satisfying ajaq...a, = 1, then 
1 1 1 yf 4 1 = n 
(1+ pa;)* (1+ pag)* (1+ pan)* ~ (1+ p)* 


An interesting corollary is the following: 
1 


1 n \k 
and p= (—"5) -1 f/f 


e Let n > 2 be an integer, and letk > 


oa n—-l 
Q1,42, ..,@y are positive numbers such that ajag. a, =1, then 
: + a + ++7— 7 <n-l 
(1+ pai) § (1+ pas)* (1+ pan)* — 
* 


25. Ifa,,a9. 4, are positive real numbers such that v/ajag ..€, = p> 1, 
then 
1 1 1 


SS aon POE +-——————_| 2 
1+a,+ 4+ar} ltag+---+az7} lt+a,+ . fan} 
nr 


> ——_——— - 
“Wakpa ep 
Proof We will apply RCF-Corollary to the function 


(11) 


1 


= ——_———_— , t>0 
ia ee 


f(t) 
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‘ 1 
First we have to show that the function f;(u) = f(e") = ie pee 
is convex for u > Inr, where r = 1; that is foru >0O Setting y =e" (y > 1), 
the necessary condition f”(u) > 0 reduces to 


2[y + 2y?+- -+(n—1yr']* > 
> [y+ 224+. + (n= 1)%y"] [tty te. ty]. 


We will prove this inequality by induction over n. For n = 2, the mequality 
becomes y(y—1) > 0, which is clearly true. Suppose now that the inequality 
is true for n and prove it forn +1, n> 2. Using the inductive hypothesis, 
we still have to show that 


n?(y” —1) + ayy +agy? + --+an-1y"! > 0, 
where a; = 3n? — (2n — i)? Since 
a <az< --<an1 and y<y?<-- <y™", 
by Chebyshev’s Inequality we get 
n(arytagy?+ - +an4y"") > (a; +ag4+-: +an1)(y+y?+- - +y""). 
Thus, it is enough to show that a; + a) +---+an_1 > 0. Indeed, we have 


n(10n? —lin-1) 


6 >0 


Qa+az+ +4,-1 = 


Finally, it remains to show that (11) is true for ag =ag = --= aQ, > 1 and 
a142.. @, = 1; that is to prove that 


f(z) + (n-1) f(y) 21, 


forO<2<1<yand zy"! = 1. Settingk =n—- 1, k > 1, the equality 
is equivalent to 


where 
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For the nontrivial case y > 1, we write successively the inequality h(y) > h(1) 
as follows: 


k ela te + y(k-Dk 
Ltyt---+yF ~ L4ykt-. yk 

k(y-1) Sy —-1  yk-1 

yetl— 1 yk] ylktDk—]? 

kKy-1) 5 y* 1 

yet] — 1 7 ylktDk — 1? 

yk(RH1) yk? 

a ae oo oe 


? 


k[L+ yh! 4 2+) 4 4 yA-DOHY) & Lay dy? F- 4 yS-DEHD 


k[L-Lty-yht yy +. + yk ly(DA] > 
S(Ltyty? te ty!) [tbo ty t+ yO D4). 


Sinceel <y<yr< <ybtandlicyk<y#e- < y* the last 
inequality is Chebyshev’s Inequality applied to the k-tuples 


(1,y, . ,y*!) and (1,y*, ..,y*-Y*) 


This completes the proof For n > 3, equality occurs is and only if 


Q, = Q9=:+- =4y. 0 
Remark For p = 1, we obtain the following nice statement: 
e Ifa,,a2, . ,Qn are positive numbers such that aja2...a, = 1, then 


1 1 1 
+ ee 2 eee enna Sa 
l-ta;t: -+a™1  l+ag+ -+az7t tta,t-.-+an7 > 


In the case n = 4, the well-known statements follows 
e If a,b,c,d are positive numbers such that abcd = 1, then 


1 1 1 1 
(itayi ta) * 148)(140%) * aq) Gtaaaay =" 


( Vasile Cirtoaje, GM-B, 11, 1999) 
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26. If aj,a9,.. ,@n are positive real numbers such that ayag 


a +agt+ -+an—- YajaQ. ta 2 a > (In a; — Ina;)? 


1<i<j<n 


Proof Since 


n n 2 
> (na, —Inay)? = nota (ina) = 


1<i<jsn i=1 


=n! ai- In?( (ayag 


we may write the inequality as 


far) + f(a2) +--+ f(an) > nf ( 9/araa- Gn), 


1 
where f(t) =t— a In?t,t>0 The function 


has the derivative 1 
“ UU 
u)=e"——. 
1 (u) m= 


.-dn); 
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..Gn 2 1, then 


Since fi/(u) > 0 for u > 0, the function fi(u) is convex for u > nr, where 
r=1 By RCF-Corollary and Remark 5, it suffices to show that 


xf'(z)<yf'(y) for O<2<1<y and ry"! = 


We have ; 
tf'(t) =t—— Int, 
n 


and 


1 ] 
yf (y)-2f'(z)= yo> Iny- ot Inz=y—2z—-Iny= aes 


1 
Let h(y) =y— — ~ Iny. Since 


y” 
n—-l 1 n—-l 
y” y y” 


>0, 


the function h(y) is strictly increasing for y > 1. Therefore, h(y) > h(1) = 


and hence yf’(y) —2f'(rz) >0 


Equality occurs for a1 = ag =---=a, = 1, 


—Iny. 


0, 


0 
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* 

27. Ifay,a2,.. ,Q_ are positive real numbers such that ajay. .ay, = 1, then 
Q@) a2 an 
0-404 dco 

n n n 


Zi 


Proof. Setting a; = for each i € {1,2,...,n}, the statement 


Inn — In(n— 1) 
becomes as follows: 


e If x1,29,...,2n are positive numbers such that 


n 
VYWur120..- f,=r=|In7=—), 


then 
eo 4e77% 4--.4e°™ < ne. 


We may write the inequality as 


f(ai)+ f(a2)+- ++ flan) <nf (Yaia2. -an), 


where f(t) =e’, t> 0. The function 


has the second derivative 
"(u) = (e% — 1)e*-™” 


Since fi/(u) < 0 for u < 0, the function f;(u) is concave for 


eee) 
is 


u<nr=lInin 
According to LCF-Corollary, it suffices to show that 
(n—lje"* +e ¥Sne* 


forO<2<r<yandz*!y=r". That is g(x) < g(r) forO0 <x <r, where 


n 


g(z)=(n-lje"*+e%, with y= el 


Since 
aed 


2 Yeyar we, 
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it follows that the derivative g’ has the same sign as the function 
gi(z) = r™—a2"e¥*® 


From 
e* Ygi (z) = 2" — na"! 4 (n—1)r", 


we find that g}(2) has the same sign as the function 
h(x) = 2" —n2z™-! 4 (n-1)r" 


The derivative of h() is given by h’(x) = nz"~*(x—n+1). Since h'(x) < 0 
for 0 < x <r, the function A(x) is strictly decreasing In addition, since 
A(O) = (n—1)r” > O and A(r) = nr®“!(r — 1) < O, it exists 2; € (0,r) 
such that h(a) > 0 for x € (0,21), h(x;) = 0 and A(z) < 0 for x € (x1,r]. 
Therefore,.the function g;(x) is strictly increasmg on (0,2] and strictly 
decreasing on [x,,7] Since g;(0;) = —oo and g(r) = 0, it exists x9 € (0,2) 
such that g1(z) < 0 for x € (0,22), gi (22) = 0 and gi(z) > 0 for x € (z2,r) 
Consequently, the function g(x) is strictly decreasing on (0, z] and strictly 
increasing on [x2,r]. Since g(0;) == n—1 and g(r) = ne? = n—1 = g(0+), 


we get g(x) < g(r) forO<2<r Equality occurs fora;=a,=. =a,=1 O 
* 
28. If 21,29,...,2n are non-negative real numbers such that 


T%, 429+ +:+2,=7N, 


then 
ny np. 4 no 
Proof We may write the inequality as 


? 


2y+294-- 
(ei) + Flee) +--+ flan) 2 ng (ART +o) 
where f(u) = n7- ue u > 0. from the expression of the second derivative 
f"(u) = 2n-* (Qu? nn — l)Inn, 
it follows that f is convex for u>1, and also for u>s= SLD ecm 1. 
By RCF-Theorem, it suffices to prove the inequality for 


QOl<xzQ=7g=-:-=2, 
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Let 

g(x) =n + (n-1)n-¥ = 1, 
where + (n- l)y=nandO<2<1<y. We have to show that g(x) > 0 


—] 
for 0 <2 <1 ‘Taking into account that y/ = ae we get 
nr cae 


glz)=2 (yn? - an-*) Inn 
The derivative g' has the same sign as the funtion 
gi(z) = In (yn) —In (2n-*’) =my-Inz+ (x?—-y?) Inn 
From 
ces ae 
(n ~1)y 
=n| —-1 2+ 2(n—2)r 
~  La(n- 2) (n — 1)? 
we see that g(x) has for 0 < x < 1 the same sign as the function 
lee 
2Inn 


1 
-=+2(e+— )Iun = 
z n—- 


gi(z) = ; 


In n : 


h(r) = 


The derivative of h(x) is given by 


+2(n—2)(1+ (n— 2)z] 


hi(x) =n + 2(n? — 2n — 1)z — 3(n — 2)2?. 
Since 
Al (x) = n + 2(n? — 2n— 1)z — 3(n — 2)x? > 
> nx + 2(n* — In —1)z -3(n—2)z = 
= 2n—1)(n—-2)r >0 


for 0 < x < 1, the function A(x) is strictly increasing Since h(0) < 0 and 


2 
h(1) = (n—- 1) (1 = Sn 
x € [0,2;), h(r1) = O and h(x) > O for x € (21,1) Therefore, the function 
gi(x) is strictly decreasing on (0, 21] and strictly increasing on [2,1] Smce 
g:(04) = +oo and gi(1) = 0, it exists zo € (0,2) such that g,(z) > 0 
for x € (0,22), g1(%2) = 0 and gi(x) < O for x € (2,1) Consequently, the 
function g(x) is strictly increasing on (0, x2] and strictly decreasing on [z2, 1] 
Since 9(0) = (n —1)n~(#27)" > 0 and g(1) =, it follows that g(x) > 0 for 
O0<2<1 Equality occurs if and only if 2} = 22 = =24n = 1 0 


> 0, it exists rz; € (0,1) such that h(x) < 0 for 
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* 
29. Let 21,22,...,2n be non-negative real numbers such that 

Z4t2ot+ - +2, =7N. 
Prove that 
2(2} +23+---+ 23) +n? < (2n4 1) (xi + 23+ . +a). 
Proof Write the inequality in the form 
f(z1) + f(za) + + f(tn) <0, 

where f(x) = 2z23—(2n+1)z?+4n. Taking into account the second derivative 


f"(x) = 2(6x — 2n — 1), 


: ; n+l 2n+1 
it follows that f is concave on o, and convex on F ,20) 
By LCRCF-Theorem, the sum F = f(21) + f(z2)+ - + f(2n) is maximal 


for 2] = 42 =-- =2n_1 < 2q. Therefore, it suffices to prove the inequality 
(n—1)f(z) + f(y) $0, 
forO< x <1<yand(n—1l)z+y=n. The inequality is equivalent to 
n(n — 1)x [2(n — 2)2? — (4n — 7)x + 2n ~ 2] > 0. 
It is true because 
2(n—2)2*—(4n—7)a + 2n—2 = 2(n—2)(2-1)? + 2-2 > 0. 
Equality occurs if one of x; is equal to n and the other ones are 0. O 
* 


30. Let x,y,z be positive real numbers such that x + yt2z=3. Prove that 


Le: fend, a2 cl 
B(5 +242) +92 107 +92 +24) 
ry 2 
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Proof. Write the inequality in the form 


f(z) + f(y) + f(z) <9 


4(5t? — 4) 


8 
where f(t) = 100?——. According to the second derivative f"(t) = 3 ; 


. . 3 
the function f is concave on , i and convex on [W$.-9). 00) 


By LCRCF-Theorem, the sum & = f(z) + f(y) + f(z) is maximal for 
x=y<z Therefore, it suffices to prove the inequality 


2f(z) + f(z) <9 
for O<2<1< 2 and 2r+2z= 3. The inequality is equivalent to 
40x* — 14023 + 1742* — 892 4 16 > 0, 


or 


(2x — 1)?(10x? — 252 + 16) > 0 


Because 
10x? — 252 + 16 = 10(x — 1)? + 6 —5z > 0, 


the inequality is clearly true. Equality occurs if and only if two of 2, y, z are 


1 
equal to ot and the other one is equal to 2 O 


Chapter 4 


On Popoviciu’s inequality 


4.1 Introduction 


In 1965 the Romanian mathematician T. Popoviciu proved the following 
inequality 


f(z) + f(y) + fe) + 3f (=*4**) > 
> ar (EH) 4 ag 2) 4 of 242), 


where f is a convex function on an interval J and z,y,2 € J. 
A Lupag generalized this in 1982, in the following form (where p,q and 
r are positive numbers): 


Pitz) + alu) +rf(2) 4 tates (MATE) 5 


> (+ as (MIE) gers (22) +6 tof (B=). 


In 2002 and 2004, we extended Popoviciu’s Inequality to n variables [5, 
6], as follows 


Theorem 1 (Generalized Popoviciu’s Inequality) Jf f is a convex 
function on an interval I and a1,02,...,an € I, then 


Plar)+f(a2)+ --+F(an)-+n(n—2) f(a) > (m= 1) [f(b1) + f(b2) +e + f(bn)], 


aj t+ag4 - 4 ay, 
where a = ——______™ ete es 
= , and b; = => a, for alli. 
JA 
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Theorem 2. If f is a conver function on an intervall and a,,a2, ,a, €1, 
then 


fla) + f(a) +» + fle)t—5K2—> YL t(SE%), 


ajtag+ - +n 
where a = ———___-_-———. 


n 
Soon after these inequalities were posted on Mathlinks Inequalities Fo- 
rum, Bill Zhao conjectured the following general statement 


Theorem 3 If f is a conver function on an intervall and aj,a2, ,a, EI, 
then 


ae [f(a1) + f(a2) +-- + f(an)} + net ( 


7 > p (Cette : tim) 


1<i1< <im<n ee 


a,j, t+aot+: tan) 5 
n 


Dariy Grinberg posted in 2005 on Mathlinks Inequalities Forum a long 
proof of this mequality by induction over n. 

In this section, we will prove the first two theorems, and then will 
give some applications of these Our proof relies on Karamata’s Inequality 
for convex functions, which we now recall. We say that a vector 
a= (a1,@2,.. ,@,) with a, > a2 > - > @, majorizes a vector 


B = (b1,b2, bn) with b) > by > + > by, and write it as A > B, 
if 


a; > by, 
a, + ag > by + bo, 


ay tag+: -+4n-12b1+b2+ ++ bn-1, 
ay + agt-+++ Gn = bi t+bot+-: + bn 


Karaimata’s Inequality states that for any convex function and A> B, the 
following inequality holds’ 


f(a,) + (a2) +--+ f (an) = f(b1) + f(b2) +> + F (bn) 


Proof of Theorem 1 Without loss of generality, we may assume that n > 3 
and a, < a2 <- -< aq. Then there is an integer m with 1 <m<n-—1l, 
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such that 
ajS+ <Om SAS Omi Sf San 


and 
by > D> by > a> bmst > +++ D> by, 
ajta,t- +a ee 
where a = a aie Ey It is clear that the required inequality that 


we are trying to prove is the sum of the following inequalities 
Far) +-- + f(am) +n(n—m—1) f(a) 2 (n—1)[f(bmai) + - + f(bn)}, (1) 


f(@m4i) + ++ f(an) + n(m—1) f(a) 2 (n—-1) [F(b1) +--+ F(bm)} (2) 


In order to prove (1), we apply Jensen’s Inequality to get 
f(a1)+--- + f(am) + (n -—m-—1)f(a) > (n - 1)f (0), 


where 


be a+ --+amnt+(n—m-—l)ja 
- n—-1 


Thus, we still have to show that 
(n—m—1)f(a) + f(b) > F(bmat) + © + F(bn)- 


Since a > bm41 > + > bp and (n—m—1)a+b = byiit----bbn, we see that 

An-m = (a,. .,a,5) majorizes Bnom = (bmi1,6m+2,-. ,5n) Consequently, 

the inequality follows by Karamata’s Inequality for convex functions. 
Similarly, we can prove inequality (2) adding Jensen’s Inequality 


and the inequality 


f(e) + (m —- 1) f(a) > f(bi)+- ++ f(bm), 


where 
— amet tes tan +(m— 1a 
” n-1 : 


The last inequality follows from Karamata’s Inequality, because 


bi >-:->by >a and e+(m—-1la=b) +: +-+bm, 
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and therefore Cin = (c,a, . ,@) majorizes Din = (b1,52,  , bm) O 


Proof of Theorem 2 We will prove this by induction over n For n = 2, 
one has equality Suppose now that n > 3 and the inequality is valid for 
Qa) + ag + + an 


n—1 We will show that it holds forn Let ¢ = ———~-—-_———_ and let 
n 
Qa; tag+ ++ an _ 
r= ee According to the induction hypothesis, we have 


(n-8) [flat Fan) ¢FOnl)4(m-f@)22_ oF (45). 
Thus, it suffices to show that ; 

f(a1) + £(a2) +--+ Fant) + (m= 2)F (an) + f(a) 2 

> (n — 1) f(z) yaad (SE). 


By Jensen’s Inequality, we have 


f(a) + f(a2)+ ++ f(an-1) = (rn — 1) F(Z). 


Hence, we just have to show that 


(n—2) flan) + nf(a) > 2 a eae 


Since (n—2)an+na = 2 ae , we will again use Karamata’s Inequality 


i=1 
for two cases. 
Case 2a > mmn{aj,a2,  ,@n} + max{a},@2,  ,Gn} Without loss of 


generality, assume that 
a, = max{a),42,...,@n}, @n = min{a),a2, , an}. 


Then, 2a > a; +4. According to Karamata’s Inequality, it is enough to 
show that 


. a;+ a, a2 + ap Q@n_1 + Gn 
Cy SG ng -—_— 


? 9 ? » 9 
and 
Q,;+4n a2 + Qn An-1 + ay 
CE rg ee geet. te Ore 
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The first condition is clearly true, while and the second condition reduces to 
a, + an 
t2—>G 
Case 2a < min{a1,@2,. ,@n} + max{aj,a2, ,a,}. Without loss of 
geierality, assume that 


a, = min{aj,42, .,an}, dn = max{a),@2,...,An}. 


Then, 2a < a; +a, According to Karamata’s Inequality, it is enough to 
show that 


i Qa; +a4, a2+ an dn—1 + Qn 
Ae poy 
and 

fart an agta, an-1 +n 

ee ae ea a a a 
ve a, + ay . s aie : 
The first condition reduces to a < ae while the second condition is 
clearly true 0 


Remark The generalized Popoviciu’s Inequality may be rewritten in the 
following form 


_ Flair) + f(a2) +--+ f(an) — nf (a) 
(bi) + f(b2) + + f(bn) — nf (a) 


E,, (a1, a2, an) 


>n-1 


For some convex functions, the greatest lower bound of Ey, is just n— 1, 
but for other functions, the greatest lower bound of Ey, is greater than n— 1. 
In this last case, the generalized Popoviciu’s Inequality may be improved 
For instance, for the convex function f(z) = z?, the equality holds 


at +a3+4-- +02 —na? 


= _1\2 
+e tbe —nae (1), 


while for the convex function f(z) = 2°, x > 0, the greatest lower bound of 
Ey, is 

(2n —1)(n -1)8 

~ 3n?—5n +1 


Therefore, if a1,a2,. .,an are non-negative numbers, then 


ai +a3+ - +03 —na (2n —1)(n - 1)8 
b+b384- +B — ne =~ 38n2—5n41 


198 4 On Popoviciu’s inequality 


On the assumption that a} +a2+- +a, =n, this inequality is equivalent 
to the first inequality from the section 3 4. 


(n—1)(af+a3+- +43) +n? > (2n-1) (af +a5+-- +42) 


For n > 3, equality holds when either a; = a2 = = dy = 1, or one of a; 


equals zero and the others equal 


4.2 Applications 
1. If a1,a2,...,@n are positive numbers such that aja2...@, = 1, then 
1 1 1 
apt aR ly... 4a"! En(n —2) > (n-1) (—+=+. +—) 
a, a On 
2. If aj,a2, | ,@n are positive numbers such that aja2  .a, = 1, then 


atl a gn la . path in(n—2)> 
1 


n—1 1 1 
> (ar+ap+- -+an+—+ +> +) 
Q, a2 an 
(Bin Zhao, MS, 2005) 
3. If aj, a2,.. ,@_ are positive numbers such that a) +a. + +--+ an = 7n, 
then 
(n —a1)(n —a2)...(n—Qn) > (n-1)" *WYaja2 - an 
1 
4. If aj, a2, . ,@n are positive numbers, and 5; = eae a; for all i, then 
ue 
Di ge Oe, ip Ds SEY OR a oe Me 
a a2 On, 5b, be bn 
5. If 2,22, . ,2n are positive numbers such that 
1 1 1 
B+rets: +2np=—+t—-+ st, 
Z1 2X2 In 
then 
1 1 1 
+ > 1, 
a) 1+(n-1)2, 14+(n-1)z2 14+(n-1)t,_ 7 
1 1 1 
a a tg 
) << eer es 


(Vasile Cirtoaje, AM M , 1996) 
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6. If a1, a9,...,@, (n > 3) are positive numbers such that ajta9+ -+a, = 1, 
then 


(a +---2) (22+ —~2)...(an + -2) > (n+ 2-2). 


7. If 21,22,.. ,2, are positive numbers such that 
1 1 1 
Zyp+TQ+- -+l%p=—+—+ +-—-=2s, 
Ly x2 In 
then 
ee ee ASE a oe ee 
mtn-1l ar+n-1 trhtn—1 
1 1 ; 1 
~ns—2,+4+1 ns—29+1 ns—2,4+1 


(Gabriel Dospinescu, MC, 2004) 


8. Let ae .+;2n (n > 3) be positive numbers satisfying 2132) . 2, = 1 
= 
If0< p< —y, then 
maF 1)?’ 
1 % 1 Behe 1 2.8 
Vitpz, V1+pr2 VI+ pin ~ Jl +p 


(Vasile Cirtoaje, and Gabriel Dospinescu) 


9. If 2, 22,...,2n are positive numbers, then 


(m—1) (2p + 2pt---+22) + nv/ar02 .. x2 > (jy +29+--++ 2p). 
(F. Shleifer, Kvant, No 3, 1979) 


10. If a,b,c, d are positive numbers such that ab + be + cd + da = 4, then 


(1+5) (1+2) (1+5) (+2) > (at+bte4d)?, 


4.3 Solutions 
1. If a),a2,...,a, are positive numbers such that Q102...4, = 1, then 


GR a rn a Fin 9) (iT) (—+=+..44) - (3) 
‘ ay ag an 
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Proof. The inequality follows from generalized Popoviciu’s Inequality (Theo- 


rein 1) considering the convex function f(z) = e® and replacing aj1,a2,  ,@n 
with (n-—1)Inaj,(n-—1)Ina., —_, (rn — 1) Inay, respectively 
For n > 3, one has equality if and only if a; =a2=- - =a, = 1. 0 
ge y? 22 
Remark For n = 3 and a; = —, a2 = —, a3 = —, one obtains the 
yz zx ry 


known inequality 
x + y® + 2° + 8(ryz)? > a(y323 + 2393 + 23y3). 
* 
2. If a,,a2,...,@n are positive numbers such thataja2 a,=1, then 
at} 4 oP 4... 4a") 4 n(n—2)> 


nr 
> 


(a1 + a2 + fantom ote +=) 
Proof We can get this inequality by adding (3) to the inequality 
apt 4 ahh 4 0 4 a%! 4 n(n—2) > (n—-1)(a) +42 +-- + Gn) 
The last inequality follows by adding up the inequalities 
at! 4n—-2>(n—-1a; 
for alli We have 


a™! 4 n-2—(n—-1)a; = a?! -1-(n-1)(a; - 1) = 


t 


= (a; — 1) {(aP-? -1) + (aP- 3-1) +- + (a:-1)] 20. 


For n > 3, equality occurs if and only ifa; =a2=-. =a, =1. O 
* 
3. If aj,a2, -,@n are positive numbers such that a; +a2+ -+@n = 2, 
then 


(n-a;)(n— a2). (nan) > (n— 1)" Yada 


Proof We apply Theorem 1 to the convex function f(z) = —Inz forz >0 
For n > 3, one has equality if and only if aj = ag =--- =a, = 1 0 
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Remark Since a; + ag + --- + an = 7 implies aja2q ..a, < 1 (by the 
AM-GM Inequality), the above inequality is sharper than the inequality 


(n—a,)(n — ag).. (n-—a,) > (n—-1)"aya2. ay, 
which easily follows by multiplying the inequalities 


n—a@, =agt- + an > (n-1) "Wag - Qn, 


N— QA, =a, +--+ +4,-) > (n—-1) "Ya, a, 1. 


* 
1 
A, If a,,02,.. , Qn are positive numbers, and bj = — ee for alli, then 
er Lie 
by be bn Qn, 
Bb ate ee ft 2 eo da eee a an Dee 4 
a a ae ea ee (4) 


aj+ag+---+4a : 
Proof. Let a= ie ee Using the relations 


n 
We Go, and a 
ay ay b; b; 
fori =1,2, . ,n, the inequality becomes 
1 1 1 n(n —-2) 1 1 
Dg es EE ey (2 a 
a. ae ee A >(n eS a 


This inequality easily follows from generalized Popoviciu’s Inequality, if we 


1 
consider the convex function pes x)= ; fer x > 0. For n > 3, one has equality 


if and only if a; = a2 = = 1 | 
* 
5. Ifr,,22,. Zn are positive numbers such that 
1 1 1 
titret: -+%=—+—+ -+—, (5) 
r) x2 Ly 
then 
1 1 1 
a oT + So iC qT 
) 1+(n- 1a, ie@=ne. +iy@-) aon 18) 
1 1 1 
a es eee ne 
) pV aes © a ee ) 
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Proof. a) This inequality may be derived from (4) using the following way. 
Suppose that inequality (6) is false; that is 


1 1 1 


[h@aie Tees Tae Des sh 


Then we will show that (5) also does not hold In order to show this, let 


1— 
r= wie for alli = 1,2,...,n. Then, the above inequality yields 


a, +agt --+an<l 


and hence 


l-—a;> >> aj = (n—1)b 


ji 
for alli = 1,2,. .,n Consequently, 


at+29+: -+an= So —— > vo 
"Et (n- Da” ai 
Taking account of (4), we get 
rb; La r (n—1)a; 
met tm> Deeps y Eas. 
1% ja. iS ai 
1 1 1 
= fo ter ta, 
YY rQ In 


which shows us (5) does not hold. For n > 3, one has equality if and only if 
M=2Q='° = 2, = 1 
b) Substituting 1/2; for x; in (6) and noting that (5) is still satisfied 


gives us 
Ty TQ In 


(ose eee ee 
which is equivalent to (7). Oo 


* 


6. Ifa,,a2, ,@n(n > 3) are positive numbers such that a;+a2+:--+an = 1, 
then 


1 1 1 ee 
(a + ~ -2) (an+ —-2)...(am+—-2) > (n+=-2) 
Q, ag an n 
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Proof. Applying generalized Popoviciu’s Inequality to the convex function 
f(z) = —Ina for z > 0, we get 


ae n(n—2) 
(bybp ...bp)"~! > (a1a2-.. An) (“tet ts) 


? 


1 
where 6; = qe for all 7. Under the condition a, +a2+---+@n =1, 
n-1& 


j# 
this inequality becomes as follows 
2 


1 non 
(1—a,)""1(1—a)" ...(1-aq)"7 > nr” (1- -) @1Q2...@n. (8) 
On the other hand, by the AM-GM Inequality, we have 


(1—a1)+(1—a2)+-- +(1—an) >nY(1—a1)(1—a2)...(1- an), 


that is in 
(1--) Staph mya— ey): 


From this inequality, for n > 3 we obtain 
1\7(n-3) 
(1--) (1 — ay)?(1 — ag)?...(1 — an)? > 
> (1— a)" "(1 — a)" .. (1 — an)". 


Multiplying this inequality and (8) yields the desired inequality. Equality 


1 
occurs if and only if a; = ag =--- =a, = -. 0 
n 
x 
7. Ifx,,x9,...,2n are positive numbers such that 
1 1 1 
@+2gt-::+2@yh = — paler, se f—=ns, 
fr) TQ In 
then 
a ee saul 
ra+n—-1l azgtn-1 Intn—-1~ 
1 1 1 


“ns—2,+1' ns—2)9+1 ns—2,+1- 
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Proof. By the Cauchy-Schwarz Inequality, we have 


1 1 1 
(2) +22 +---+2n)(—+—+ +—) 20, 
LY, Hp] In 


whence s > 1 follows. Applying generalized Popoviciu’s Inequality to the 


convex function f(z) = for x > 0, we get 
x 


1+(n-1) 


2 1 n(n — 2) 2 1 
aye t(n—1)s ad aS rearre 


i=] i=1 
Thus, we still have to show that 
2 1 2 1 n(n — 2) 
= eee ps Ea he ee NE 
: pies n-1~+ 1¢(m—Da, ’ T+(n—1)s 


i=1 


For n > 3, this inequality is equivalent to 


or 


1 

where A; = (n — 1) (2 + -} +n? —2n+2. By the AM-GM Inequality, we 
Ty 

have 


a So een ee es n? = n 
A; Ag An ~ AitAet -+An  2(n—1)s+n?—2n+2° 


Consequently, it is enough to show that 


n = 1 
2(n —1)s +n? —-2n+2 7 14+(n—-1)s 


It is easy to check that this inequality is true for s > 1. For n > 3, equality 
holds if and only if2) =2g=---=2, =1 O 


* 
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8. Let 24,22, . , Ln (n > 3) be positive numbers satisfying r32q  . ry, = 1. 


Te aaa 
if PS te en 


1 1 1 n 
ja + eet: ot < ; 
Vitpr, V1+ pre Vit+pin” V1it+p 
Proof We suppose that the reverse inequality holds 

1 i 1 es Ae 1 S n 
Vi+ pr, V1+pr2 Vit pen” VI+p’ 


and show that this inequality implies 2,22 .2, <1, which contradicts the 


1+ 
hypothesis 2;72. .2, = 1 Using the substitution 1 + pz; = = (a; > 0) 


7? 
for all? = 1.2,.. ,n, we have to prove that a; +ag+ +a, >7 yields 


(1 + p— ai) (1 + p— a3) (1+ p— az) < p"(aja2 . an)’. 


Since the ratio (1 +p- a?) /a? is increasing when a; is decreasing, it suffices 


n 
to consider the case a;+ag+-- +a, = n. Denoting 1+p = q?,1<q< aaa 


the inequality becomes as 
(q? -— af) (q?— a3) (q? -— a2) < (q? —1)"(ayag.. an)? (9) 


Applying the generalized Popoviciu’s Inequality to the convex function 


f(a) =— mn Z -+) for O< x <1, 
n—1 


gives us 
(a1@2...an)""! > [n—(n—1)ay] [n—(n—1)ag]...[n—(n—-1)an]. (10) 


On the other hand, Jensen’s Inequality applied to the convex function 


f(a) =n = 
yields 
[n — (n— 1)ay}[n — (n — 1)ag). [R= (n= Ian] S 1 (11) 


(4-4) )(q- 42) .(q- an) ~ (q—1)r° 
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Multiplying (10) and (11) yields 


(alte. aac oe a) aa) 


7 (ga 1)r 
Thus, in order to prove (9), we will still have to show that 
(a1a2...an)"9(g + a1)(g +2) . (+an) S$ (G+ 1)". 


By the AM-GM Inequality, we have 


ay + a2 + i 


a) Q2 -On S ( 
n 


and 
: Qi +tao+t-: + n 
(q+a1)(q+ a2) . (qt an) < (q+ 2724) 


from which the conclusion follows. 
Equality holds if and only ifa) =2g= -=2,=1 0 


* 
9. If x,,xr2,. .,2%n are positive numbers, then 
(n—1) (a} +25 +: -+ 22) +n%/r2ak.. 22 > (a) +29 4----+2n)?. 
Proof. This inequality follows by Theorem 2, using the convex function 


f(z) = e® and replacing @),@2,.. ,@, with 2In2z),2Inz2,  ,2Inzy, 
respectively. Finally, one uses the identity 


2 > ary = (21 +224: +4n)?— (ep t+aR+- +23) 
1<i<jcn 
For n > 3, equality holds if and only if 2) =22 = --=2y oO 


10. If a,b,c,d are positive numbers such that ab+ be + cd + da = 4, then 


(1 +2) (14 2} (1 +<) (1+5) > (a+b+c+4d)’. 
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Proof. Applying Theorem 2 to the convex function f(z) = —Inz, we get 

(a+ b)\(b+c)(c td)(d+a)(a+c)(b+d) > dabed(at+ b+c¢4+d)? 
Since (a + c)(b+ d) = ab + be + cd + da = 4, the inequality becomes 


(a+ 6)(b+c)(c+d)(d+a) > abcd(a +b ++ d)’, 


pee ie ies) aes | Se eee? 
( i) c ( 7 a 


Equality occurs if and only ifa=b=c=d=1 Oo 


4 On Popovi iu’s inequality 


Chapter 5 


Inequalities involving 
EV-Theorem 


The Equal Variable Theorem (called also n — 1 Equal Variable Theorem on 
the Mathlinks Site - Inequalities Forum) is a powerful instrument to solving 
some difficult symmetric inequalities. First we will present the theoretical 
base of the method, then we will solve some inequalities, hardly attackable 
by other ways 


5.1 Statement of results 


In order to state and prove the Equal Variable Theorem (EV-Theorem) we 
will use the below Lemma and Proposition 


Lemma Let a,b,c be given non-negative real numbers, not all equal and at 
most one equal to zero, and let x < y < z be non-negative real numbers such 
that 

rtytz=atbt+e, 2? ty? 422 = aP + bP + cP, 


where p € (—00, 0JU(1,00). For p = 0, the second equation is ryz = abc > 0 
Then, there exist two non-negative real numbers x, and x2, 21 < x2, such 
that x € [11,29] 
Moreover, 

1) fa = 2, and p<0, then0O<a<y=z, 

2) fx =x and p> 1, then either O=2<y<2z0r0<xr<y=z, 

3) ifx € (x1,29), thene <y <2z; 

4) ofx = 22, thenz=y<z 


209 
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A proof of Lemma is given in [8, 9] 


Proposition Let a,b,c be given non-negative real numbers, not all equal 
and at most one equal to zero, and letO <2 <y<z such that 


etytz=atbte xr? +yP 42? =a? +P 4, 


where p € (—00, 0|U(1,00). For p = 0, the second equation is ryz = abc > 0. 
Let f(u) be a differentiable function on (0,00), such that g(x) = f’ (2) 


is strictly convex on (0,00), and let 
Fa(x,y,z) = f(x) + fly) + f(z) 


1) Ifp <0, then Fy is mazimal only forO< 2 =y < z, and is minimal 
only forO <r <y=2; 

2) Ifp > 1 and either f(u) is continuous at u = 0 or lim f(u) = —o0, 
then F3 is mazimal only for0 <x = y < z, and is minimal only for either 
r=Oor0<2<y=z. 


Proof On the assumption x < y < 2, from the relations y+z = a+b+c—2z 
and y? + zP = aP + bP + cP — x? we may express y and z in terms of x for 
x € [x1,22]. We claim that the function 


F(x) = f(z) + f(y(2)) + Fl2(z)) 


is minimal for z = x; and is maximal for x = x2. If this assertion is true, 
then by Lemma it follows that 

a) F(z) 1s minimal for 0 < 2 = y < = —- when p < O, or for either x = 0 
orO<xr<y=2-whenp>|; 

b) F(z) is maximal for 0 <2 = y < z. 
In order to prove the claim above, assume that x € (21,22) By Lemma, we 
haveOQ<a2<y<2z From 

rt+y(z)+2(z)=a+b+ec and 2? + y?(x)+2?(z) =a? + P+, 
we get 

y+2'=-l, yy + P12! = —2Po}, 
hence 
; gP-1 — yp-l ; gP) — yo} 


=o 25 OTT: 
y 2P-] — yp-l’ yP-1 — sp-1 
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It is easy to check that this result is also valid for p= 0. We have 


F(x) = f'(x) + y'f'(y) + 2'f'(z) 


and 
F"(z) _ g(x?) 
(xP-} — yp-})(ap-t — gpl (gpl — yP-1)(P-1 — zP-1) 
% g(y?—*) és g(2?-") 


(ght Pel ge shenme)c Capel ae Tl gr ger) 


Since g is strictly convex, the right hand side is positive. On the other hand, 
(xP) — Ph) (gq?) z?1)>50 


Consequently, F’(z) > 0 and F(z) is strictly increasing for x € (21,22) 
Excepting the trivial case when p > 1, x) == 0 and lim f(u) = —oo, the 
function F(z) is continuous on (x1, x2], and hence is minimal only for x = 2x}, 
and is maximal only for x = x9. 0 


Equal Variable Theorem (EV-Theorem). Let a),a2,...,an (n > 3) be 
given non-negative real numbers, and let 0 < x21 < xo <--- < xn such that 


Ty+2Q+ ++2_=a,+AQ+ - +An, oP +2h+---+aP =aP+ah+---+aP, 


where p is a real number, p # 1 For p = O, the second equation is 
212200 In = a1aQ. .an > 0. Let f(u) be a differentiable function on (0,00), 
such that 


o(z) = f' (27) 


as strictly convex on (0,00), and let 


Fr(z1,22,.--,2n) > f(z1) + f(x2) +e + f(tn) 


1) Ifp <0, then F,, is mazimal for 0 <a; = 29 =-.. = TR) LI, 
and is minimal for0 <2, <2 =23 = ae 

2) If p > 0 and either f(u) is continuous at u = 0 or lim f(u) = -o0, 
then F,, is mazimal for 0 < 2, = 22 ++ =2n-1) < 4p, anes minimal for 


T=" = 24 = 0 and xy49 = -+-= ty, where k € {0,1,...,n—1}. 
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Proof We will consider two cases 

Case p € (—00, 0]U (1,00). Excepting the trivial case when p > 1, 2; = 0 
and lim f(u) = —oo, the function F,(2,,22, . ,%,) attains its minimum 
and maximum values, and the conclusion follows from Proposition above, 
using the contradiction way For example, let us consider the case p < 0. 
In order to prove that F, is maximal for 0 < x; = x22 = STia < By; 
we assume, for the sake of contradiction, that /, attains its maximum at 
(b),b2, bn) with b) < bo < <6, and b} < bj-1 Let 21,2y,_1,2n be 
positive numbers such that 2, +2n-1+2n = bitbn—1+bn and zp+2?_,+2? = 
bP + 62 _, + 62. According to Proposition, the expression 


F3(21,2n-1,%n) = f (21) + f(2a-1) + f(2n) 


is maximal only for 2} = xp~1 < Zp, which contradicts our assumption that 
F,, attains its maximum at (b),b2, .,6,) with b; < b,-3. 
Case p € (0,1) This case reduces to the case p > 1, replacing each of a; 


1 1 


1 L 1 
by a}, each of 2; by z?, then p by : Thus, we get the sufficient condition 


that h(x) = xf’ (2) to be strictly convex on (0,00) We claim that this 


1 
coudition 1s equivalent to the condition that g(x) = f’ (2) to be strictly 
convex on (0,00) Actually, for our proof, it suffices to show that if g(x) is 
strictly convex on (0,00), then A(z) is strictly convex on (0,00). To show 
1 1 
this, we see that (=) = —h(x) Since g(z) is strictly convex on (0,00), by 
x x 


Jensen's Inequality we have 


ele 
+ 
ete 


ug (=) +ug GC) >(utvuig 


img 
ads 
e 


for any positive 2,y,u,v with z 4 y This mequality is equivalent to 
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For u = ta and v = (1 —t)y, where ¢ € (0,1), this inequality reduces to 
th(x) + (1—Oh(y) > Alter + (1 -1)y), 

which show us that h(x) is strictly convex on (0,00). O 

Remark Let 0 <a<( The EV-Theorem holds true when 21,22, .,2n€ 

(a,), the function f is differentiable on (a,f) and the function g(x) = 

s'(2F) is strictly convex on (a?~!, G?-) - for p > 1, or (B?7!, aP~!) - for 


p<l 
By EV-Theorem, we easily obtam some particular results, which are 
useful in applications 


Corollary 1. Let a;,a2, ..,@n (n > 3) be given non-negative numbers, and 
letO <4, <29< - < 2p such that 


X,4+29+ + 2p = 0;+09+ + +4n, Pr ae --$a% =a? + a+. +a2, 


Let f be a differentiable function on (0,00), such that g(x) = f’(x) is 
strictly convex on (0,00). Moreover, either f(x) is continuous at x = 0 
or lim f(z) =—oo. Then, 

r— 


Fy = f(ti) + (ra) + - + f (tn) 


is maximal for 0 < 2; = 42 = +--+: = Ep_-y < 2n, and is minimal for 
£y=-+- = 2, =O and rey9 = +: = 2p, wherek e€ {0,1,. .,.n-1} 
Corollary 2. Leta;,a2, a, (n > 3) be given positive numbers, and let 


O<2,<29< < 2p such that 


1 1 1 1 1 1 
Byt@at: +2, = ataqt +4,, —+—+ -+—-=—+—+ F—. 
Xi, 29 Ln a, ag an, 


1 
Let f be a differentiable function on (0,00) such that g(x) = (=) is 


strictly conver on (0,00). Then, Fy, = f(x, Hf(ae} - +f(2n) is mazimal for 
O<a2,=29=-- =2p-1 <2, and is minimal forO0<2)<29=73=- + =2y. 


Corollary 3. Let a,a2, . ,an (n > 3) be given positive numbers, and let 
O<2,< 20 <- - <2, such that 


Tyr t2t ++ On = O14 02 4++--4+ An, 2129.. Lp = 4102 .. ay. 
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1 

x 
conver on (0,00). Then, F, = f(x1)+f(e)+ +: +f (tn) is maximal for 
O<2,=29=° =2n-1 <2, and is minimal for O<a2, <2r9=43=--- =2p. 


Let f be a differentiable function on (0,00) such that g(x) = s(5) is strictly 


Corollary 4. Let a;,a2, .,a@, (n > 3) be given non-negative numbers, and 
letO <2, < 29 < +++ <2, such that 


ay tagt+ -+2n = 0, +024+-+-+On, op+ah+ - +22 = al +ah+---+aP, 


where p is a real number, p #0, p# 1. 
a) Forp<0, P=2,29. .£, is minimal when 


O< 2, = 29 =---=2n-1 S In, 
and is mazimal when 
O<2,;< 279 =73=-+=2y 
b) Forp>0, P=2129...2, 1s maximal when 
O<2%=22= =Fp-1 S2n, 
and is minimal when either 
gi, =0 or O< 4; 42 =273= -:'=2y 


Proof. Apply EV-Theorem to the function f(u) = plnu. We see that 
lim, f(u) = —oo for p > 0, and 
us 


— P 2pr1 
pxi-p, g” x)= ——ar.. 
() (1p)? 


f(uy=", o(z)=s' (27) 


Since g(x) > 0 for x > 0, the function g(z) is strictly convex on (0,00), and 
the conclusion follows by EV-Theorem. O 


Corollary 5. Leta;,@9,. , an (n > 3) be given non-negative numbers, and 
letO <2, <29<- <2p such that 


ay tao+-- $+2n =a,+02+- +4n, cPtaht+---+22 = alt+aht+---+aP 


1. Case p< 0 (p=0 yields x1r9 fp = 4102 ayn > 0) 
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a) For q € (p,0)U (loo), BF = 27 + 2§ +--- 4 24% is maximal when 


O<r,=29= =2p_1<2Xy, and is minimal when 0<21 <29=273-=. =2Zp. 
b) For q € (—00,p)U (0,1), FE = 2 + 2§ +---4 2% is minimal when 
O<2,=29= .=2p_1<2Xp, and is maximal when 0<2,<29=23=.. =2p. 


2. CaseO<p<1- 
a) For q € (0,p)U(l,oo), FE = 2f + $8 4--+-+ 2% is marimal when 


O< 2) = 29 =--- = Xp] < 2p, and is minimal when either x, = 0 or 
O< 2; < 4p = 29 =-'- = 2. 

b) For q € (—00,0) U(p,1), FE = 29 +23 4+-- +214 is minimal when 
O< 2, =272 =- += 2pn_-1 < Ln, and is matimal when 2, =--- = x, = 0 
and p49 =: =2p, wherek € {0,1,. .,.n-1}. 

3 Case p> 1 

a) Forg € (0,1) U(p,co), EH = 27 4+234- + 2% is mazimal when 
O< 2, = 29 =- -=2y_-1 < En, and is minimal when r,"=- = 2, = 0 
and rR49=---=Zp, where k € {0,1,. .,n— 1}. 

b) For q € (—o0,0) U(1,p), EF = r$ + 23 4--- +424 is minimal when 
O< 4 = fy = +++ + Ep-1 < 2p, and is maximal when x, =- - = 2, = 0 
and tkjg=+ =p, where k € {0,1, ..,n—1}. 


Proof. We will apply EV-Theorem to the function 
f(u) = a(9 - 1)(4 - p)ut. 


For p > 0, it is easy to check that either f(w) is continuous at u = 0 (in the 
case g > 0) or lim f(u) = —oo (in the case g < 0). We have 


and 


Since g(x) > 0 for x > 0, the function g(x) is strictly convex on (0,00), and 
the conclusion follows by EV-Theorem. O 
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Corollary 6. Let a;,a2,...,an (mn > 3) be given non-negative numbers, let 
p € {1,2} and letO< 2, <29<-+ <2, such that 
2y+lats +X =a +agt- 1Gp, 
oP+ah+ - t+ah=ap+aht+ - +ah 
The expression E=)> 2129xr3 is mazimal whenO<a2,;=29= =Xn_1<2n, 
and is minimal when x, = --- = ty = O and rpy9 = = Ln, where 
ke{0,1,  ,n—1}. 


Proof Taking into account the known relation 


boats = (Ca) 3 (Da) (Hat) +204 
the statement follows by Corollary 5 (case p = 2 and q = 3, or p = 3 and 
q= 2) O 


Corollary 7. Let a, a2,...,@n (n > 3) by given non-negative numbers, and 
letO<2;<29< -< 2, such that 


eitapt+ taps tagt «+ ah, 
atapt: tan satd agate +a, 


The expression E=)orizozs is mazimal when 0< 21 =29=...=In-1<2n, 
and is minimal when 2, = = 2, = 0 and rh49 = --: = Lp, where 


ke {0,1,  ,n—1}. 


Proof. According to the relation 


6D nas = (Du) -3(Ox) (Dat) +2 Dab 
the sum x 212923 is maximal (minimal) when > x, is maximal (minimal) 


3 1 
Consequently, the statement follows by Corollary 5 (case p = 5 and g= 3) 


replacing 21,22, ,2n With 2?,23,...,22, respectively O 


5.2 Applications 


1. If z,y,z are non-negative real numbers, then 
1 


D(yt2)ty(2 be) tant y)< (etyte). 


(Vasile Cirtoaje, MS, 2005) 
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2. If x,y, z are non-negative rea] numbers such that zy + yz+ 2x2 = 1, then 
oty+2+3(2V3- 3) 2yz > 2. 


3. If x,y, z are non-negative real numbers such that ab + bc + ca = 1, then 
ae ee are gs ee 
a+b b+e ct+ta at+bt+e 
(Vasile Cirtoaje, MS, 2005) 


4. Let x,y, z,t be non-negative real numbers such that r+y+2+t = 3. 
Prove that 
awryzz? 4 2274? 4 2742x? 4 Pay? <1, 


5. Let x,y,2,t be non-negative rea] numbers such that x +y+2+t= 4 
Prove that 


xyz + yzt + zte + try + 2? y?2? + y227t? + 27t2 2? + tx?y? <8 
(Phan Thanh Nam, Diendantoanhoc Forum, Vietnam) 
6. Let x,y, z be non-negative real numbers such that ry+yz+z2 = 3 Then 


[poe Viaoy.” eos 
yaa > 3. 
3 TV73 TY 3 2 


( Vasile Cirtoaje, MS, 2006) 


7. Let 2, y,z be non-negative real numbers, no two of which are zero Then 
1 1 1 9 
(x+y)? ct (y+ 2)? a (z+ 2)? 2 A(xy + yz + 22) 
(Iran, 1996) 


8. Let z,y,z be non-negative real numbers, no two of which are zero. If 


5 
O<rs 35, then 


1 3(14+r) 
ys 2 ae 24 52 : 
ye tyzt+2 ze py + 2e + r(cy + yz + 22) 
; 8 
9. Let x,y,z be non-negative rea] numbers such that e+y+2= 3. lfr> = 


then ° 
1 1 1 3 


a 
r+2%4y? gare ree rar re: ~r+2 
(Vasile Cirtoaje, MS, 2006) 
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10. Let x,y, z be non-negative numbers such that 2? +y?42z? = 3. Ifr > 10, 


then 
| 1 1 3 


oe ee on =e ee, 
Poa Foe Tena ~r-4 
(Vasile Cirtoaje, MS, 2006) 


11. If x,y,z are non-negative rea] numbers, then 


YZ 4 2x it ry e 3 
Ba? y? +22 © By? + 22427 © 822422? +y? ~ 5° 
(Vasile Cirtoaje and Pham Kim Hung, MS, 2005) 


12. Let x,y,z be non-negative rea] numbers such that ++ y+2 = 2. Prove 


that 
yz 22 ry 


Re ttn, Se ys a 
pied. ued 1 ae oe 
(Pham Kim Hung, MS, 2005) 


1 


13. Let x,y,z be non-negative real numbers such that r+y+2= 2. If 
In2 


ro Sr <3, where ro = 755 


= 1.71, then 


e(y+z)t+y(z+2z)¢27% (2 t+y) <2 


14. Let x,y,z be non-negative real numbers such that ry+yz+22=3 If 
l<r<2,then 


a(ytz)+y"(z+2) +27 (ety) 26 


(Walther Janous and Vasile Cirtoaje, CM, 5, 2003) 


15. If 21,22, .,2n are positive numbers such that 
1 1 1 
aytagte tt, =—t+— +0 +, 
zy x2 ZXy 
then 
d : + + d 1 
1+(n—l1)t, 14+(n—1)29 l+(n—-l)2, 7 


(Vasile Cirtoaje, AMM, 1996) 


52 Applications 219 
16. If a,b,c are positive real numbers such that abc = 1, then 
1 1 1 
a +09 +c9+1526(—+74-) 
a boe¢ 
(Michael Rozenberg, MS, 2006) 


17. Let @;,a2, .,@, be positive real numbers such that aja. ay = 1. 
If m is a positive integer satisfying m > n — 1, then 


1 1 1 
a + af +--+ am +(m—1)n>m(—+—+ +=), 
ay ao an 


( Vasile Cirtoaje, MS, 2006) 


18. Let 71,29, . ,2, be non-negative numbers such thatz;+ze+. 2np=n 
k-1 
n 
If k is a positive integer satisfying 2<k<n+2, andr = ( ;) —1, 
aes 
then 


attaky. +a* —n>nr(1—2129...2n) 
( Vasile Cirtoaje, MS, 2005) 


1 1 1 
19. Let 21,22, . ,£7 be positive numbers such that —+—+ --+—=n 
Th xy x2 In 
en 


Lit Vets -+ Fy —-NS ep_-1(Zi7Q .Tp—-1), 


(Gabriel Dospinescu and Célin Popa, MS, 2004) 


20. Let 11,22,.. ,2n be non-negative numbers such that 2;+22+ 42,=N. 
k-1 
n -1 


If k > 3 is a positive integer and r = , then 


n—1 
Bei SR ie seep tS bo 88 2 
tp+2g+-+- + 25 n<r(xi+agt: -+a2—n). 
( Vasile Cirtoaje, MS, 2006) 
21. If 21,29,...,2, are positive numbers, then 


e+ ap te + ar 4n(n—1)xy79...2n > 
n 


1 1 1 
22122. ta(ti baat tan) (+o 4 +—) 
1 2 n 


(Vasile Cirtoaje, MS, 2004 
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22. If 21,22,...,2n are non-negative numbers, then 


(n—l) (ep t+ap +--+ a2) 4+ nzyx22...2, > 


>(aitzat > tan) (2p +a t+ 42577). 
(Janos Suranyi, MSC-Hungary) 


23. If 21,22, . ,2n are non-negative numbers, then 


(n—1)(z apt yp apt 4. + att) > 


2 (M1. 4 20+- ++ 4En) (2p +29 + -- +2, —-2122 In). 


(Vasile Cirtoaje, MS, 2006) 


24. If x1,22, ..,2n are positive numbers, then 
1 1 1 1 
(xy +29+-- +2,—N7) (—+—+ +— —n)+eres ..2£,+———-——- > 2. 
¥ oS ee 0) In 11%Q..-XLMy 
( Vasile Cirtoaje, MS, 2004) 
25. If 21,22, ,2Zp are positive numbers such that 21322 Z, = 1, then 


EES 
Eagar! boon 
ry xr 


(Vasile Cirtoaje, GM-A, 3, 2004) 


26. If), 29,...,£n are non-negative numbers such that 11+29+--:+2n = Nn, 
then : 
(w12%9...2n) v0} (x? + 23 + - +23) <n 
(Vasile Cirtoaje, MS, 2006) 


27. Let x,y,z be non-negative numbers such that ry + yz + zx = 3, and let 


In9 —In4 
> ————_ w~ 0.738 Then, 
BS In3 a 


gP + yP 4+ 2? > 3. 


( Vasile Cirtoaje, CM, No 1, 2004) 
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28. Let x,y,z be non-negative numbers such that x + y+ 2 = 3, and let 


In9 —In8 

> —-——— + 029 Then, 

a In3 — In2 
xP + yP + 2? > ryt yz+2r 
(Vasile Cirtoaje, MS, 2005) 
29. If 21,29,...,2, (n > 4) are non-negative numbers such that 
Zj)+22+°: +2, =7, 
then 
1 1 1 


oo Et ee te —_ <1 
n+l—azer3 .f, n+l—x3r%4. 2 n+1l—2129 . Xn-1 


(Vasile Cirtoaje, MS, 2004) 
30. Let a,b,c be positive numbers such that abe = 1. Prove that 


i phils i, pi ea 
(ita? * G+) * Oto? *T+adt to =) 


31. Let a,b,e¢ be non-negative numbers such that a+b+c¢ > 2 and 
ab+be+ca>1 If 0<r<1, then 
a’ +b +c" > 2. 
( Vasile Cirtoaje, MS, 2006) 
32. Let a,b,c be positive numbers such that (a+b +c)? = 32abe. Find the 
minimum and the maximum of 
a4 +44 c4 
(a+6+4c)4 
(Tran Nam Dung, Vietnam, 2004) 


33. Let 21,22, .,2, (n > 3) be non-negative real numbers such that 


bea = 1. 


Ifm € {3,4,. ,n}, then 


( Vasile Cirtoaje, MS, 2006) 
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34. Let z,y,z,t be non-negative real numbers such that 
e+yt24+t=1 
Prove that 
x? + y3 + 23 + 03 4+ eye + yet + 2te + try < 1. 


(Vasile Cirtoaje and Pham Kim Hung, MS, 2006) 


5.3 Solutions 


1. If x,y,z are non-negative real numbers, then 
1 


»\d 
1g (Bt ¥t2) 


i(ytz)t+yi(zt2)¢2i(r4ty)< 


Proof. Rewrite the inequality as 


1 
Py 4 2 tca(etyt2)y>(et+yta)eitys tz), 


and apply Corollary 5 (case p = 4 and g = 5): 
elfO<2<y<z such that 


x+y+z=constant and x4 +y1+ 24 = constant, 


then the sum 2° + y° + 2° is minimal when either 2 =0 or0<2<y=z 
Case x = 0. The inequality becomes 


(y + 2)(y? — 4yz + 27)? >0 
CaseQ<x<y=2z The inequality reduces to 
(x + 2y)> — 24rty — 24y4(x + y) > 0 
Since (x + 2y)®> > (2y)3(x + 2y)?, it is enough to show that 
y?(x + 2y)? — 324 — 3y3(2 + y) > 0. 
Indeed, we have 
y?(x + 2y)? — 324 — 3y8(2 ty) = y! — 24 + 2(y? — 2°) + 27(y? — 27) 30 


For z < y < z, one has equality when (z,y,z) ~ (0,3 — 73,34 V3). Oo 
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* 
2. If x,y,z are non-negative real numbers such that xy + yz + zx = 1, then 
rtytz+3(2v3—3) xyz > 2. 
Proof We write the hypothesis in the form 
(rt+ytz) =2+ 2% +y? +27, 


the apply Corollary 4 (case p = 2) 
elfO<x2<yK<z such that 


z+y+z=constant and x? +y? + 2? = constant, 


then the product xyz is minimal when eitherx =0 orO<2<y=z. 

Case x = 0. We must show that yz = 1 implies y + 2 > 2: this immedi- 
ately follows from y + z > 2,/yz. 

CaseQ <x < y+ 2 The hypothesis ry + yz + zx = 1 reduces to 
2zy = (1—y)(1 + y), and the inequality becomes successively: 


z+ 2y +3 (2V3 — 3) zy? > 2, 


4 
z+3(2v3—8) ay >, 


143 (2/3 —3)y2> 2H 
+3 (2V3—3)y?> eae 
1 —3y + 3 (2V3— 3) y? +3 (2V3 —3) y > 0, 
(1 — v3y)” {1+ (2V3 — 3) y] > 0. 
The last inequality is clearly true. For x < y < z, we have equality when 


either (z,y,z) = (= ra “| or (x,y,z) = (0,1,1). O 


* 


3. Ifz,y,z are non-negative real numbers such that ab + be + ca = 1, then 


1 1 4 1 1 = 
a+b b+e ec+ta atb+e~ 


224 5 Inequalities involving EV-Theorem 


Proof. Let b+ c= 22,c+a=2y anda+ b= 2z. We have to prove that 


9 
re aks ae 
ze ey z xtytz 


for 2x? + y? + 27) 41 = (2+y+4 2)? To do it, we will apply Corollary 5 


(case p = 2 and q = —1). 
elfO<2<y<z such that 


z+y+z=constant and x? 4+y? + z° = constant, 


1 1 1 
then the expression as —+-— is minimal whenO<2=y<z 
y 2 
The case 0 < x = y < z is equivalent to a = b >c The hypothesis 
2 


condition ab + bc + ca = 1 reduces to c= ,O<a<1 We have 


2a 
tne a 1 1 alle sot 1 _ 
a+b b+te cta atb+e “9% ate ate = 


=(-- 1 ence 1 )= 1—a?  —-2(1—a)? © 
~ \Qa ate a+c/  2a(1 + 3a?) l+a2 — 
(1 —a)(1 — 3a + 5a? — 110% + 1204 


2a(1 + 3a7)(1 + a?) 


Since 1 — a > 0, we need to show that 
1—3a+ 5a? — 11a° + 1204 > 0. 
Indeed, we get 


3a\? 1 7 
13a + 5a? — 110 + 1204 = (1-5) 4 110? (5 ~ a) +a4>0 


For a > b > c, one has equality if and only if (a,b,c) = (1,1,0). oO 
* 


4, Let x,y,z,t be non-negative real numbers such thatr+y+2+t = 3. 


Prove that 
a2y2z? + y?22t? + 222a? 4. t2e2y? < 1. 
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Proof Without loss of generality, we may assume that r < y<z<t For 
x = 0, the inequality becomes y*22t? < 1, withy+z+t=3 From AM-GM 
Inequality 

ytet+ ) 


< 
yat < ( 3 


we get yzt < 1, and hence y*z*t? < 1. 
For zx > 0, rewrite the inequality in the form 


(xyzt)? (atatatz) at 

and apply Corollary 5 (case p = 0 and gq = —2): 
elfQ<r<y<z<t such thatr+y+z+t=3 and xyzt = constant, 

1 1 1 

yee 
ForO< ars y=z=t, fromrty+z+t=3, we getO<y=z=t<1 

and x = 3{1 — y) 

The inequality reduce to 


then the expression a is maximal when0<2<ys=z=t 


Ba7y4 448 <1. 


By AM-GM Inequality, we get 


ra 

3y 3 a 

gre 28 ae ae =1, 
2 2 3 


4 4 
hence xy? < 5 Thus, it suffices to show that z7y +y® <1. Indeed, we 
have 


4 
1—y? — gay’ = 1-9 — (1 — y)y? = 


(l1-y)(L+y—3y?ty3+yt+4y°) > 
>(1-y)(lty—3y?+y4) = 
(l-y)[-v) +y(1—y)] >0 


Equality occurs when (z,y, z,t) = (0,1,1, 1) oO 


Remark This application solves the problem posted by Gabriel Dospinescu 
on Mathlinks Site-Inequalities Forum, in June 2005: 
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e If x,y,z,t are non-negative numbers such thatzr+yt+z+t=4, what 
is the maximum value of x?y?z? + y?2?t? + 27t?x? 4 122242? 
4 & 444 
The maximum value is (5) , and is attained for (x, y,z,t) = (0 ). 


35373 
To obtain this result we have to replace x, y,2,t in the above inequality by 
32 3y 32z 3t oe 
7 re 7 7 respectively 
* 


5. Let x,y,2z,t be non-negative real numbers such thatzr+y+2z+t=4 
Prove that 


xyz + yet + ate + toy + 22y22? + yP22t? 4 27022? 4 t222y? <8 


Proof Assume that rs < y<z<t For x = 0, the inequality reduces to 
yet + y?2?t? <8, with y+2+t=4 From AM-GM Inequality 


Qyat <(y+tz+ t)3, 


64 
we get yzt < —, then 


~ 27? 
yat tb y?22t? —-yat 8 ( =) 728 
pee ae gall Ba \OS, BAT 
8 g tut) Sop (+ a7) = 799 < 


For x > 0, rewrite the inequality in the form 


ae ee ie Pare ere oe *) 
zt}-+-4+-4- et(ttoataota) <8 
syst (S++ ota) tay Ay anor Sa < 
and apply Corollary 5 (case p = 0 and g < 0): 
elfO<r<y<z<t such thate+y+2+t=4 and xyzt = constant, 
1 1 1 41 1 1 1 1 
then the sums ~+ ~+-+— and 5+ 5+ 4+ are marimal when 
xy 2z t ge oy? 22 at 
O<r<sy=z=t 


w) 


ForO<a2<ys2z=t, fomer+tyt+z+t=4,wegetl<y=rz=t< 
and « = 4 — 3t. The inequality reduces to 


Bat? + 2 4 8x24 + t8§ < 8, 
4(7t8 — 1845 + 12¢4 — 21° + 32? — 2) <0, 
4t?(t — 1)? E(t) <0, 
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ae SS Sitlea ke eine ca 
where E(t)=7-4-5-4-q ince E(t) < (5) = e las 


inequality is clearly true Equality occurs when (2,y,z,t)=(1,1,1,1). O 
* 


6. Let x,y,z be non-negative real numbers such that ry+yz+ 2x2 = 3. Then 


14 22 1+ 2y 1+2z 
pee >3 
V3 tV-3 TV 3 2 


Proof. We write the condition zy + yz + zx = 3 in the form 


(c+y+2z)?=64 27? +y? +4 27, 


1+ 2u 
3 


and then apply Corollary 1 to the function f(u) = ,u>Q We 


1 
have g(x) = f’(x) = —————~ and from 
ee 3(1 + 2x) 


g’ (x) = V3(1 + 22) > 0, 


it follows that g(x) is strictly convex for z > 0. According to Corollary 1, if 
O<x2<y<z such thatx4 y+2z= constant and x? 4+ y?4 22 = constant, 


then the sum 
1+ 22 T+ 2y 1+ 22 
Vg CMe sae Pa 3g 


is minimal when eitherz =O or0<a2<y=z. 
Case x = 0. We have to show that 


JYl+2y+ V1 +2z > 3V3—-1 for yz = 8 


By squaring, the inequality becomes 


y+2+ V13+ Ay+ z) > 13-3V3. 


Indeed, we have y + z > 2, /yz = 2/3, and therefore 


yt+z4+ V134 2(y+ z) >2V34 V13 4 4V3 > 13 —3V3. 


228 5 Inequalities involving EV-Theorem 


pen 
CoseO < 2s y=2z Kom ry + yz + ze = 3, we get t = — 
y 


O<y< V3 The inequality becomes 


ae) 
i+ + 2/1 + 2y > 3V3 
[i42y 1 14+2V3 5 
Let d te t = {{ ——, = < 4f -—— -. i it 
et us denote 3 ta 3 < r The inequality 


transforms into 


3+ 4t? — 3t4 
2(3t? — 1) 
By squaring and dividing by 3, the inequality becomes 


> 3 — 2t. 


7 — 8t — 14t? + 2423 — 944 > 0, 


or, equivalently, 
(1 — t)?(7 + 6t — 9t?) > 0 


This inequality is true, because 


15 SANE 
_ 972 — R— (94 1)? _ fie wee 
74 6t— 91? =8—(3t—1)?>8 (= 1) 4 >0. 
Equality occurs if and only if (2, y,z) = (1,1, 1). O 
* 


7. Let x,y,z be non-negative real numbers, no two of which are zero Then 
1 1 1 i) 


———G + ——5 + Do 2 ee 
(z@t+y)?  (ytz)? 9 (2+2)? ~ 4(zy + yz + 22) 

Proof. Due to homogeneity, we may consider that x +y+z = 1. On this 

assumption, the inequality becomes 


1 1 1 9 


~~ + —— + ———— 7 = SO 
(ay Gy * Ga © 2-9 Te) 
1 
To prove it, we will apply Corollary 1 to the function f(u) = (lay 
2 
O<u<1 We have g(x) = f'(z) = ieee and from 
24 
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it follows that the function g(x) is strictly convex for 0 < x < 1. According 
to Corollary 1 and Remark fiom section 5.1, if O< 2 < y < z such that 
r+y+z=1 and x? + y? + 2? = constant, then the sum 


1 1 | 
(i-2p* (yy? * Gp 


is minimal when eitherz =O or0<r<y=z 
Case x=Q The original inequality becomes 
1 1 1 9 
eg atl SE 
yr (y +z)? = yz’ 


or 
(y — 2)*(4y? + Tyz + 4z*) 


Ay?z2(y + z)? 
Case0 <2 <y =z. The original inequality becomes 
2 1 9 
Fag Gee aS 
(z+y)?  4y? ~ 4(2zy + y?) 


>0 


or 2 
x(x —y) 


eo ts a SS 
2y?(x + y)*(2e + y) ~ 
Equality occurs for (x,y,z) ~ (1,1,1), as well as for (x,y,z) ~ (0,1,1) or 


any cyclic permutation O 
* 

8. Let x,y,z be non-negative real numbers, no two of which are zero. If 

O<re< then 


> 1 3(1+r) 


aoe 
yr tyz+ 22 ~ or ty? + 22 4 r(ry + yz + 22) 


Proof. Due to homogeneity, we may consider x + y+ z= 3 Let 


9+ arty? + 2? 
a ae era 


6 
Since 
1 _ 1 
1 


6(p— x)’ 
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the inequality becomes 


1 Anal! np 1 Sy = SU 
pan poy p27 2p—3+7r(3—p) 


To prove the inequality, we will apply Corollary 1 to the function 


1 
We have g(x)= f'(x) = ———; 
@)=/@)= Go 
Therefore, g(x) is strictly convex for 0 <x <p According to Corollary 1 
and Remark from the section 51, 7f O< x<y<2z such thatr+y+2= 3 
and x? + y? + 2” = constant, then the sum 
1 1 1 


+—— + 
p-r p-y p-2 


is minimal when ettherx =O or0 <a y=2z 
Case x =0 The original inequality becomes 


re 1 7 3(1 +7) 
y? 22 y? + yzd-22 ~ y? + 22 + ryz’ 
= i. 844A) 
+r 
SEM es 
ot e441 o str? 


z 
where s = Z + -,s > 2. Write this inequality as 
2. ¥ 


s3 4+ 5? ~25—34r(s? — 2s —2) >0. 


wo} on 


Since s? — 25 — 2 = (s — 2)? + 2(s — 1) > 0, it suffices to consider r = 
In this case, the inequality becomes (s — 2)(2s? + 11s + 8) > 0. 


CaseQ<a2<y=2z The original inequality becomes 


2 1 3(1 +r) 


x? + ay + y? By? ~ 2? + Qy? 4 r(Qary + y?) 


Since the inequality is homogeneous, we may consider x < y = 1. On this 
assumption, the inequality is equivalent to 


xt 4 23 — 72 +54 2r(x—1)8 > 0, 
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or 
(a — 1)? [x? + 32 +5 +4 2r(x— 1)} > 0. 


Since 
x? + 3245 +4 2r(x—1) = 2? + Be + (5—2r)(1—x) > 0, 


the proof is completed. 


Equality occurs for (x,y,z) ~ (1,1,1). In the particular case r = . equality 
holds again for (x,y, z) ~ (0, 1,1) or any cyclic permutation. 
Remark. For r = 2, we get the known inequality 
se a > Meee a 
yr bye tz? © (c+y tz)? 
O 


* 


8 
9. Let x,y,z be non-negative real numbers such thatx+y+z= 3. Ifr > 5? 


th 
a 1 1 1 3 


So a Se ye 
Pp pig ae eee 7D 
Proof. Let p=r+ 2? +y? + 2?. We have show that 
1 1 1 3 
Sg oe 
p-z P-y 
forx+y+z=3and 2? +y?42? =p-—r To prove this, we will apply 


Corollary 1 to the function f(u) = 


O<u<  /p. We have 


p—u?’ 
22 
@=.a?)? 

and 5 
u _ 24r(p + x*) 
g (x) =. (p = x?)4 - 


Since g(x) > 0 for x > 0, the function g(x) is strictly convex for 0 < 2 < VP. 
According to Corollary 1, if 0< 2 <y <z such thatr+y+z=3 and 
x? + y? + z? = constant, then the sum 
1 a 1 1 
p—2? py? p—2z 
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is mazimal when 0 <a =y<2z Therefore, it suffices to consider only the 
case r = y We have to show that for 22 + z = 3 the inequality holds 
1 2 3 
EE a pe 
r+2n?  rtartz? ~r42 


Write the equality as follows 
Sn See: Soe: 
r+222  r4+9-1274 52? ~r42 
521 — 122° + (2r + 6)x? — 4(r — 1)z + 2r -3>0, 
(a — 1)?(5a* — 22 + 2r —3) >0 


Since 


2 
5a? — 2n + 2r -3=5(2— =) +2(r-3) > 0, 


the last mequality is clearly true. Equality occurs for (x,y,z) = (1, 1,1) 


8 1 1 13 
In the case r = B equality occurs again for (xz, y,z) = (S55) or any 
cyclic permutation 


* 


10. Let x,y, 2 be non-negative numbers such that x*+y?+=? = 3. Ifr > 10, 


then , 1 i 3 


a eS ee 
radar P= hee Pole) ~r-4 
Proof Lets =x+y+2 We have to show that 


1 1 si 1 es 3 
r—(s—2)* r—(s—y)? r—(s—z)*~ r-4 


fora+ty+2z- sand 2? +y?+42% = 3. Apply Corollary 1 to the function 
2(s — 2) 
f(u) = 


2 for 0 < u < s. We have g(x) => f'(z) = fr—(s—2)° 
and 


r—(s—u) 
24(s — x) [r +(s— x)? 

[r — (s —2)?J" 
Since g”(x) > 0 for 0 < x < s, the function g(x) is strictly convex for 
0<2z<s According to Corollary 1, if O<2<y<2z such that 


g(x) = 


zct+y+z=constant and x? 4+ y? +4 27 =3, 
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then the sum 
-1 -1 -1 
r—(s—2x)? Bae eer + Fass) 
is minimal for either x = 0 or0 < x2 <y =z. Therefore, it suffices to 
consider only the cases x =O andO<2r<y=z 
Case x = 0. We have to show that y? + z? = 3 implies 


1 1 1 e 3 


fay Ge eee 


one 1 1 or —3 or —3 


page ple pa ae gee FIRS) 
and (y + 2)? < 2(y? + 2”) = 6, it suffices to prove that 
OSS 1 a 3 
rir—3) r-67 r—-4 


This inequality reduces to 
2_ 2 
3(r* — 12r 4 24) >0, 
r(r — 3)(r — 4)(r — 6) 
and it is true because r? — 12r + 24 = (r— 2)(r— 10) +4>0. 
Case 0 <a <y= 2. Write the inequality in the homogeneous form 


1 3 
a wn ee, 
2 PETE ay Fae § GH HP 


Since y = z > 0, we may consider y = z = 1 Setting t = r(x? + 2), 
t > 2r > 20, the inequality becomes 


1 ~ 2 3 
t—12 t—322-—62~-3 — t-—472—8° 


or 
6(x — 1)*(t — 22? — 8a — 18) 50 
(¢ — 12)(t — 32? — 62 — 3)(t — 4x? — 8) — 

The last inequality is true because 
t — 22? — 82 — 18 = r(x? +2) — 22? — 82 18> 
> 10(x? 4 2) — 22? — 82 — 18 = 2(22 — 1)? > 0 


Equality occurs for (x,y,z) = (1,1, 1). In the case r = 10, equality occurs 
. 1 2 2 
again for (x,y,z) = Ga FR i or any cyclic permutation. O 
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* 


11. If z,y,2 are non-negative real numbers, then 
yz Pa zy 3 
oh SS 
3a? + y? 4 2? =e 3y? + 22 + 2? + 322 + a2 + y? —5 
Proof Replacing x,y,z by Vz, \/y, V2 respectively, the inequality trans- 


forms into 

SNPS ip NEE 8 oe VFI 

Bat+yte2 B8yt242 3z24+2r+y7 5 
Without loss of generality, we may assume that x <y < z. For z = 0, the 
inequality reduces to 3 (Vo- Jz) + /yz = 0, which is clearly true For 
x > 0, since the inequality is homogeneous, we may assume that r+-y+z2 = 2, 
and then rewrite the inequality in the form 


1 1 1 3 
ot ore tt eee 
Valet) * Yay +t) * Vale +1) * 2yaye 
—1 
We will apply now Corollary 3 to the function f(u) = Fiona u>Ood 
We h ee 3u+1 4 
e Ne EO) oe ahi 
,(1\ _ 2? /a(z +3) 
oe) =f (2) = See 
‘i @(3a? + 112? + 52 4 45 
g(x) = Mel See 9) 


8(x + 1)4 
Since g(x) > 0 for x > 0, g(=) is strictly convex on (0,00). According to 
Corollary 3, fO<2<y << such thata+y+2z=2 and xyz = constant, 


then the sum 4 ei = 


Valet) > fitwt) * Vert) 
is mazimal whenO <a2<y=2z 

Therefore, it suffices to prove the onginal mequality for y = z > 0. More- 
over, due to the homogeneity, we may consider y = z = 1 The inequality 


reduces to 9x4 — 30x? + 372? — 20z + 4 > 0, which is equivalent to 


(a — 1)*(3a — 2)? > 0. 


2 
Equality occurs for (x,y,z) ~ (1,1,1), and also for (x,y, =) ~ (G1, 1) or 


any cyclic permutation O 
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* 


12. Let x,y,z be non-negative real numbers such that x +y+2=2. Prove 
that 


yz 22 ry 
oe <1. 

x24] ere ad = 
Proof. We assume that x < y < z For x = 0, the inequality reduces to 
yz < 1, which is clearly true for y+ z= 2 Otherwise, we rewrite the 


imequality in the form 


ee Sea eee 
x(a? +1)  y(y2+1) 2(z2 +1) 7 xyz 
—1 
and apply Corollary 3 to the function f(u) = rea, u>Q We have 
3u? +1 
f'(u) = w(uP +12 and 
ea =) _ 2(2? + 3) 
g(x) = f (- =, (x? + 1)? ? 
27,6 4_ 72 
FS 2x*(x° + 52% — 7x” + 12) 
@+i) 


Since g(x) > 0 for x > 0, g(x) is strictly convex on (0,00). According to 
Corollary 3, if0<2<y<z such thatz+y+z=2 and xyz = constant, 
then the sum 
-1 -1 -1 
a +1)” yy? +h * e241) 

is minimal whenO< a2 <y =z. 

ForO<2<y=z, from z+y+z = 2 we gettO< y =z < 1 and 
z=2(1—y) The inequality becomes 


(y — 1)°(19y? — 18y +5) > 0, 


which is clearly true. For x < y < z, equality occurs (z,y, z)=(0,1,1). O 


* 
13. Let 2,y,z be non-negative real numbers such that x + y+t2=2. If 
In 2 
ro <r <3, where rp = —_—_— = 171, then 
In3—In2 


o(ytz)ty"(z+2)4+2%(c4+ y) <2. 
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Proof Rewrite the inequality in the homogeneous form 
zrtyt+2 
2 


and apply Corollary 5 (case p =r and q=r-+ 1) 
e For O<a2<y<2z such that 


r+l 
grt $ yt! 4 grt +2( ) > (c+y+2z)(a" +y" +2"), 


x+ty+z=constant and x” +y" +2” = constant 
y , 


the sum a+) + y7t! 4 z7+! is minimal when either zx = 0 or0<a<y =z. 
Case x = 0. The initial inequality becomes 


yey” | +271) <2, 
where y+z= 2. Since 0 < r—1 < 2, by the Power Mean Inequality we have 


y? 1 at} = (“ + 2 


2 2 


Thus, it suffices to show that 


24 42 2 4.52 
z 2 z 
Taking account of t " = acy’ tz) 


r-1 


2 2 2 2 
yore \ yo +25) 
4 


Case0 <2 <y=2 In the homogeneous inequality we may leave aside 
the constraint «+ y +z = 2, and consider y= 2 = 1,0<2< 1. The 
imequality reduces to 


r+1 
(1+) —2x—-x-1>0. 


. zx ie . . . re . . . . . 
Since | 1+ z is increasing and x” is decreasing when r is increasing, it 


suffices to consider the case r= 79 Let 


{a= (a+ ie 22-1 
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We have 
i _ rot r\TO ro~ 1 _ 
f(z) = 5 (1+3) — rox 1, 
Low, rotl 5s) - oo 
ye 4 (cs p2-70 
Since f”(z) is strictly increasing on (0, 1], f”(0,) = —oo and 
Looney, TO+1 ie re Oe _ 3-10 0 
MWy= ZF (5) -rott=2—-ro+1==" >0, 


there exists 2; € (0,1) such that f”(7,) = 0, f’(z) < 0 for x € (0,2;), and 
f"(z) > 0 for x € (1,1) Therefore, the function f’(x) is strictly decreasing 


ro-—1 
for x € [0,2], and strictly increasing for x € {21,1] Since f’(0) = am >0 
1p73y\"° 
and f'(1) = “|(5) ~ 2 = 0, there exists zg € (0,21) such that 


f'(x2) = 0, f’(x) > 0 for x € (0,22), and f’(x) < 0 for x € (x2,1) Thus, the 
function f(z) is strictly increasing for x € [0, x9], and strictly decreasing for 
x € [x2,1]. Since f(0) = f(1) = 0, it follows that f(x) > 0 forO < x <1, 
establishing the desired result 

For z < y < z, equality occurs when (z,y,z) = (0,1,1) Moreover, for 

22 2 

r =ro, equality holds again when (2,y,2) = G: 3 3). O 
Remark Using the above way, we can show that for r > 3 and 24 y+z = 2, 
the expression 


E(z,y,z)=2"(y+2)+y"(z+2)+2"(r+y) 
attains its maximal value when one of the numbers z, y, z is equal to zero. To 
prove this claim, it suffices to show that the inequality E(a,y,z) <2 holds 
for 0 < x < y = 2, while is doesn’t hold for z = O and any non-negative 
numbers y and = satisfying y + z =2 Indeed, fory=z=1and0<2< l, 
by Bernoulli’s Inequality, we get 


r\ T+) — 
(14+) —2"-r-1 > fig TUE Ghee EL >a—2" > 0. 


2 


In the special case r = 4, E(x, y,z) is maximal when 


3- V3 1a), 


3.’ 3 


as we have shown in the above application 1 


(x,y,z) = (0, 
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* 


14. Let x,y,z be non-negative real numbers such that cy + yz + zx = 3. If 
l<r<2, then 


a(ytz)+y"(2+2)+27(c+y) 26 
Proof. Rewrite the mequality in the homogeneous form 


r+1 


tart) 2 
3 : 


e(y+2)+y"(e+a) +2 (ety) 2 6{ 


For convenience, we may leave aside the condition zy + yz 4+-zz = 3 Using 
now the condition x + y + 2 = 1, the inequality becomes 


4 
PS 


yy 


{peg Ft 
z’(1—az)+y"(1—y) +27(1-2) »o(—= oe =") 


Towards proving it, we will apply Corollary 1 to the function f(u)=—u"(1-u) 
forO<u<1 We have f’(u) = —ru’! + (r+1)u" and 


g(z) = f(z) = re"! + (r+ 12", 
g(x) = r(r — 12" [f(r + 1)z + 2-7] 


Since g"(x) > 0 for x > 0, g(x) is strictly convex on [0,00). According to 
Corollary 1, ifO<2<y < z such that 


xtytz=1 and x? + y? + 2* = constant, 


the sum f(x) + f(y) + f(z) is minimal for either x =0 orO<ar<y=z 
Case x =0. The original inequality becomes 


yz yr +277") > 6, 


where yz = 3 By the AM-GM Inequality, we have 


r+1 r+ 


yz(y +271) > 2(yz) 2 =2 37 >6. 


CaseOQ<2<y=2z. The original inequality becomes 


w'y+y'(zt+y) 23, 
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where 0 < x < y and 2ay+y’* = 3. FromO0 <2 < y and 2ry + y? = 3 we 
obtainO<2x<1 Let 


f(z) =a"yty'(et+y)—-3, with y=—-2+V2?4+3. 
We have to prove that f(z) > 0 forOQ<a2<1 For r=1, we get y=1 and 
f(1)=0. Differentiating the equation 2zy + y? = 3 yields y’ = _ Then, 
f(z) =ra™yty"+ [er + ray”) + (rt 1)y"] y = 


_ yl(r—1)zt+ry] (a = yo?) 
oe eee ee 


<0 


The function f(z) is strictly decreasing on [0,1], and hence f(x) > f(1) = 0 
for 0 <2 <1 Equality occurs if and only if (x,y,z) = (1,1, 1). 0 


Remark. Marian Tetiva found a nice solution for the particular case r = 2. 
Write first the inequality in the form 


(zy + yz+ zx)(x +y4+2z) > 3(xyz + 2), 


that is 
e+yt2z>axryz+2 
Assuming that x < y < z, the hypothesis ry + yz + zx = 3 implies zy < 1 
and yz >1 Hence 
(1 —ay)(yz—1)+(1—y)? >0, 
or 
y(z +y +z—2zyz—2) > 0, 


from which the conclusion follows 


* 
15. If x),£9,...,2n are positive numbers such that 
1 1 1 
Qt rate +f, =—+—4---+—, 
Zi, £9 In 
the 
_ i 1 1 
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Proof. We have to consider two cases. 
Case n = 2. The inequality is verified as equality. 
Case n > 3. Assume that 0 < 2) < 29 < +--+ < ap, and then apply 


Corollary 2 to the function f(u) = so for u > 0 
We have f’(u) = eae ies oo and 
[t + (m — 1)u]? 
gt Ne Se 
By (zz) ~ (fetn-1)’ 
3(n — 1)? 


9" (x) = ——-——_,, . 
(2) 2./z(/z+n—1)' 

Since g”(x) > 0, g(x) is strictly convex on (0,00). Accordmg to Corollary 
2,if0< 2, < 29 <-:- < ay such thatz;+22+ +2n = constant and 


1 1 1 
ai ae Foot a 7 constant, then the sum f(21) + f(z2)+---+ fan) is 
! 2 


minimal when 0 < 21 <a29=23= --=24p 
So, we have to prove the inequality 
1 n—1 a5 
t+(n-l)ze  14(n—1)y 7” 
under the constraints O< 2«<1<y and 
1 n-ti1 
t+(n—ljy=—+ ji 
The last relation is equivalent to 
y(1 — 2*) 
n—-lA\(y-1)= 
(n—y-) = 4 
Since 
1 di n—-1 ee 
Ll+(n-l1)e 9 i+(n-I1)y 
1 1 n-1 n-1 


nee a teal. a 
(n—1)(t-2)  (n—1)%{y—-1) _ 
nfl + (n—1)a] nfl +(n—Dyl 
(n=1=2) (m= 1y(t=2*) 
n(it(n—1)z] ne(l+y)[1+(n—-1)y]’ 
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we must. show that 
z(1+y)[1+(n—-1)y] > y(1+2) [1+ (n— 1)z], 
which reduces to 
(y—2)[(n-l)zy—- 1] 20. 


Since y — x > 0, we still have to prove that 


(n-1)zy > 1. 
1 +(n—-I1)z 
Indeed, from ++ (n— 1)y = ai we get ry = aes and hence 
n(n — 2)x 
— Dey - 1 = —————_ >0. 
(n — l)zy Pee SST 
For n > 3, one has equality if and only ifr) =x, =: =2, = 1. O 
* 


16. If a,b,c are positive real numbers such that abc = 1, then 


1 1 
te 
a bee 


, respectively, we have to show that 


Chae 3 +15 > 6(2+y+ 2) 
for ryz = 1. Assume that 0 < x < y < z and apply Corollary 5 (case p = 0 
and q = —3): 


elfO<x2<y< z such that x4 y+ z= constant and xyz = 1, then the 
1 1 
sum —+— 3+ — ts minimal when 0 =y<z. 
2 a ee asia a <r=ys2z 


Thus, it suffices to prove the inequality forO < z = y < 1 < z and 
x*z = 1, when it reduces to. 


2 1 

pit gat 152 6(2r + 2), 
2 

S+2°+1526(22+ 5), 
zx zx 

x° — 1224+ 15¢3 — 62 +2>0, 


(1 —2)? (2-22 — 6x? + 5x3 + 4x4 4 325 4 225427) > 0. 


242 5 Inequalities involving EV-Theorem 


The last inequality is true if 2— 22 — 6x? + 523 + 324 > 0 forO<2< 1 
Indeed, we have 


2 (2— 2a - 62? + 5x3 + 324) = 


3 3 
(2-32)? (14224527) +29 (1-52) > 0. 


Equality occurs if and only ifa=b=c=1 0 
* 
17. Let aj,a2, ..,an be positive real numbers such that aja2...an = 1. 


If m is a positive integer satisfying m >n—1, then 


1 1 1 
ay +ay t+ +4 at +(m—1)n>m(—+—+-- +—) 
a, a2 an 


Proof For n =: 2 (hence m > 1), the inequality reduces to 
at’ + ay + 2m — 2 > ma; + ag) 


We can prove it by summing the inequalities a? > 1 + m(a; — 1) and 
a} > 1+ m(a2 — 1), which are straightforward consequences of Bernoulli's 
1 1 1 


Inequality For n > 3, replacing a1,a2,.. ,an by —,—, . ,—, respec- 
x, x4 Ln 
tively, we have to show that 
Leal 4-4 (m= 1)n > mlx +22+ -+2n) 
xp xt am = : a r 


for 212 2, = 1 Assume that 0 < 21 < 22 < - < 2p and apply 


Corollary 5 (case p = 0 and g = —m) 
elfO< 2, <29< + < 2n such that 2; +29+ ++ 27 = constant 


1 1 1 
and 2,1%2.. Ly = 1, then the sum —+ = + + =z is minimal when 
zy a] zy 
O<a2,=%9=: =2n_-1 S2n. 
Thus, it suffices to prove the inequality for, =2g = - =2p_1 =2 <1, 


2n = y and 2"~'y = 1, when it reduces to 


n-1 1 
tage Fm de eh eek any 


gm 
By the AM-GM Inequality, we have 


cease eer ee eS m 


m oe ney 


8 
= 
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Then, we still have to show that 
+ @1> m(n-1)(2-1) 
y 
This inequality is equivalent to 
gm ™ —t—m(n—-1)\(2-1) 20. 
Writing the inequality as 
(x — 1) [(2™™—-™4 — 1) + (am? — 1) 4 + (2 -1)] 0, 


it is clearly true. For n = 2 and m = 1, the inequality becomes equality. 


Otherwise, equality occurs if and only if a; = ag =--- =a, = 1. O 
* 
18. Letx,,x2,.. ,2n be non-negative numbers such thatz,;+x22+ .tn = 7. 


k-1 
n 
If k is a positive integer satisfying2<k<n+2, andr = (. :) —1, 
then 
ah taokt-..tak —-n>nr(l—2 29. Zn). 


Proof Ifn = 2, then the inequality reduces to xt +2k—2 > (2'—2)(1—2,22) 
For k = 2 and k = 3, this inequality becomes equality, while for k = 4 it 
reduces to 62)2%9(1 — 2122) > 0, which is clearly true. 

Consider now n > 3 and 0 < 21 < 229 < + < ap. We will apply 
Corollary 4 (case p = k > 0). 

elfO< 2, < 22 < + < ap such that 2} +79 + --+2n = nr and 
ct +ak+. -4 x* = constant, then the product £129. Zn is minimal when 
either x) =0 or0< 2, < 29 = 23 =---=2p. 

Case x; = 0. The inequality reduces to 


nk 


ght. + ak > 
with z2+- +2, =n. This inequality follows by applying Jensen’s Inequality 
to the convex function f(u) = u*: 


een 


a+ tak > (n—1)( — 
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Case 0 < 21 < 29 = 23 =-::= 2, Denoting 


“y= and 272 =273=---=2n= y, 


we have to prove that forO <2 <1< yandx+(n—-1)y = 2, the inequality 
holds: 
t* + (n—1)y* + arzy” —n(r +1) >0 
We write the inequality as f(x) > 0, where 
n-2 
n-1- 


f(x) =a2* +(n—-1)y* + nrzy"! —n(r +1), with y= 


We see that f(0) = f(1) =0. Since y’ = ee aie have 
ae 


where 


n—-x 


Since the function y(x) = is strictly decreasing, the function g(z) is 


strictly increasing for 2<k ee n Fork =n+1, we have 


Fey naan ve a oa a ae 
y y n—1 y y” 
and for k = n + 2, we have 
ge) av tyetate bt Sy 
(n?—3n+3)x?4+n(n-3)2r4+n? 2x x2 
So Gai ag gee 


Therefore, the function 9(z) is strictly increasing for 2 <k < n+ 2, and the 


function 
h(x) = nr — kg(z) 


is strictly decreasing. Note that 


f'(z) = (y-2)y"7h(z) 
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We assert that h(0) > 0 and A(1) <0 If our claim is true, then there 
exists x; € (0,1) such that h(x,) = 0, A(z) > O for x € [0,2,), and h(x) < 0 
for x € (x1, 1] Consequently, f(z) is strictly increasing for x € [0,2;], and 
strictly decreasing for x € [z1,1] Since f(0) = f(1) = 0, it follows that 
f(z) > 0 for 0 < x < 1, and the proof is completed. 

In order to prove that h(0) > 0, we assume that h(0) <0 Then, h(x) <0 
for x € (0,1), f’(x) < 0 for x € (0,1), and f(x) is strictly decreasing for 
z € [0,1], which contradicts f(0) = f(1). Also, if h(1) > 0, then A(x) > 0 
for x € (0,1), f’(z) > O for x € (0,1), and f(z) is strictly increasing for 
x € (0, 1], which also contradicts f(0) = f(1) 

For rn > 3 and x, <2 < < Xp, equality occurs when 


ams - =f, =1, 


n 


0 


and also when x, = O and r2 =-:-=2, = 7 
ae 


Remark 1. For k = 2, k =3 and k = 4, we get the following nice inequali- 
ties 
(n—1) (xf +23 + . +22) +n2xy29 ..2, > n°, 
(n—1) (ef +a3+ + +23) tn(Qn-1)ayzo...2, 2 73, 
(n—1)° (xt +23 + ++ + af) + n(3n? — 38n41)2129 ..2_ > n4 
for 21,22, . ,2n non-negative numbers such that 2; +2. +---+2,=7 


Remark 2. For k = n, the inequality was posted in 2004 on Mathlinks 
Inequalities Forum by Gabriel Dospinescu and Cdlin Popa. 


* 


1 1 

19. Let x1,22,...,2n be positive numbers such that —+—+---+—-=n 
vy x2 

Then 


Zy+tgt -+4n—n2<S en_1 (x1 2Q.. In -1), 


1 n-1 
where €n_1 = (1 + ) <e. 
n-1 
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1 
Proof Replacing each of x; by = —, the statement becomes as follows 


e If a,,a2, .,Qn are Bo ditive numbers such thata;+a,+ ta,=7, 
then 
1 1 1 
aa eee “tT bent) Sent 
a, a9 


Tt 
It is easy to check that the inequality holds for n = 2. 
Consider now n > 3, assume that 0 < a; < a < < a, and apply 
Corollary 4 (case p= —1) If O< a, <ag< - < ap such that 


1 1 1 
Qa; +ag9+-- tan=n and —+—+ -+— =constant, 
aj aQ n 


then the product a\aq ..a, 1s maximal when 0 < a; Sa) => a3 = -+= 4p 
Denoting a; = z and ag = a3 = -- = ap = y, we have to prove that for 


n 
O<r<cl<y< i and x + (n—1)y =n, the inequality holds 
n—- 


y® 1 + (n— lazy”? = (n- en_1)zy" | S en-1 


Setting 

f(x) =y"7! 4 (n— l)zy”? = (n — en-1)2y" | - en-1, 

n-2x 
with y = piu must show that f(z) < 0 for 0 <a < 1. We see that 

aes 

-1 
f(0) = f(1) =0 Since y’ = acl” have 
f(z) 


n—-= 


where h(x) =n —2—(n—en- 1) is a linear increasing function 
Let us show that A(0) <0 aia ACL )>0 Ifh(O) > 0, then h(z) > 0 for 
€ (0,1), hence f’(x) > O for x € (0,1), and f(x) 1s strictly increasing for 
z € [0,1], which contradicts f(0) = f(1) Also, h(1) = en-1-2>0. 

From h(0) < 0 and h(1) > 0, it follows that there exists 2; € (0,1) such 
that h(x,)=0, h(x) <0 for ze [0,21), and h(x) > 0 for x € (x1, 1] Conse- 
quently, f(x) is strictly decreasing for x € [0,2,], and strictly increasing for 
x € [z1,1} Since f(0) = f(1) =0, it follows that f(r) <0 forO<2r<1 

For n > 3, equality occurs when z] =22 =- -=2n,= 1 QO 
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* 
20. Let x1,22,...,2n be non-negutive numbers such thatz,+x209+. +2n=N. 
A-1 _ 1 
Ifk > 3 ts a positive integer and r = Tae then 
ak + ak +. -t2n—nsr (x? 423 bess +22 =n) 


Proof. There are two cases to consider 
Case n = 2. The inequality reduces to 


ak + a5 + (24 —2)ay2q < 2* 


For k = 3, the inequality becomes equality Consider now k > 4 We must 
show that f(t) < 0 for ¢ € [0,1], where 


f(t) = (14 t)* + (1-2) + (a — 21 — 0?) — 24. 
We have 


k ((1 ypgyeal 2 (1- al — (2+! 4)t, 
FC) = He [49+ =O] 2H 4 
me 1(R-2) [14-92-19]. 


Since f’” > 0 for t € (0,1], the second derivative f” is strictly increasing. 
Since f”(0) = 2k(k—1)—24*! 44 <Qand f"(1) = (kh? -k—-8)24-2 4.4 >0, 
there exists t; € (0,1) such that f’(t;) = 0, f”(t) < 0 for t € (0,t;), and 
f(t) > 0 for t € (t1,1] Thus, the first derivative f’ is strictly decreasing on 
[0, t;] and strictly increasing on [t,1| Since 


f'(0) =0 and f’(1) =(k—4)2-1 4450, 


there exists tg € (0,1) such that f’(t2) = 0, f/(t) < 0 for t € (0,t2), and 
f'(t) > 0 for t € (t2,1]. Therefore, the function f is strictly decreas- 
ing on [0,t2] and strictly increasing on [t2,1] Taking into account that 
F(0) = f(1) = 0, it follows that f(t) <0 for t € [0, 1] 

Cusen>3 Assume that O< 2; <2.< + <2, and apply Corollary 5 
(case p = 2 and g=k> p). 

elfO< 2, S 2g S++) < aq such that 2, +29 +--+» +2an = n and 
x? + 23 +--- 422 = constant, then ak 4 ak 4-6. 4 zk is mazimal when 
O<Sa) =2%2= --=24y_; Sfp 
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So, we have to prove the inequality 
(n- lak + y$—ner[(n-1)a?+y?—-n], 
whereO<a<i<yand(n-l)ztty=n. Let 
f(x) = (n-1)c* + y*-n—-r [(n-1)2? + yn , (n-laety=n 


We have to show that f(z) < 0 for z € [0,1] Since y’ = —(n — 1), we have 


az Hass ays = (z—y), 
1 W _ ako k-2 2nr 


Since f’” < 0 for x € [0,1], the second derivative f” is strictly decreasing. 
Taking into account that (2 — 1)r < n*-! and 

r=nk24nh34 tnt > 2? +2834. 1494 122'1-1, 
we have 


(0) = k(k-1)(n—1)?n'*— 2n(n—1)r > k(k—-1)(n-1)?n*?— an* > 
> 6(n—1)?n*?— an* = 2n**(2n?—6n + 3) > 0 


and 


£) kt 2 k 

= k(k-1)-2 k(k—1)— 2(2"* -1) = k*-k 4+ 2-2 0. 

FAD, = MRA 1)=2r < WR 1)- 2011) = Mk 2-98 
Then, there exists 2; € (0,1) such that f"(21) = 0, f(z) > 0 for 

x € (0,21), and f(z) < 0 for x € (x1,1] Thus, the first derivative f’ is 

strictly increasing on [0,21] and strictly decreasing on [21,1]. Since 


At = (n= 1) — b(n — Ink? < anh} — k(n — 1)n*? = 
= —n'-*[k(n—1)—2n] < —n'?[3(n—1)—2n] =—n*?(n—3) <0 


and f’(1) = 0, there exists x2 € (0,1) such that f’(z2) = 0, f’(x) < 0 for 
x € (0,22), and f(z) > 0 for x € (x2, 1]. Therefore, the function f is strictly 
decreasing on (0, x9] and strictly increasing on (x9, 1]. Since f(0) = f(1) = 0, 
it follows that f(z) < 0 for x € [0,1] The proof iscomplete Equality occurs 
when v1 = 72 = -= Zn, as wellas when n—1 of the numbers xz; areO =O 
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* 

21. If21,72,.. ,@n are positive numbers, then 

aptat+- -+ah4n(n—-l)eyzq 2n> 

1 1 1 

> 112Q.. tn(a tant + an) (— + —+-+—) 

Proof For n = 2, one has equality. For n > 3, assume that 
O<a, S22<5+:-S ay 


and apply Corollary 5 (case p = 0): 
eo ff0< 21 S22 <---< 2p Such that 21 +29 +---+2n = constant and 
122 . Lp = constant, then the sum x? +23+ --+2" is minimal and the 


ae et 4 — is maximal when 0 < 21 < 29 =23 =-++- = 2p. 
Ln 
Thus, it ates to prove the homogeneous inequality for 0 < x; < 1 and 
Yo = 23=-+-:=2, = 1. The inequality becomes 


x? + (n—2)a, > (n—1)2?, 


and is equivalent to 2,(z; — 1) [fe —1) + (xt3—1)4+ ae +(2,—-1)] >0, 
which is clearly true. 
Equality occurs if and only if 2; = 29 =---=2, Oo 


Remark. For n = 3, we get the third degree Schur’s Inequality, 
x3 + 23 + r3 + 62,2923 > (21 + 2q + 3)(x1 29 + 29r3 + 2321). 
* 
22. [f21,22, ,2n are non-negative numbers, then 


(n—1) (ti +2p4---+2%) 4+ nex. 22> 
2 (ei t2a+--- tan) (ep ht afl 4 ---p2h). 


Proof. For n = 2, one has equality For n > 3, assume that 
Osa S29¢--: San 


and apply Corollary 5 (case p=n and q=n-—1) and Corollary 4 (case =n > 
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elfO<cxa< z2 $ < +++ < 2y such that 2; + x2 a + = = constant 


and x? + 2% +---+2" = constant, then the sum xf) + 23-1 4---4 2271 
is maximal and the violas) 2129 .fn is minimal when either x, = 0 or 
O< 2, S29 = 23 =°:' = 2p 

Thus, it suffices to consider the cases x} =O andO <2) S272 =273= . =2n 


Case x; =0 The inequality reduces to 
(n—1)(2} +--+ 2h) > (me t-> + 2m) (2p + tan”), 


which immediately follows by Chebyshev’s Inequality 
CaseO < 21 <2Q = 23 = = 2p. Setting 22 = 273 =-::= 2, = 1, the 
homogeneous inequality reduces to 


(n—2)a? +21 >(n—1)27 7 


Rewriting this inequality as 
x1(21 — 1) [xt F(a —1)4+27-4 (xi or 1) +: + (at? - 1)] > 0, 


we see that it is clearly true For n > 3 and 21 <22< - < In, equality 


occurs when x21] = 22 =:+:: = 2n, and also when rg =-:-= 2n 0 
* 
23. [fx1,22, ..,2n are non-negative numbers, then 


(n—1) (ett! +agtt+- +aRt!) > 
> (ait zot-:-+2n) (274 ap+: +2, -—212%2. Zn) 


Proof. For n = 2, one has equality For n > 3, assume that 
O<2,S%S: Sf, 


and apply Corollary 5 (case p = n +1 and q = n) and Corollary 4 (case 
p=n+l1) 

elf OS 2 < 29S --: Sp such that 41+ 22+ -':+ 2, = constant 
and +14 a5+1 4 .. 422+! = constant, then the sumai+2}+ --+ 27 
is maximal an the product 212. .2n is minimal when either x; = O or 
O< a2, S22 = 23 °''=2n 
Thus, it suffices to consider the cases 2} =O and 0 < 21) <22 = 273 =°:: = 2p 
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Case x; =0 The inequality reduces to 
(n—1) (ath 4+. -+aRt!) > (aot +2,)(2¥+-- +27), 


which immediately follows by Chebyshev’s Inequality. 
Case0< 2, < 29 = 23 = =2, Setting 79 =23=-+-:-=2, = 1, the 
homogeneous inequality reduces to 


(n—2)att! + 2} > (n ~ Ia}. 
Rewriting this inequality as 
a? (2, —1) [=P 3(a1 —i)+ at (xi - 1) + + ar - 1)] > 0, 


we see that it is clearly true. For n > 3 and 2; < 29 <--+: < 2n, equality 
=---=a, O 


occurs when 2; =29=-:- =2,, and also when 2; =0 and 22 


Remark 1 We may reformulate the inequality above as follows 
e If 21,29,...,2, are non-negative numbers such that 


a4+29+ +-+2, =n-1, 


then 
zi(l—-ay)+23(l—-a2q)+ +22(1—a2n) < aya... 27 


Remark 2. Gjergyi Zaimi and Keler Marku generalized the above inequal- 
ities for any real & in the following form (problem 69 from chapter 8) 


(n—1) (ab t* + aRtk 4 .. +aPth) 4 giz... ath (xf +25 +---+ ak) > 
D (ey taetee tan) (afte t path tg... pantht) 
* 
24. If 21,29,...,2n are positive numbers, then 
1 1 1 1 
(2; +29+---4+2,—n) (—+—+ i n)+2402 2. 2, + -————— >? 
TZ, XQ Zn Z1XQ  . Ly 


Proof. For n = 2, the inequality reduces to 


(l—a1)2(1— x2)* 
1X9 


> 0. 
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For n > 3, assume that 0 < 21 < 29 <--+: < 2p. Since the inequality 


1 
preserves its form by replacing each number 2; with —, we may consider 
xy 


2129 ..L, >1 By the AM-GM Inequality we get 
2ytretes +2, —-n > nVY7122.. In—-nZO, 


and thus we may apply Corollary 5 (case p = 0 and q = —1)- 
elf 0< 2, <29<---<a2_ such that x, 4+294+---+2n = constant and 


1 1 
2129.. In = constant, then the sum —+—+ ++ — is minimal when 
cal x2 Zn 
O<ay=29= »-=ay-1 S Fn. 
According to this statement, it suffices to consider 
Y= %9=+++=%1=2 and r,z=— y, 
when the inequality reduces to 
n-1 1 = 
(n= je +y—n} ( tonn)+a" A pec 2 2, 
or 
ms 1 _ n(n—1)(a—1)? 
n-1 
= ~1)r—n] - > 
( 5 n)ut [ara tn Je ga x 
Since 
n-1 n-1 _ zi m-1_o4 n-2_o4 r—1 = 
i n= —— [(e" 4-1) + (2? 1) +--+ (2-1) 
_4)2 
= cia, ae +2e73 4. 4(n— 1)] 
x 
and 
(2—-1)?7 1 2 
eae aa ia x laatat + (n-1)), 


it is enough to show that 


ae Be Dah 3 fee $ (n- 1)| yt 


+[ : tog tet (n= 2] a n(n~ 2). 
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This inequality is equivalent to 


7 1 
(2" 2y 4 ae 2) + 


-2} +4 + (n=1)(y+-2) 20, 


D) n—3 
+ (2 yt eee 


or 
(2?-2y — 1)? 2(2"-3y - 1)’ ane (n—1)(y—1)? 


Bsaioees car Zena Uinta > 0, 
grey gn3y y 


which is clearly true. Equality occurs in the given inequality if and only if 
n — 1 of the numbers 2; are equal to 1 0 


* 


25. Ifx1,29,...,2n are positive numbers such that 2129...2, = 1, then 


1 1 1 
Proof. Let A=2,4+29+---+a,—-nand B=—4—4--.4—-—n 


zy 29 x 
From the AM-GM Inequality, it follows that A and B are positive. According 
to the preceding problem, the following inequality holds for any positive 


numbers 2;,22,-  ,2n41: 


1 1 1 
(rete +a nN) (Kt tet ~n=1)+ 
eal x2 Trt 
1 
+2129. -Enqit 22 


This inequality is equivalent to 


1 
(A-14 241) (B-1+ ) beng t 22 


Tn+1 Tn+1 


or 


+ Ban, + AB-A-—B>O. 


Tr+1 
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A 
Replacing rn41 by 1 yields 


2VAB+AB-A-—B>O0, 


AB > (VA-VvB)’, 
> (z 1 1 =) 
VA VB 
aa 
VA VB 
The last inequality is just the desired inequality. O 
* 
26. Ifx,,29,.. ,2n are non-negative numbers such thatz;+ro+ -tan= Nn, 


then ; 
(2122 2p) Ve-? (x? co an eal <n 


Proof. For n == 2, the inequality reduces to 2(2,22 —-1)? >0 For n > 3, 
assume that 0 < x; < 29 <---< 2, and apply Corollary 4 (case p = 2): 
e For 0O< a1 <a9S-- < 2p, 


ajptaote::+2n=Nn and a? 4+a34--.42? = constant, 


the product 2429. .% is maximal whenO <2, =2Q= -- = 2-1 < In. 

Consequently, it suffices to show the inequality forz;=29g= =2%,4=2 
and zy, = y, where 0 < 2 < 1 < y and (n—1l)a+y = n. Under the 
circumstances, the inequality reduces to 


1 
av" ly Yat [(n—1)2? + y*] <n 
For x = 0, the inequality is trivial For x > 0, it is equivalent to f(x) < 0, 


where 


f(z) =Vn-1 Ing + Goa ny + In [lm 1)2? Fy] Inn, 
with y=n—(n—1)z 
We have y’ = —(n ~ 1) and 

f(z) 11, 2/n=Ta~y (y—2)(Vn—Ir—y)’ 


ie ) Bo 20 
n—-i «@ re “n—1a?+y? zy[(n—1)z2+y?] 7 
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Therefore, the function f(x) is strictly increasing on (0,1] and hence 
f(z) $f) =0. 


Equality occurs if and only if 2] = 29 =-:-=2, = 1. oO 


Remark. For n = 5, we get the following nice statement: 
e If a,b,c,d are positive numbers such that a? + 6? +c? 4+ d*? +e? =5, 
then 
abcde (a4 +b44c44 dt 4 e') <5. 


* 


27. Let x,y,z be non-negative numbers such that zy + yz + zx = 3, and let 


eee ae 
PZ aor Tae aU. a en, 
zP 4+ yP4 2P > 3 
In9 —In4 : 
Proof. Let r = Wea By the Power-Mean Inequality, we have 


xP 4+ yP 4 2P = (aes) 
3 - 3 , 


Thus, it suffices to show that 
ety +27 >3. 


Let 2 < y < z. We consider two cases 
Case x = 0. We have to show that y” + 2” > 3 for yz = 3 Indeed, by 
the AM-GM Inequality, we get 


y +2" >Ayz)? =2 33 =3. 


Case x > 0. The inequality 27 + y” + 2” > 3 is equivalent to the homo- 
geneous inequality 


wey ta aa (Be) (424 2)’. 
3 x 
Setting « = an y= be, z=cr (O<a<b<c), the inequality becomes 


1 
abe\2 ¢ =1  =1 x1 $ 
atb+e>3() (a3 +57 ter) . 
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To prove this mequality, we apply Corollary 5 (case p = 0 and q = ess, 
elf 0<a<b<e such thata+b+4+c = constant and abc = constant, 
then the sum ae + b= + ee is maximal when0<a<b=c 
So, it suffices to prove the inequality for 0 < a < 6 = ¢, that is, to 
prove the homogeneous inequality in z,y,z forO<x<y=2=1 So the 
inequality reduces to 


told 


9 
ot 42>3(= 4") 


3 


Denoting 
a4+2 or, Qet+l] 
f(z) =In 3 73 in wae 


we have to show that f(z) >0 for0<a<1 The derivative 


rat—l r r(a— 2a! 4 1) 


“at 42 Qt xl-t(ar 4 2)(22 4 1) 


2(1 —1) 
has the same sign as g(r) = x ~22'"" + 1 Since g/(z) = 1--—_—, 
we see that g/(x) < 0 for x € (0,2), and g’(x) > O for x € (21,1], where 
“, = (2- 2Qr)t 0.416 The function g(x) is strictly decreasing on (0, x1], 
and strictly increasing on [21,1] Since g(0) = 1 and g(1) = 0, there exists 
xq € (0,1) such that g(x2) = 0, g(x) > 0 for x € (0,22) and g(x) < 0 for 
x € (x2,1) Consequently, the function f(x) is strictly increasing on [0, x9] 
and strictly decreasing on [z2,1] Since f(0) = f(1) = 0, we have f(r) > 0 
for 0 < x < 1, establishing the desired result. 
as In9—In4 

Equality occurs for x = y= z=1 Additionally, for p= ser oo an 

x <y <2, equality holds again for z =0 and y = z = V3 O 


* 


28. Let x,y,2 be non-negative numbers such that x +y+2z = 3, and let 
In9 —In8 


Si 000 TR 
P= 43—In2 eee 


xP + yP + 2? >aytyz+ 2x 


Proof. For p > 1, by Jensen’s Inequality we have 


Pp 
7 ruts) es 


3 (e+y+42)? >aytys+ 22 


xP 4. y? 4 oP > 3( 


257 
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In9—In8 . So pk 
Assume now p <1 Let r = eso no andz<y<z The inequality is 


equivalent to the homogeneous inequality 


2(aP + yP + 2?) = "party? 42? > (ety ta)? 
By Corollary 5 (case 0 < p < 1 and q = 2), for « < y < z such that 
x+y+2z= constant and 2? + y? 4+ s? = constant, the sum x? + y? + z? is 
minimal when ettherx =0 orO<a<y=z. 
Case x = 0. Returning to our original inequality, we have to show that 
y? + 2? > yz for y+ z=3 Indeed, by the AM-GM Inequality, we get 


2-(3)"]2o08-G)"] = 


Case0 <2 <y =z. In the homogeneous inequality, we may leave aside 
the constraint z + y + z = 3, and consider y= z=1 andO<2<1 Thus, 
the inequality reduces to 


> I +1. 


(2? +2) ( 


To prove this inequality, we consider the function 


a+2 


F(x) = In(a? + 1) + (2—p)In ~ In(2a + 1) 


We must to show that f(z) >0 forO<a2<1 We have 
2 


FC sale a ee 
zP42 x 2a +1 ~ gl-P(aP + 1)(22 +1)’ 
where 
g(x) = 2" + (2p— 1)z+ pt 21 — p)2?-P — (p+ 2)a!-?, 
and 


g'(x) = 22 + 2p — 1 + 2(1 — p)(2 — p)a!-? — (p + 2)(1 — p)a?, 
g"(z) = 2-+ (1 ~p)?(2— p)e-? + plp + 2)(1 — p)aP}. 
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Since g(x) > 0, the first derivative g'(x) is strictly increasing on (0, 1). 
Taking into account that g’(0;) = —oo and g’(1) = 3(1—p) + 3p? > 0, there 
is z; € (0,1) such that g'(21) = 0, g/(x) < 0 for z € (0,2;) and g(x) > 0 
for x € (2;,1]) Therefore, the function g(z) is strictly decreasing on [0,2] 
and strictly increasing on [21,1]. Since g(0) = p > 0 and g(1) = 0, there 
is 29 € (0,21) such that g(a2) = 0, g(a) > O for x € |0,22) and g(x) < 0 
for x € (2,1). We have also f’(z2) = 0, f’(x) > O for e € (0,29) and 
f'(z) < 0 for x € (x2,1} According to this result, the function f(x) is 
strictly increasing on {0,29} and strictly decreasing on [x2, 1]. Since 


{(0) = In2+ (2~p)in= > m24 (2—r)Inz =0 


and f(1) = 0, we get f(x) > min{f(0), f(1)} >0 


li f 1. Additionally, f ae 
Equa ity occurs for2 =y=z=1. Itionally, for p == in3—In2 an 
3 
x<y< z, equality holds again when s = 0 andy=z= oe O 
* 
29. If x1,22, . ,%p (n > 4) are non-negative numbers such that 
a4+2q+- +2, = 7, 
then 
1 l 1 
+ ———————— + + — 1. 
ntl—a2o23 ..t%, n+l—agry 2 n+ l—aya9... 24 


1 n-l 
Proof Let xz; <2. < ++ <2, and en_] = (1 + —) By the AM-GM 


Inequality, we have 


2Q . In < = €n—1 


(Betsey 2 (tes oe 
n—-1 2 n-1 


Hence 
nt1l—29%73. Yn >n+1—en_1 >0, 


and all denominators of the inequality are positive 
Case x; =O It is easy to show that the inequality holds 
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Case x; > 0 Suppose that 2y29 .2, = (n+ 1)r = constant, r > 0 
The inequality becomes 


zi x2 Zn 


ie hear <nt+l, 
Z,—-r “-7T In—-r 
or 
Ee Pte Set mae 
Zp r t9-7T In—-T tT 


By AM-GM Inequality, we have 


“ttt ten 1 


(n+ 1)r = 2,29.. tn < ( A 


1 
whence r < - From tp <p tag+- + tr=n<nt+1 < —, we get 


n+l 


1 1 
Zn < —. Therefore, we have r < 2; < — for all numbers 2;. 
T T 


-1 
We will apply now Corollary 3 to the function f(u) = ae >Fr. 
1 
a) = 
We have f'(u) = Gea? and 
Bees eee ay, 4re42 
g(z) = f (;) ~ (1=ra)?’ a (l—rx)4” 


1 
Since g"(2) > 0, g(x) is strictly convex on lo, -). According to Corollary 
r 


3 and Remark from section 51, if 0 < 2, < 29 <-: < aq such that 
t+ 29+ ---+ 2, = constant and 2,22 ..2, = constant, then the sum 


f(21)+f(22)+- -+f(2n) is minimal when x, < x9 = zg3=-+:=2, Thus, 

to prove the original inequality, it suffices to consider the case x1 = x and 

2 =%3=-' =X, =y, whereO<2<1<yanda+(n—ljy=n. 

We leave to the interested reader to end the proof. Oo 
* 


30. Let a,b,c be positive numbers such that abc = 1. Prove that 


1 1 l 2 
(+a? +8) * Gro? Geadthute =! 
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1 1 1 
P . Dd t => = 2= — _— 
roof. Denote x ee y , 5 xz+yt2z and 


Q = x74 y? 42°, where 0 < x,y,z <1 The hypothesis abe = 1 becomes 
zyz = (1—2)(1—y)(1 —2), that is 


dzyz tar? ty? t227=14(et+yt2z—1)’, 


while the required inequality transforms into x? + y? + 2? 4+ 22yz > 1, that 
is 
(2@tytz—-1)Ptarty?4 2? >1. 


For the sake of contradiction, assume that (e ty+z—1)? +224 y?42? <1 

It suffices to show that 4zyz+a2+4y?42? < 14+(x+y+z—1)? According to 
Corollary 4 (case p= 2), if O< a2 <y< z such thatx+y+z = constant and 
x*4+y?42% = constant, then the product xyz is mazimal when0 <2 =y<z 

Therefore, it suffices to consider the case 2 = y So, we have to show that 
(22+2—-1)?422?42? < 1 implies 4z?z4+22742? < 14(2x+z—1)?. Assuming 
the contrary, that 427z + 227 4 22 >14(Qr42- 1, which is equivalent 


(e-1)? 2 2, ,2 

to 2 > ~y—7———5 It suffices to show that (22 + z—1)*+ 22° +4 2° 2 1. 

r?4(x—1) 
Since 

(2 — 1)? (4a? — 52 +4 2) 
2 LS 04 ee el 
Br = Ba a tye Qe? — 9241 aes 
; ; (z-1) 
it is enough to prove the inequality for z = ——~———5 We have 
x? + (¢—-1) 
9 —a? (3a? — 4a + 2) 


(Qa? —Qr 41)? ?’ 
and lence 


2 2 y\2 2 2 
4a*— 5242) x*(32*—42 + 2) 
Qa4+2—-1)? 42x? a a ES Og? ae 
(Qe42-1)*4 2074 Gat dea? +2 ~ Tae? 224 1) 


2a7(12a04 — 2823 + 272? ~ 12242) _ 


(222 — Qe + 1)? 


Qx? (Qe — 1)?(3a? — 4x + 2) 
ec alc Sade Ma ae Fae 
(22% — 2a 4 1)? = 


Equality in the given inequality occurs if and only ifa=b=c=1 0 
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* 


31. Let a,b,c be non-negative numbers such thata+b+c > 2 and 
ab+be+ca>1. If O<r<1, then 


a’ +b" +c" > 2. 
Proof. We may write the second condition as 
(atb+c)?—(a? +b? 4+c%) >2 


This suggests us to apply Corollary 1 to the convex function f(u) = —u" If 

O<a<b<c such thata+b+c= constant and a? + b? +c? = constant, 

then the sum f(a)+ f(b)+f(c) is maximal for eithera =0 or0<a<b=c. 
Case a = 0. From ab + be + ca > 1 we get bc > 1. Consequently, 


a” +b" +c" =b" 4c" > AVbrer > 2 
CaseO<asb=c Ife>1, then 
a’ +b" +c" =a"4 2c" > 2c" D2 
Ife<1,then0<a<b=c< 1 and hence 
a +h +c" >atbt+e>2. 


For a < 6 < ¢, equality in the original inequality occurs if and only if a =0 
andb=c=1. O 


* 


32. Let a,b,c be positive numbers such that (a + b+)? = 32abc. Find the 
minimum and the maximum of 


a4 +544 ¢4 


~ (a+b+c)4" 
Proof. We will apply Corollary 5 (case p = 0, q = 4) 
elf O0<a<b<c such thata+6+c= constant and abc = constant, 


then the sun a4 + b4 + c4 is minimal when 0 <a <b =c and is mazimal 
whenO<a=b<e. 
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Due to homogeneity, E is minimal for 0<a<b=c=1 and (a+ 2) =32a, 
and is maximal for a = b = 1 < ¢ and (c + 2)° = 32c. Since the equation 
(x + 2)3 = 32x has the roots 2 and —4 + 2¥5, it follows that E is minimal 
for (a,b,c) ~ (2/5 — 4,1, 1) or any cyclic permutation, and is maximal for 
(a,b,c) ~ (1,1,2) or any cyclic permutation. The extremal values of the 


expression E are 


33. Let x1,29,. 


Ifme {3,4,... 


383 — 165/5 A 9 hens S 
356 an [98° respectively 
* 


.;Zn (n > 3) be non-negative real numbers such that 


>a =1 


nh}, then 


1+ nue 5 Tite $2 


tam. 


Proof (after an idea of Yuan Shyong Ooi). Since 


2 ae = (Na) - La, 


we may apply Corollary 6 (case p = 2): 
e ForO< 2, < 29 < +--+ < 2y such that 


oe xz) =1 and > 2 = constant, 


the sum 3 £1 292X3 is minimal when 


where k € {0,1, 


a=: =2p=0 and rhy2= + =2p, 


n— 1}. 


Thus, it suffices to consider the case 


LZy= 


=2,=0 and r= 2441 STey2 = 


In =yY 


On the other hand, taking into account that 


and 


o> 


(Sa) =Lit+2 Dan 


x)" = > x? +3 ex 21) ‘o> 2122) — 35° 212223, 
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we get 


25° 2122 =l1- > zi 
6) > x 2023 =1 -~ 3) sf +25> 23 


Therefore, the inequality becomes 


1+m(m—1))> 2} > (2m-1) S¥* 23, 


and 


F(a) 2 0, 
i=1 
where 
f(t) =t(1 — mt) [1- (m—1)¢]. 


We have to prove that 


F(z)+(n—k-1)fly) 20 
1 
lore tien koly=10se< 90626 ——. From 


f(t) = 6m(m ~ 1)t — 2(2m — 1), 


-—1 
it follows that f is convex for t > aay 
m—1 


> ———_—_.. 
a) Case 2 > and) 


By Jensen’s Inequality we have 


+(n-k-1 
f(a) + (n—k—1)f(y) > (n— yy (ZEB READY) 
=e 1 _ (k-n+m)(k-n+m-1) 
=e BY (sg) = ee a 
because (k — n + m) is an integer number. 
b) C as 
O8¢ =< 3m(m— 1)” Ince 
Deine A oe 


3(m—1)  3(m—1) 
we have 
f(z) = (1 — maz) [1 -(m—1)2] >0. 
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Consider now three cases in terms of k. 
Casek<n—m-—1 Since 

m(1— 2) 

iA >1-(l-2z)=220, 

we have f(y) = y(1 — my) [1 — (m— 1)y] > 0, and hence 


f(z) + (n—k—1) fly) 20 


Casek >n—m-+1. Since 


l—~my=1- 


iNest (m—)G- x) > (m a x) im 
1 (m— 1)z 1 m—-1 Im—-1 _ 
“m-2 m-2 m—2 m—2 3m(m—1) 
— mti 0 
3m(m—2)° 
we have f(y) = y(my — 1)[(m— 1)y — 1] > 0, and hence 
f(z) + (n—k—1) fly) 20. 
Casek=n—m We have z+ (m-1)y=1, 
fly) = ymy - 1)[(m = 1)y~ 1] = I) 
and 
Ff(z)+(n—k-1) f(y) = F(z) + (m— YF(y) = 
= 2(1— me) [1 — (m—1)2] + 22 — DO — me) 


paar 30 


This completes the proof Equality occurs if m or m— 1 of the numbers 
21,29, .,2%n are equal and the others are zero O 


* 


34. Let z,y,z,t be non-negative real numbers such that 
etyte4eai 
Prove that 


o+y3 +4234 0 4+ xyz t yet t+ 2tz + try <1. 
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Proof. Assume that x < y < z <t and apply Corollary 7: 
© ForO<2<y<2z<t such that 


2? + y? 427407 =1 and 22 +y> 4 23 +23 = constant, 


the expression ryz + yzt + ztx + try is maximal whenO<x2=y=2z<t. 
Consequently, we have to show that 


4x3 4+ 234 327t <1 


<t Let 


wle 


for 327 +t? =1,0<2< 
f(z) = 4x3 + 63 + 322. 
ate — 32 
Taking into account that t/ = pene have 


f'(x) = 12x? + 3(¢? + 2?)t! + Gat = 
_ 3a(t—2)(83e—t)  3x(t— 2)(122? — 1) 
= t - t(32 + t) 


Since f’(z) < 0 for z € (0, =A) (=) = 0 and f'(z) > 0 for 


1 1 1 
€ Ge 15) the function f(x) is strictly decreasing on lo, Al and 
1 1 1 
strictly increasing on Feat | Therefore, f(z) < max {£00).4(5)} 


1 
Since f(0) = (5) = 1, we get f(z) < 1, as desired. Equality occurs 


1111 
for (z,y,z,t) = 6.555) and also for z,y,z,t) = (1,0,0,0) or any 
permutation thereof O 


Remark. Similarly, we can prove the below more general statement: 
Uf 21,22,. .,2%n ure non-negative real numbers such that > x = 1, then 


‘ 6 
a + tan) (Garg Ty De 21222 <1. 


( Vasile Cirtoaje, MS, 2006) 
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Chapter 6 


Arithmetic/Geometric 
Compensation Method 


The Arithmetic Compensation Method and the Geometric Compensation 
Method can be used to prove some difficult symmetric inequalities [10] 


6.1 Arithmetic Compensation Method 


Arithmetic Compensation Theorem (AC-Theorem). Let s > 0 and 
let F(2),29,...,2n) be a symmetrical continuous function on the compact 
set in R” 


S= {(21,22,-. ,2n) 2) +2o+ --+2,=5,2; 20, 2, >0}. 
if 


F(21,%2,23, .,2n)< 


< max {F (#15 2y 2 


2 , 9 » 73, fas) ,F (0,2, + £9,73,. A, (1) 
for all (%1,29,.. ,2n) € S with x1 > rq > 0, then 
s $ 
F(21,22,23,  ,2n) < max F(z... F080) (2) 
for all (21,22,...,¢n) ES. 


Proof. Since the function f is contmuous on the compact set S, F attains 
a maximum value at one or more points of the set Let (z1,22, ..,2n) be 


267 
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such a maximum point For the sake of contradiction, assume that there 
exist two numbers x; and x; such that 2; > x, > 0; for convenience, let us 
consider i = | and j = 2 (hence 21 > x2 > 0) 

According to the hypothesis, there are two cases to consider 


a) Case F(x, 29, £3,. Zn) < 
Z1+TQ 2+ 29 
< mac | (228, FE aot (0,2, + 22,23, , In) 
But is false because F is maximal at (z,,22, Zn), and the theorem is 
proved 
b) Case F(21,22,23, ,In} = 
2) +2Q 21+ 12 
= max {F (252 ae, 5) ,F(O,21 + 22, 23,.. vin) 
The function F attains again its maximum value at (y1,y2,. ,Yn) with 
; : +2 
yi = x; for i > 3 and either y,; = yo = ——— or y) = O and y2 = 21 4 22. 


If there are not two numbers y; and yj; such that y; > yj; > 0, then the 
proof is finished. Otherwise, we iterate the preceding process, eventually 


8 
finding a maximum point (21,22, .,2n) such that all 2; € {0,z}. where 
1<k<n 


Remark 1. In order to prove the condition (1), it suffices to show that 
21 >29>OQand 


X,+2q 11 +22 
F(2, 22, 2%3,. ,2Zn) > es — za , £3, sen) 


2 ° 2 


mvolve 


F(21,22,23,.. £4) < F(O,21 + £9,23,. In). 


Remark 2 The AC-Theorem holds by replacing (1) and (2) with 


F(21,29,23, :En) > 
Xy+Xq L1+2X9 ) 
> max { F ( an ae tm) -F(0,21+22,23, Zn) (1°) 
and 


s s 
eee — Se. ae y 
F(2x;, 22,23, yn) > min F(Z, 7,19 ,0), ( ) 
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respectively In order to prove the condition (1’), it suffices to show that 
21 > to >Oand 


Z)+2%q +22 


F (21, 22, 2%3,. eae | BY ’ 5) 7 %3,. a) 


involve 
F(21, 22,23, ome Zn) 2 F(0, x) + 22,273, oe Zn) 
6.2 Geometric Compensation Method 


Geometric Compensation Theorem (GC-Theorem) Let f(t) be a 
continuous function defined on [0,00) such that for any couple (x,y) with 
xz>y>O, the inequality holds 


f(x) + fly) S max {2f (Yzy),a+}, 


where a = f(0) andb = jim f(t) 
Let p > 0, let 21,29,...,2p be positive numbers such that 


2)22Q...2n = p”, 
let ky, ko € {1,2,. ..n —1} and let 


é= [hia + hob + (n — ky — ka) f(o)}. 


kits 


Then, 
F(x1) + f(z2) +--+ f(an) < max{d,nf(p)}. 


Proof. Here we will prove this theorem only for the case in which the 
inequality in the hypothesis is strict, that is 


f(z) + f(y) < max {2f (zy) ,a +b} 


When the inequality is nonstrict, the proof is similar to one from the 
AC-Theorem 
Denote by D the supremum of the function 


F(21,22, ..,2n) = f (21) + f(z2) +--+ + flan) 
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on the set S={(z,,22,  ,2n} 2122 .2p =p", 2, >0, ,r, > 0} in R” 

Suppose first that the supremum is attained at (21,79,.. ,2n) ES. We 
infer that 2} = x2 = -- = 2, = p. For the sake of contradiction, we 
assume that there exist two indices i and 7 such that z; > 2; > O From 
the hypothesis it follows that the function F creases when the numbers 2; 
and z, are replaced either by 2; = ,/z;zj and zy = tj, or by r; + 0 
and x —» oo (such that x2; = zizj) Consequently, F is not maximal at 
(21,22, --,2n), which is a contradiction 

Suppose now that the supremum D is not attained at a point of S. Thus, 
we may write D in the form 


D=kya+hkob+ f(zi)+ + f(Zn—k—ke); 


where ky, ky € {1,2,...,m-1} such that kytto < n,andz),.  ,2p—ky—kp > O 
We have to show that 2} =-- = 2n—4,—k. Indeed, if there exist two indices 
i,g€{1,. ,n—k,—ko} such that 2; > x; > 0, then the sum f(x;) + f(z;) 
increases when the numbers x; and x; are replaced by either x; = ,/z;2j and 
x', = \/EiHj, or x; — 0 and x}, — oo (such that 22, = 2;2;). Consequently, 
D is not the supremum of F, contradiction. O 


6.3 Applications 


1. If a,b,c,d > Osuch thata+b+c+d= 4, then 


1 1 1 1 
PPL er ae MeeSRaS Coe, eae 
Sai Pata | Sede Bde , 
1 1 Ljecal 15 
Tous aed Ade ae 


a) 


b) 
(Vasile Cirtoaje, MS, 2005) 
2. Let m and n be integer numbers such that n > 3 and 1 <m <n, and let 


21,22, . ,2n be non-negative numbers such that 2} +22 +---+2,=7 If 


n m 
p> (=) , then the function 
m 


1 
P— Lij,Lig .- Li 


m 


1<iy<) <imSn 
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n 
is maximal for 2} = ++ = x, = Ek and 2p4, = +: = Xn = 0, where 
ke{m,m+1,.. ,n}. 

(Vasile Cirtoaje, MS, 2005) 


3. Let a,b,c,d be non-negative real numbers such that a+6+cec+d=1 
Prove that 


a) 4(a° +B +. 8 + d) + 15(abe + bed + eda + dab) > 1; 
b)  11(a? +b +c? + d3) + 21(abe + bed + eda + dab) > 2. 


(Vasile Cirtoaje, MS, 2006) 
4, If 21,22, ..,2n (n > 3) are non-negative real numbers, then 
a) Sait 35 212923 > S221 29(21 + £2); 
n—-1 3 3 
b) 5 So 2} + 5 Do titans > S521 22(2 + 22). 


( Vasile Cirtoaje, MS, 2006) 


5. Let a,b,c,d be non-negative real numbers. 
a) If a? + b? +c? + d? = 2, then 


a? +08 +.c3 + a? + abe + bed + cda + dab > 2; 
b) If a? + b + c? + d? = 3, then 
3(a° + b8 +c? + d®) + 2(abe + bed + cda + dab) > 11 
(Vasile Cirtoaje, MS, 2006) 


6. If a,b,c,d > 0 such that a+ b+c+d = 2, then 


ae eek Aa aS ON eae ee 

1+3a7 1436? 14 3c? § 14342 - 7° 

7. If 21,22,...,2, are non-negative real numbers such that 

%j+29+-:'+2n=8, 

then ;: 
1 1 1 ks 

ste Safe set i Se ae ponies 
14-2? Tyan age 1<ken kf 82 


( Vasile Cirtoaje, MS, 2006) 
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8. Let s > 0, and let 21,22, . ,t, be non-negative real numbers such that 
2) +29+- -+2, = 8. Then, 


2. k 
(1 +07) (142%)... (122) < max (14 =) 


(Vasile Cirtoaje, CM, 8, 2005) 


9. If a,6,¢c,d > 0 such that a+b+c+d=1, then 


(1 + 2a)(1 + 26)(1 + 2c)(1 + 2d) % 125 
(l-—a)(1-—b)\(1-—ec)(1-d) ~ 8° 
10. Let 21,22,...,2n, be non-negative real numbers such that 


ayt+aot --+2,=1. 


Tos : G23) 
1-2; = ovken k—1 


(Vasile Cirtoaje, CM, 7, 2004) 


If m > —1, then 


11. Let 21,22,...,2n be non-negative real numbers such that 


2 
ar taat- + On = 3. 


Then 
Lit; < 1 
1<i<j<n (1—2)(1-2j) ~ 4 
(Vasile Cirtoaje, MS, 2005) 
12. Let x1,29,...,2n be non-negative real numbers such that 


2jy+22+- +2, =1 


and no n — 1 of which are zero. Then 
LiL; ss n 
1<i<j<n (1 a z;)(1 _ xj) ~ a(n * 1) ; 


(Gabriel Dospinescu, MS, 2005) 
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13. If a,b,e,d > 0 such that a+6+c¢+d=4, then 
(1 + 3a)(1 + 36)(1 + 3c)(1 + 3d) < 125+ 131abed. 

(Pham Kim Hung, MS, 2006) 

14. If a,b,c,d > 0 such that a+6+c+d= 4, then 
(1 + 3a)(1 + 3b?)(1 + 3¢”)(1 + 3d?) < 255 + 0?b?c?d?, 

(Vasile Cirtoaje, MS, 2006) 

15. Let 21,22,. .,2n be positive numbers satisfying 


1 
n-1 


W222... In = PS 


Prove that 


Se gee et Von ee ra 
l+2, 1l+22 1+a,~ 1+p- 
16. If a,,a2,...,@, are positive numbers such that 
fon 
/ajan...@, =p< aay 
then 
1 ae es 4 1 get 
(1+)? © (1+ a2)? (1+ an)? ~ (1+)? 
6.4 Solutions 
1. Ifa,b,c,d >0 such thata+b+e+d=4, then 
1 1 1 1 
a a ee 
Soi eecahet Sek Se cia seen 
1 1 1 1 15 
b ———— + —— 4+ ———__ + —__ < =. 
) desahe bed 4 a Be dee 


Proof. If at least two of the numbers a,b,c,d are equal to zero, then the 
inequalities are clearly true. Assume now that at most one of a,b,e,d is 
equal to zero. 
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a) Denote the left hand side of the inequality by F(a,b,c,d) We will 
show that F(a,b,c,d) > F(t,t,c,d) involves F(a,b,c,d) < F(0,2t,c,d) for 


a+b 
a>b>Oandt= Be Then, by AC-Theorem it follows that 


4 


F(a,b,¢,d) < max { F(4,0,0,0), F(2,2,0,0), F € : ; 0) F110} 
348 


4 444 
Since F'(4,0,0,0) = F(2,2,0,0)=<, F (§ re 50)= ee and F(1,1,1,1)= 
we get F(a, b,c,d) <1 
Let us show now that F(a,b,c,d) > F(t,t,c,d) involves F(a,b,¢,d) < 
b 
F(0,2t,c,d) fora > b > O and t = == Write the given inequality 
F(a,b,c,d) > F(t,t,¢,d) as 
2(5 — ted) __ 2 “ 
(5 —acd)(5 — bed) 5—tcd 
os ey ee 
5—t?e 5—abe 5—t?d 5—abd/” 
Dividing by the positive factor t? — ab, the inequality becomes 
207d? 2 c = d 
(5—acd)(5—bed)(5—ted) ~ (5—abe)(5—t?c) — (5—abd)(5—t?d) © 


Since 
¢c i d s c " d 
(5—abc)(5—t2c) © (5—abd)(5—t?d) ~ 5(5—t?e)  5(5—t?d)’ 
we get 
2d? c d 
Fa hs ths 1 
(5 — acd)(5 — bed) (5 — tcd) C 5(5 — t2c) + 5(5 — t2d) (1) 


Similarly, write the required inequality F(a,b,e,d) < F(0, 2t,c, d) as 


follows 


| 1 1 1 1 1 1 
ee Fae se ee eee 
(<a 5) a (<a 5) as (<a So a) ss <5 + 5—9ted’ 


abc i abd * 2(5 — ted) 2(5 — ted) ted) 
5(5—abc) 5(5—abd) (5 — acd)(5 — bcd) 5(5 — 2tcd) — 2ted) 
c d Qc7d?(5 — ted) 


5(5 — abe) | 5(5 —abd) ~ 5(5 — acd)(5 — bed)(5 — 2ted) 
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Since 
5 — ted & 5 
5 —2ted ~ 5—ted’ 


it suffices to show that 


c d 2 2c? d? 
B( — abe) | 5(5 abd) ~ (5 ~aed)(5 — bed)(5 — ted) 


This inequality immediately follows from (1). Equality occurs if and only if 
a=b=c=d=1. 
b) Let 
1 1 1 1 


WG) et) ae nen a cna A ae 


. a+b a+b 
As in the preceding case, we can show that F(a, 6, c,d) > (>, ae d 


involves F(a, b,c,d) < F(0,a+b,c,d) for a > b >0. Then, by AC-Theorem, 
we have 


444 

< ae Pa] a . 

F(a,b,e,d) < max { F(4,0,0,0), F(2,2,0,0),F (3,5,550) F(11,1,1)} 
. 444 15 

Since F(4,0,0,0) = F(2,2,0,0) = 1, P(3,3, 3,0) = 7 and F(1,1,1,1) = 


4 

3? the desired inequality follows Equality occurs when one of a, b,c, d equals 
4 

O and the others equal 3 Oo 


* 


2. Let m and n be integer numbers such thatn >3 andl<m< n, and let 
Z1,22,. .,2n be non-negative numbers such that 2; +22+- +2, =7. If 


n m 
p> (=) , then the function 


1 


F(21,22, 1) 2n) = C2 x 
— Li, Lig... Ly 


1<ip< <im<n? 


mm 


; n 
is maximal for zy) = -- = 2, = z and £44, = -: = tn = 0, where 
ke{mm+1,. ,n}. 
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n m 

Proof. For p > (=) , we have 
m 


(Fa tte tte" < (2)"<p 


Xi, 2; edn < 
I 2 m m m 


If at least n—m-+-1 of the numbers 2; are equal to zero, then the function F is 
minimal Therefore, we will assume now that at most n —m of the numbers 
x; are equal to zero; that is, at least. m of the numbers x, are strict positive 
According to AC-Theorem, it suffices to show that for x > y > O and 
t= eS the inequality F(x,y,23, ,2%,) > F(t,t,23,. .,£,) involves 
F(x,y,23, .,%n) < F(0,2t,23, . ,2n) 

For convenience, let us denote 


Aiv=2i, Ving, Bi=Ly Vim, Crm Vy -- Zi 


m 


and 


So f(Ai) = a late icon) 


3<i1< <im_o<n 


>> f(B) = > aCe ae 


3<i1< <im_i<n 


SF (Ci) =: > f (ti i Big) 


3<i1< <im<n 


where f is an arbitrary function. 
We have 


1 1 1 1 
F(x, y,%3,-- a= >, coarse ep ge ee = 
2(p—tB;) 1 


1 
~ Lo pray tL Gab le—vB) * > p-G’ 
1 2 1 
F(t, t, x3, La Sew R sp rer fg eos 


and 


n—-2\1 2(p — tBi) J 
F(0,2t, x3,. tn) = ( ) 3? Beeeupy ace 


m—2/)p 
Thus, we may write the inequality F(z,y,23, ,2n) > F(t,t,23,  -,2n) in 
tle form 


2(p — tB;) ( 1 1 ) 
ae ret, ee Ks ea ae ————— ee > — 
a p— <B;)(p — yBi) Bieoary :5 ay p-t?A; p—sryA: 
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After combining and dividing by the positive factor t? — zy, we obtain 


2B? Ai 


» (p—2B;)(p — yB:)(p—tB;) 7 X (p—ayA;)(p—t? Aj) | 


Since at least m — 2 of the numbers 23,...,2, are non-zero, we have 


A; A 
» (p—2yA)(p— PA) ~ x p(p — ryA;) 


Consequently, 
2B? A; 
ooo om PP ————— . 2 
sy (p — 2Bi)(p — yBi)(p — tBi) ETT @) 


Similarly, we may write the required inequality 
F(2,y, 23, -;2p) < F(0, 2t, 23, Zn) 
as follows: 
1 1 2(p _ tB,) 2(p _ tB,) 
—,_ - =) +), 7-3 ms SD) Ooo 
» ea >) » (p ~ zB;)(p — yBi) > Hp = 2B) 


> tyAr > 2xy B?(p — tBi) 
p(p— zyA:i) — — p(p —2B;)(p — yB;)(p — 2tB;) ’ 


A; 2B?(p — tB;) 
> p~ ryA; >» (p — 2Bi)(p — yB:)(p — 2tB;) 


Since 


p-tBi J op 
p-2tB; ~ p—tB;? 
it suffices to show that 
2 
> A; Z > 2pB; 
p— yA; (p — 2B;)(p — yBi)(p — tB;) 
But this inequality immediately follows from (2) O 


From the above statement, we can deduce the following results. 
Proposition. Let m and n be arbitrary integers such that 


n>3 andl<m<n, 
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and let 
Ole 
m 
C= ™ 
n m 
ie) 
mj} \n 
Let 21,29,...,2n be non-negative numbers such that xz, +22+ --+2%,=7, 
and let 1 
F(21,%2,..-,2n) = 


— Li, Lig... Liy, 


I<ir< <imsén ? 
a) For p> q, we have 


F(21,22,- ,%n) < F(1,1,...,1); 


n m™m 
b) For (=) <p<q, we have 


F(21,22,---,2n) <F(2,. a: ,0) 
m m 
Corollary 8. Let aj,@2,. .,@n be non-negative real numbers such that 
a, +ag+---+ an =n, and let 
1 1 1 
F(a1,@2,.. ,@,) = ————_ +# —_ + - - + 
( sae Gn) p-agaz .-Gn p~-a3aq4... a, p-ajag...An-j 
If 
By, nm — 1)en- 
ent = (1+ ) and pa Jen=t 
n—-1 Nl €n-1 
then 
n 
a) F(a1,@2,...,@n) < p-1’ for p 2 q; 
n-1 1 
b) F(ai,42,-.-,4n) S + ——, foren-1 <P Sq. 
P P-€n-1 
Corollary 9. Let a1,a2,...,dn be non-negative real numbers such that 


a, +a, +:--+a,=7, and let 
1 
F(a1, a@2,. ,an) = > oy Alan 


Then 


64 Solutions 279 


gurl = (n+ 1) 
a) F(a1,@2, ..,@n) < S(p=1)’ for p — 
(n — 2)(n +1) 4 n? ala t ly 


b) F(a,,a2,...,@n) < Gpug yh a ae 


For p =n +1, from Corollary 1 we get the following nice statement: 
© Let a,,a2,...,€, >0(n > 4) such that a, +agp+-+-- +a, =n. Then 


1 1 1 
—————_————_ + tt KK 1 
n+l—aga3 . an n+1l~—agzaq . ay n4-l—ajaq . an—] 

* 


3. Let a,b,c,d be non-negative real numbers such thata+b+cec+d<= 1. 
Prove that 


a) (a +b + 3 + a?) +. 15(abe + bed + cda + dab) > 1; 
b) 11(a3 + 6? +c? + d°) } 21(abe + bed + eda + dab) > 2 
Proof. Let p and q be real numbers, and let 
F(a,b, c,d) = p(a? 4 b+ 3 + a®) + g(abe + bed + cda + dab) 
We claim that 
F(a,b,e,d) > 
11 111 1111 
> mi ae cen AS 22 2 -\ba= (3 
> min{F(1,0,0,0), F (5,5,0,0,),F(3,5,5:0),F(.s.4.4)}= (3) 
p 3p+q pas 


= mim {n.5, 97 , 16 


On this assumption, in the case a) with p = 4 and q = 15, we get 


F(a,b,e,d) > min {4,1, La} =a 


which is in fact the desired inequality. Equality holds if one of a,6,c,d is 


and also if two of a,b,e,d are zero and the 


1 
zero and the others equal 3 


1 
others equal — 
Similarly, in the case b) with p = 11 and q = 21, we get 


F(a,b,¢,d) > min {11,—* 2,2} = 
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1 
Equality holds if all numbers a, b,c, d equal 7 and also if one of a,b,c, d is 


1 
zero and the others equal = 


In order to prove (3), we will use AC-Theorem, showing that the 
mequality F(a,b,c,d) < F(t,t,c,d) involves F(a,b,c,d) > F(0,a + b,c, d) 


+b 
fora >b>Oandt= oa The inequality F(a,b,c,d) < F(t,t,¢,d) is 


equivalent to 
p(a? + 6° — 2t3) < g(c+ d)(t? ~ ab), 
or 
3p(a4 b) <q(c-+d). (4) 


On the other hand, the required inequality F'(a,b,c,d) > F(0,a-} b,c,d) is 
equivalent to 
pa? + 6 — (a +6)*] + gabe +d) > 0, 


or 


q(e + d) > 3p(a + 6) 
Clearly, (4) yields the last inequality. oO 


Remark The inequality a} has the homogeneous form 
4(a3 +b + c3 + d®) + 15(abe + bed + eda + dab) > (at b+c4d)?. 


Since 
(atb+e4+d)>= > a3 +35 ab(atb) +6). abe, 


we get the inequality 
5-8 +35> abe > Sabla +6). 
For d = 0, this inequality transforms into the third degree Schur’s Inequality 
a? +b? +c} + 3abe > ab(a + b) + be(b +c) + ca(e+ a) 
Similarly, we may write the inequality b) in the homogeneous form 
Sa? + S_ abe > = Do aba +b), 


* 
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4, If%,,29, .,2, (n> 3) are non-negative real numbers, then 
a) S23 +30 212023 > > 2122(21 + 22); 
~1 
b) - 5 no Yo zize23 > D> x1 22(21 + 22). 


Proof. For convenience, let us denote the sum 


y Li Lig - Zi; 


i441 <<< <ijcn 


by Sti tie ...2i4;. Let p and q be real numbers, and let 


F(x1,22,  ,2n)= p> zi+q)> x1 x2%3 — S21 22(21 + 22) 


Since 
Do vize(i +22) = (S21) (S02) — oat, 
we get 
F(21,22)---2n)=(p+1) 02} +q>0 212223 — (Sox) (S27). 
If 21,29,  ,2m, are zero, the inequality is trivial Otherwise, due to homo- 


geneity, we may consider that So 21 = 1. We claim that 
F(2y, 22,23, Zn) < F(t,t,23,. Zn) 


involves 
F(21,22,23,..-,2n) > F(0,21 + 22,23,...,2n) 


for 2} > x2 >Oandt= ea =. Then, by the AC-Theorem it follows that 
‘ > 
F(21,2%2,23, - , tn) > pope f(r), 
ase 6(p + 1) + q(k — 1)(k — 2) — 6k 
p++ qk — 6 
f(k) = “PE es 
is the value of F for 2; =---=2, = E and 244, =: -=2,~=0. 


In the case a), with p = 1 and q = 3, we get 


(k= 2\(kK-3) 0 


{(k) = <==" » 
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for k € {1,2,...,n}, and hence F(21,22,23, .,2n) > 0. Equality holds if 
two or three of the numbers 21, 72,.. ,2n are equal and the others are zero 


In the case b), with p = = and gq = aoe also have 
n—- 


9 ? 


F(21,2£2,23,-. ,2n) > 0, because 


(k—n)(kK —n +1) $0. 


Lag cay, = 


Equality holds if either all numbers 2), 22,...,2n are equal or n — | of them 
are equal and the other is zero. 
Taking into account that 


So 212223 = 2122) 23 + (21 +22) So ear4+ So ravazs, 
the inequality F(2,,22,23,.. ,2n) < F(t,t,23, ..,2n) is equivalent to 


(p+ 1) (x? + x _ 2t*) + q(x122 - t?) >> z3- 
- (21 4+ 29+ >- 23) (xt +23 - 2t”) <0. 


Dividing by (x; — 22)?, it becomes 

(3p-+ 1)(ay +22) <(g +2) 023 (5) 
On the other hand, the required inequality 

F(21,22,23,. ,%n) > F(0,2t,23,. .,2n) 

is equivalent to 
(p+ 1) (z} + x3 —81°) + g2129 So 23- (z1+22+>> x3) (zi + x5 —4t”) >0 
Dividing by 222, we get the inequality 

(q +2) >. 23 > (3p + 1)(21 + 22), 


which immediately follows from (5) 


we find 


1 
and g= 


Fae 
Remark For m€é {3,4,. .,”}, p= 


2 m—2’ 


k—m)(k —m+1) 
f(y = Ca. 
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Since f(k) > 0 fork € {1,2, ,n}, it follows that the following inequality 
holds for any m € {3,4, —_, n} 


m—-1 3 3 
— So2i+ ——5 18283 > S52 20(x1 + 22). (6) 


Equality occurs if m or m — 1 of the numbers 2;,29,.. ,2, are equal and 
the others are zero. 


Since 
> 2120(21 + 22) = (S021) (So 27) - Ya}, 


the inequality is equivalent to 


1 3 
a 2} + ——> Dai ters > (> 21) (>> 21) : (7) 
Since Yr = o- x1)" - 25° x29 and 
Tab = saan + (Ca) 30a) (Cam), 
we may write the inequality in the form 
—1 
(La) + oy Dame 2 (La) (an). ©) 


Notice that the equivalent inequalities (6), (7) and (8) are valid for 
m€ {3,4, .,n}, but are not valid if m € (3,7) is not integer Oo 


* 


5. Let a,b,c,d be non-negative real numbers. 


a) Ifa* +b? +c? +42 = 2 then 
a3 +b? +3 + d3 + abe + bed + cda + dab > 2, 
b) Ifat 4b? 402 4 a2 = 3, then 
3(a3 + 63 + c3 + d3) + 2abe + bed + eda + dab) > 11 
Proof. a) Let 


F(a,b,c,d) = a9 + 6 4+ c3 + d? + abe + bed + eda + dab. 
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. a? 4 6? 
We claim that for a > b > O and t = a? the inequality 
F(a,b,c,d) < F(t,t,c,d) involves F(a,b,c,d) > F (0, V2t, c,d). We see 


that 


+h eeg Pare Ptega 
and 
+e 4c 4d =0' + (VI) + 4a. 
Then, by AC-Theorem we have 


F(a,b,c,d) > 


> nin F (V2,0,0,0) , F(1,1,0,0), VESTER} (Bel 


= min {2¥2,2, 25° 8v6 avi} =2, 


from which the conclusion follows. 
The inequality F(a,b,c,d) < F(t,t,c,d) is equivalent to 


a? + 63 — 2t3 < cd(2t— a — b) + (c + d)(t? — ab), 


or 
a4 + b4 + 4abt? cd c+d 
se Ne eS gs es Ge 9 
a+b 422) \atb+n 2 . 
Similarly, the required inequality F(a,b,c,d) > F (0, V2t, ¢, d) is equivalent 
to 


cd (a + b— V2t) + ab(c + d) > 2V20? — a? — 6, 


or 
cd c+d 3abt? 


atb+4+ ft 2 a3 + 63 + 25/23 
To prove this inequality, it suffices to show that 


cd e+d 3abt? 
————_ + —— > ———_ . 
a+t b+ 2t 2 = +53 +22 


Taking account of (9), we have to show that 


a’ + b4 + 4abt? > 6abt? 
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This inequality is equivalent to 
(a — b)*(a? + ab +b?) > 0, 


which is clearly true [Equality occurs when two of a,b,c,d are zero and the 
others equal 1 
b) Let 


F (a,b, c,d) = 3(a* +b? 4 c3 +d?) + 2(abe + bed + eda + dab). 


As in the preceding case, we can show that F(a, b,c,d) < F(t,t,c,d) involves 


F(a,b,c,d) > F (0, V2t,c,d) fora > b>Oandt= 
AC-Theorem we have 


F(a,b,c,d) > 


>min{F (V3, 0,0,0), (3/50. 0), PCL, 1,1,0), r(GeEs- 
= min {9V5, a,oy/3, AA au, 


from which the conclusion follows. 

The given inequality F(a,b,c,d) < F(t,t,c,d) is equivalent to 
3(a* + bt + 4abt?) 2 2ced 

2(a3 + 63 + 243) ~ a+b42t 


+e+d, (10) 


while the required inequality F(a,b,c,d) > F (0, V3t, ¢, d) is equivalent to 


2ed Nauae abt? 
a+b+ /2t a3 + 8 -+ 2/323 
In order to prove this inequality, it suffices to show that 


Qed We acaiey abt? 
a+b+ 2t ~ a8 + 8 + 9¢3 
This inequality follows from (10) and 
a’ + b4 + dabt? > Gabt?, 
which is equivalent to 


(a — b)?(a? + ab +b?) > 0 


Equality occurs when one of a,b,c,d is zero and the others equal I. oO 
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6. [fa,b,c,d >0 such thata+b+c+d= 2, then 


1 fe 1 a 1 de 1 ,, 16 
1+3a2 14362 143c? 143d? 7 77 


Proof. Let 


1 1 1 1 


F(a,b, c,d) = — 35 + a 
(a,6,¢,d) i¢3a ' t+3e T¢38 b Tp ae 


b 

We claim that fora > b > candt= sig the inequality F(a, b,c,d) < 
F(t,t,c,d) involves F(a,6,c,d) > F(0,2t,c,d). Then, by AC-Theorem we 
have 

F(a, b, c,d) > 

22 2 t 11 t 
< mi -,-,- = 
< min { F(2,0,0,0), F(1,1,0,0), F (,3,4,0) F( ) 
40 5 16 is _ 16 

ie tie a eae) ae 
The inequality F(a,b,c,d) < F(t,t,c,d) is equivalent to 


= min { 


fae tals See 
14+ 3a2 © 1436? ~ 14 3t?’ 


or 
(6t? ~it+ 3ab) (t? — ab) 


(1 + 3a?)(1 + 362)(1 + 32?) 
Since t? — ab > 0, we get 


6t? — 1+ 3ab <0 (11) 


Similarly, the required inequality F(a,b,c,d) > F(0,2t,c,d) is equivalent to 
each of the following 
stile cot ai as 
1+3a2 © 1436? ~ 1+ 3(a+ b)?’ 
ab(i — 3ab — 18abt?) 
(1 + 3a2)(1 + 302)(1 + 1282) 
1 


so p66 
3ab t 
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Using (11), we have 


i oo 
fas > — + 3ab-—2= 
Geo 8 a 


The last inequality is strict because (11) yields 1 — 3ab > 6t? > 0 Equality 


(1 — 3ab)? 
3ab an 


1 
occurs when a=b=c=d= 3 and also when one of a,b,c,d is zero and the 


2 
others equal 3 oO 
* 
7. Ifx1,22, . ,2n are non-negative real numbers such that 


2yt+rtgt-:+2Xn = 5, 


then 
1 1 ie l S ee ks? 
—_—_— . . rn— or or" Seo 
te len 1422 = 1<ken k2 4 52 
Proof. Let 
1 1 1 
F a oer Ee oe 2 


We have to show that F is minimal for 


Se eS OF 


where keé {1,2,...,n}. By AC-Theorem, it suffices to show that for z>y>0 


xt+ 
and t = mae the inequality 


2 
F(2,y,23,...,2n) < F(t,t,23,...,2n) 
involves 
F(z,y,23,-. ,%n) > F(0,2t,23,...,2,). 
To this effect we can be use the same way as above. O 


Remark. From this application, we can deduce the following result. 
© Let x1,22, . ,2, be non-negative real numbers such that 


M+ + +2, = 8, 
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and let 

1 ¢ 1 dh este 1 
t+a? 1423 1+22° 


a) fk € {1,2,...,n-—1} and Jk(k-1) <5 < /(k(h +1), then 


k?n + (n— k)s? 


F(21,22,-- Zn) oi 


F(2,29,..-;2n) > 


k2 + s? ; 
b) Ifs > /n(n—1), then 
3 
n 
F(21,29,.-.,2n) > rey E 
* 
8. Let s > 0, and let x1,29,.. ,Xn be non-negative real numbers such that 


aj +2ot-: +2, = 8. Then, 


9\k 
(1 + 27) (1+23)...(1+2h) < max (1+55) 


<k<n k? 
Proof. Let 
F(21,29,..-,2n) = (1 +27) (1 +23) ds (i +22) ; 
. z+y 
By AC-Theorem, it suffices to show that for z > y > Oandt= a a 
F(z,y,%3,-. -)2n) > F(t, t, 23, . : Zn) 
involves 
F(2x,y,23,---,2n) < F(O, 2t, 23,...,2n) 
Since 
F(z,y,23,.--,2n) — F(t,t,23,...,2n) = 
= (t? — xy)(2—2y- t?) (1 +23) : (1 +22) 
and 


F(2,y,23,---,2n)—F (0, 2t, x3,...,2n)=2y(zy—2) (1+23) er (1+2%) ; 


we have to show that 2 — xy — ¢? > 0 implies zy — 2 < 0. Indeed, we have 
2—zxy>t?>0. Oo 
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* 


9. Ifa,b,c,d>0 such thatat+b+c+d=1, then 


(1+ 2a)(1 + 26)(1 + 2c)(1 + 2d) | 125 
(L-—a)(L-b)(1-c)\1-d) ~ 8° 


Proof. Let us denote the left hand side of the inequality by F(a, b,c, d) 


a+b 
We claim that fora > b > 0 andt = > the inequality F(a,b,c,d) < 
F(t,t,e,d) involves F(a,b,c,d) > F(0,2t,c,d). Then, by AC-Theorem we 
have 


F(a,b, c,d) > 
14 toa b pat 
< mi oo Stee Set Be NA 
<min{F (5.5 ,0.0),F(3.355:9) P(3q4-4)} 
125 125 
=min {16,16} = =. 


The inequality F(a,b,c,d) < F(t,t,c,d) is equivalent to 


(1+ 2a)(1 + 2b) 14 2t,? 
(1 — a)(1 — 6) Gar 
" 3(4¢ — 1)(t? — ab) 


GH a5 <° 


1 
Since t? — ab > 0, it follows that t < — On the other hand, the desired 
inequality F(a, b,c,d) > F(0,2t,c,d) is equivalent to 


(14+ 20)(1+2b)_ 1+44¢t 
(f—a)(1—b) ~ 1-28’ 


or 
3(—4t + Lab 
(I-21 -a)(t-8 =° 


1 
Since t < 7? the inequality is clearly true. Equality occurs when one of the 
1 
numbers a,b, c,d equals 0, and the others equal 3 0 


* 
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10. Let 21,29,...,2n be non-negative real numbers such that 
zjtrgt---+2,=1 


Ifm > —-1, then 


1+ m2; } ( a 
Il > min |{——]. 
a, L—aj 7 2sken\k—-1 


i=l 
Proof. Let 
n 
1+ mz 
F(21,22, ere] . 
jy 1 
We have to show that F is minimal for 
z= =2,= and teu =- =2, =0, 


k 
where k € {2,3,. .,n}. By AC-Theorem, it suffices to show that for 


z+ 
z>y>Oandt= — the inequality 
F(x,y,23,- ,2n) < F(t,t,23,---,2n) 


involves 
F(2,y,23,.--,2n) > F (0, 2t,23,...,2n). 
We may write the inequality F(2z,y,23,...,2n) < F(t,t,23,...,2n) as 
follows 


(1 + mz)(1 + my) Gz 
(I= 2)(1 9) rey 


(m + 1)(2mt — m + 1)(t? — zy) 
(1 -t)(1—2)(1—y) 


Since t? — zy > 0, we get 2mt -m+1<0 Similarly, the desired inequality 


<0. 


F(z, y, 23, ,2n) 2 F(0, 2t, x3, * ,2n) 


is equivalent to 
(1 + ma)(1 + my) ks 1+ 2mt 
(l—2)(l-y) ~ 1-2t 


or 
(m + 1)(—2mt +m — l)zy 


(—2y(1-ayi—y) * 
The last inequality is true because 2mt —-m+1< 0. Oo 
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Remark. From this application, we can deduce the following result 


e Let my be the positive root of the equation in m, 
l+m k+1 1 +m k 
(ie) = (i+ ae 

Then, 


a) Ve mS ta ‘> Mn-1 > 1; 


1 
I ( ae eae for m > mg; 
1-2; 


i m+n\" 
am) (==) ,for-1<m<mp-1. 


* 


11. Let x,,x%2, Zn be non-negative real numbers such that 
2 
t+ 224+ ttn=3 
Then 
LiL 
1<i<j<n (i = xi)(1 = 23) 
Proof. Let 
LiL; 
F(2,22,.-.,2n) = ere 
1<i<j<n ( ~ z:)( xj) 


z+ 
We claim that for z > y > O andt = —, the inequality 


F(x,y,23,...,2n) > F(t,t,23,...,2n) 
involves 
F(2z,y,23, ees Zn) < FO, 2t, x3, westk En). 
Then, by AC-Theorem, we have 


2 2 es 
F(21,22,--.,2n) < max F(a... FeO 0) = max ARH) 


1<k<n a) 


1 k 
TI ( na (sn , for m, < m < mp1 and k € {3,... 


»n—l}; 


292 6 Arithmetic/Geometric Compensation Method 


Since 
2k(k-1) 1 (k—2)? zd 
(8k—2)2 4 4(3k —2)2 — 4’ 
the desired inequality follows 
The inequality F(x,y,23,...,%n) > F(t,t,23, . ,2n) is equivalent to 
zy _ t? ( x y 2t ) Pe 
(saa) de hee bey Tee eee es 
or 
, 1? — zy R 3; 
%—14+2(1-t ‘_| 50 
eee ( rer 
Since t? — zy > 0, we get 
n 
ot—142(1-t) 0 —*_ >0. (12) 


The required inequality F(x,y,23,--.,2n) < F(0,2t,23,...,2n) is equiva- 
lent to 


zy x y 2t ) ee 
een ae Pa Lape <0 
(1—2)(1-y) 4 C= i l-y 1-2 py l-aj;~ 


or 


af fp -m+20-033 = <0. 


(1=2)(1—y)(1—22) 24 
Taking account of (12), this inequality is clearly true 


1 
Equality occurs if and only if two of x; are equal to 3° and the others 
are zero O 


Remark 1. From the above proof, we can formulate a more general state- 


ment. 
oe LetO<s <1, let x,,22,.. ,2n be non-negative real numbers such that 


Zy+2qt -+2n = 8 and let 


Lit; 
F(21,22,-- ;2n) = ——— 
‘s 1<i<j<n (1 al z;)(1 — 25) 
Then, 
2 
8 8 _s k(k-1) 
Fleyen --%) Smex P(E. 0g% 1) =F MAX aap 
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Remark 2 For 2, + 22 +--- +2, = 1, the inequality holds 
LiL; 
Indeed, assuming that 2; > 149 >-. > 2,, we have 
XjXj 1 2 
i<iqjcn (1 — %)(1 - 25) cs 1)(1 — x2) ee ° 
1— (a? +234. - +22) 
2(1 —21)(1 — ze) 
1- (2? + 23) i (x; + 22 — 1)? ee 
~ 2(1 —21)(1 — 22) 2(1—2,)(1—22) ~~ 
Under the assumption x; > z2 > - > Zp, equality occurs if and only if 
= -=2,=0. 


* 


12. Let 2),22,.. ,2n be non-negative real numbers such that 
2 +a24+-: +2, =1 


and non —1 of which are zero. Then 
Xj{Xj > n 
1<icj<n (1 — 25)(1 — 2) 2(n — 1) 
Proof. For n = 2, the inequality becomes equality Consider now that n > 3. 


3 
We will show that the inequality holds if one of 2; is larger than r Indeed, 


3 
if 2) > 2 than 


nr 
a Zyi2X5 ZX, 
—_—OCOC ———_-- > St es 
i<iqjcn (1 - a;)(1 —2j) ~ > aoa )(1 — 25) a : 


3 n 


NP Saray: 


3 
Consider now that 0 < 2; < q fori=1,2, .,n. Let 


Tit; 


F(2y,22, 4,;2,)= ——_—___+—__.. 
n i<icj<n (1 —2,)(1 —2;) 
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: zt ? 
We claim that for r>y>0 andt = oo the inequality 
F(2,y,23,... En) < F(t, t,23,---,2n) 


involves 
F(z,y,23, :Zn) > F(O, 2t,23,...,2n)- 
3 

Since the symmetric function F'(21, x2,...,2n) is continuous for 0 < 2; < 7 
by AC-Theorem we have 
| F( )2 min F(Z,....7,0, 0) = 

%1,2%2,-.  ,2n = then kek? a) > 

a is k _ n 

~ 2eken Ak—-1)  2(n-1)’ 


which is just the required inequality. 
From the preceding proof, we may assert that the given condition 


F259; a2, 20) <F (teas <4 2p) 


yields 
n 
25 
2t—142(1 aes <0, 
7=3 
whereas the inequality F(z,y,23,. .,2n) > F(O,2t,23,...,2n) is true if we 
show that 


n 


1-2¢+4+2(t-1)>> 


j=3 


2 
1-2; 


> 0. 


The conclusion follows. For n > 3 equality occurs if and only if 


tS eke hs oO 
* 
13. If a,b,c,d>0 such thata+b+c+d=4, then 
(1 + 3a)(1 + 3b)(1 + 3c)(1 + 3d) < 125 + 13labed. 
Proof. Let 


F a,b,c,d) = (1 + 3a)(1 + 3b)(1 + 3c)(1 + 3d) — 13labed. 
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ee a+b 
We claim that for a > b > 0, the inequality F'(a,b,c,d) > F| —— ae 2) 


involves F(a,b,c,d) < F(0,a+ b,c,d). Then, by AC- rie we have 


444 
F(a,b,c,d) < max { F(4,0,0,0), F(2,2,0,0), F (5.595 ,0) F(1,1,1, »} 


From 

F(4,0,0,0) = 13, F(2,2,0,0) = 49, 
"(ea 2 10) = 125, F(1,1,1,1) = 125, 
<1 


we get F(a, b,c,d) 5, which is the desired inequality 


b a+b 
Since the inequality F(a,b,c,d) > F(S - ; : 


= 5 2) is equivalent to 


(a — b)? {131d — 9(1 + 3c)(1 + 3d)] > 0, 
whereas the inequality F(a,b, c,d) < F(0,a + b,c,d) is equivalent to 
ab{9(1 + 3c)(1 + 3d) — 131cd] < 0, 


the conclusion follows. Equality occurs when a = b = c = d= 1, and again 


4 
when one of the numbers a,b, c,d is 0 and the others are equal to 3° O 


* 
14. Ifa,b,c,d>0 such thata+6+c+d=4, then 
(1 + 3a?)(1 + 3b?)(1 + 8c7)(1 4+ 3d?) < 255 + a7b2e2a?, 
Proof. Let 
F(a,b, c,d) = (1+ 3a?)(1 4+ 36*)(1 + 3c7)(1 + 3d?) — a?b7 2a? 
We claim that fora > b > O andt = ann the inequality F(a,b,c,d) > 


F(t,t,c,d) involves F(a,b,c,d) < F(0, 2t, c, d) Then, by AC-Theorem we 
have 


P(a,b,¢,d) < max { F(4,0,0,0), F(2,2,0,0), F (j aa) PL 11,1}. 
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444 6859 
Since F(4,0,0,0) = 49, F(2,2,0,0) = 169, F(ggy ) iar < 255 
and F(1,1,1,1) = 255, we get the desired result F(a,b,c,d) < 255 

The inequality F(a,b,c,d) > F(t,t,c,d) is equivalent to 
(t? — ab) [c?d?(t? + ab) — 3(30? + 3ab — 2)(1 + 3c?)(1 + 3d)] > 0 
This inequality implies 
ed? m 3t? + 8ab — 2 
3(1 + 3c?)(1 + 3a?) +ab — 
On the other hand, the required inequality F(a,b,c,d) < F(0,2t,c¢,d) is 
equivalent to 
ab [3(3ab — 2)(1 + 3c?)(1 + 3d) — abc?d”] < 0, 
and it is true if 
cd? a 3ab — 2 
3(1 + 8c2)(14 3d?) ~ ab 

To prove this, it suffices to show that 


3t? + 3ab—2 | 3ab—-2 


t?4+ab ~ ab 
Indeed, we have 
3t? + 3ab—2 | 2 ss 2 3ab-2 
?4+ab 12 4 ab aba 
Equality occurs when a = b = c = d = 1, and again when one of the numbers 
4 
a,b,c,d is 0 and the others are equal to 3° oO 
* 
15. Let 2},22, . ,2n be positive numbers satisfying 
1 


W@1t2.. tr=ps 


n—l° 


Prove that 
bei Gah ee 
l4+2, l1+22 1l+2, 7 1+ p 


64 Solutions 297 


1 
Proof. We apply GC-Theorem to the continuous function f(t) = —— 


14t’ 
t > 0. Let us show that for z > y > 0 the mequality holds 


f(z) + fly) < max {2f (zy) ,a+ 5}, 


where a = f(0) = 1 and b= Jim f(t) =0. Rewrite the inequality as 


1 1 
tS ay 
max | > Lae? l+y 
For zy < 1, we have 


2 i} ne or: es or 
max pap “Ite T+y 
(1+ 2)(1+y) (1+ zy) 


For zy > 1, we have 


nce es Je a I, 
: l4+xz lty lt+2 lty 


= zy —1 
“Gen@ry= * 


On the other hand, we have 


b= max [kya + kob+ (n — ky -— ko) f(c)} = 


ki t+kos 
e>0 


max (in + = *) | max (k, +n—k, — ke) = 


kytkgSn l+e a kitkesn 
e>0 
= eee —kg)=n-1 
and 
n n 
max{ 6, = max <n — 1,——} = ——. 
{6,nf(p)} = ma. {n I ee 

By GC-Theorem it follows that 

Fla) + F(e2) +--+ H(tn) S max {8,nf(p)} = —o—, 


which is the desired result. 
For n > 3, equality occurs if and only if 2} =a) =--- = Ln =p. oO 
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* 
16. If a,,42,...,@, are positive numbers such that 
| n 
t/aja2...@n =p rea 1, 
then 
1 1 1 n 


(tay t Gta t+ +a? = Fee 


1 
(1+ t)?' 


Proof. We apply GC-Theorem to the continuous function f(t) = 
t > 0. Let us show that for z > y > 0, the inequality holds 


f(x) + f(y) < max {2f (yzy),a+ 5}, 


where a = f(0) =1 and b= lim f(t) =0 
Setting t= ,/zy ands=1+2+y(s> 1+ 2t), we have 


1 1 s?+1— 20? 
eI aaa age ee 


and the above inequality may be written as 


2 ioe 
max apa (step 


For t > /2—1, we get 


2 s?+1— 20? s?+1—2t? 
mel eae} ere oo ere 
Qst? + ¢44 27-1 214 20)? + ¢4 +4 207-1 
#2(t74+2)?-1 (t+. 1)?(t? + 2t- 1) 


= Hoe VE 0, 
(s+ t?)? (s+ t?)? = 
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For t < /2—1, we get 
2 s?4+1-2 2 s*4+1—20? 

max {TAF je (s+)? “+t? (+02)? 

(s—1—-2t) ((1—2t-t?)s+1-0?- a ae 
(1 + t)?(s + t?)? 
(s—1-2t) [(1- 2¢-¢?)(1 4 2t) +1-0 - 23] 

: (+84 ep 
_ A(s—1~26)[1-30? — 249} _ 2(s—1—24)[(14+4)(1-t—22”)} 


0. 
(+ 6+ ey (Cs 
On the other hand, 
n—k,—kg = 
6= mie [kyat+kab+ (n—k,—ke)f(c)] = nes. a+ are? 
eee ex ,(m qe Nhe ee) = i<kyen— ae ea 
and e ; 
max {6,nf(p)} = max {n = I, a} => (tp 2 
By GC-Theorem it follows that 
Sas) + flea) +--+ F(n) < max (8,nf(o)} = Go 


Equality occurs if and only if 2) = 22 =--- =a, =p. O 


300 6. Arithmetic/Geometric Compensation Method 


Chapter 7 


Symmetric inequalities with 
three variables involving 
fractions 


In this chapter we are mainly concerned with some inequalities involving 
symmetric expressions as ones below, where a,b,c are non-negative real 
numbers, and r > —2, p and q are given real numbers 
a(b4+e)+pbe b(c+a)+pea cla+b)+padb 
~ B4rbet+e | &4reata' at +rab+ be’ 
a? + qbe b? + qca c? + gab 
PL Eeee? | earn a? a? + rab+ b? 


Ey 
E» 


7.1 Inequalities involving 


1. Let a,b,c be non-negative real numbers, no two of which are zero Then, 
a(b+c) b(c + a) c(a + 6) si 

b+ be+c? | c2 4+ cata? | a®+ab45- 

2. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 

ab—be+ca be-—ca+ab_ ca—ab+be 

“Bre + eye +t are 

3. Let a, b,c be non-negative real numbers, no two of which are zero Then, 

ab~2be4+ca  be—2cat+ab ca~ 2ab4 be 

b? — be + c? c? ~ ca +a? a? —~ab+b? = 

(Vasile Cirtoaje, MS, 2005) 


3 
Poe 
— 2 
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4. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


1 1 1 9 
eR oe ee Th ey 
(b+ c)? # (c+ a)? : (a+b)? ~ 4(ab + be + ca) 


(Iran, 1996) 


5. Let a,b,c be non-negative real numbers, no two of which are zero. 
If r > —2, then 
3 ab + (r ~ 1)bc+ ca . 3(r4+ 1) 
Be 4trbe+c? ~ r4+2— 
( Vasile Cirtoaje, MS, 2005) 


6. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


» ab+ 4be + ca = 
b2 + c2 
7. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r > —2, then 
se ab + (r + 2)*be + ca 


>r+4, 
b+ rbc+ 2 ea 


8. Let a,b,c be non-negative real numbers, no two of which are zero, let p,r 
be real numbers (r > —2) and let 


ab+ pbc+ca 
as =D) Bee 
Then, 
3(p+2 
a) E(a, b,c) > Aer. forp<r-1; 


b) E(a,b,c) > 25 +2, forr —1<p<(r+2)?; 
c) E(a,b,c) > 2./p—r, for p > (r + 2)?. 
(Vasile Cirtoaje, MS, 2006) 


7.2 Solutions 
1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a(b+c) Ps b(c + a) c(a + 5) ay 
B-+bbe +c? | c2+ca+a?  a®+ab+b~~ 
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First Solution By the Cauchy-Schwarz Inequality we have 


pe a(b +c) (a+b+c)? 
epee e * aber) 
be 


Thus it is enough to show that 


2 a(b? + be +c*) 


2 
eas ae b+e 


Since 


a(b? + be + c*) be abc 
pod el Te hake te epenscidees) (reer, = 
Tes a(b+e b =) ab+ca a? 


the inequality becomes 


1 1 
2abe (<< + 


eee : ) > 2(ab + be + ca) — a? — Po. 
b+e cta a+b 


Taking into account that the AM-HM Inequality yields 


1 1 1 9 
Sa ae 
hee ea ane (b+c)+(c+a)+(a+b)’ 


it suffices to show that 


9abe 


— _ 2 
Pane ae > 2(ab + be + ca) - a? — B? — e? 


This inequality is equivalent to the well-know Schur’s Inequality of third 
degree 


a® +b? +3 + 3abe > ab(a + b) + bc(b + c) + ca(c +a) 


Equality occurs for the following four cases: a = b = c,a = 0 and b =, 
b=Oandc=a,c=Oanda=b. 


Second Solution By direct calculation, we may reduce the inequality to 
do be(b4 + ct) > S*b7e?(b? + c%), 
which is equivalent to the evident inequality 


>= be(b — c)(b? — c3) > 0. 
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Third solution (by Darij Grinberg) The hint is to multiply the both sides 
of the inequality bya+b+c We have 


a(b +c) 2] = >| (a+b+c) ipa 


eG) fo  - Bf be pc 
Sei RR a eat) = 
~ i = b2 + be 4 c? 
ye Gee ab(a — b abla~b) 
a e+cataz 


= B+betce? c+cat+a2/ 


ab(a — b)? 
= $$ _—_-—__—__ > 
eee (b? + be + c2)(c? + ca + a?) 20 


From this solution, the following interesting identity follows. 
yee a(b+c)  _ 24 » c(b — c)? 
Freed ~ CET Ee CELESTE 
* 
2. Leta,b,c be non-negative real numbers, no two of which are zero. Then, 
ab—be+ca be—ca+ab ca—ab+ be 32 3 
b2 + ¢? c? + a? a? + b2 2 
Solution. We have 
> eee = 5) S55 (b+c¢)(2a—b—c) _ 
b? + c? 2) 2(b? + c?) 7 
-> (b+ ¢)(a—8) yy (b+c)(a—c) _ 
~ 2(b? + c?) 2(b% + c?) 
ay (b+ ¢) ae scale e) a 
2(b? . ong 2(c? + a?) 
=> (a—b Pa be ae 
x +7)? +a?) 
Thus, the inequality is equivalent to 


(b —c)?Sq + (c — a)? Sp + (a — b)?S, > 0, 


where 
Sq = b% 4.c?)(ab+ be + ca — a’). 
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Without loss of generality, assume that a > 6 > c. It is easy to check that 
S, >0 and S, > 0. For nontrivial case S, < 0, it suffices to show that 


(b~c)?Sq + (c — a)*S, > 0, 
that is 
(a?+c)(ab+bce+ca—b)(a—c)? > (6? +c7)(a?—ab—be—ca)(b—c)’. 
This inequality follows by multiplying up the inequalities 
P+ P>P +e, 


a~c>b-c, 
(ab + be + ca — b”)(a — c) > (a? — ab— be — ca)(b —c) 


The last inequality reduces to 
2a(a—c) + 2b(b—c) > 0, 


which is clearly true. Equality occurs fora = b=c,a=0 and b=c, b=0 
and c-=a,c=QOanda=b 

* 
3. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


ab—2be+ca be—2ca+ab ca —2ab+t be. 9 
b? — be 4 c? ce — ca + a? a? ~ab+ bh? — 


Solution. For a = 0, the inequality reduces to 


—2be 1 b = cy 0 
B—be+c2? “cb” 
which 1s equivalent to 
(b —c)?(b* + be + c*) > 0. 
For a, b,c > 0, the inequality follows immediately applying Lemma below to 


—1 
the function f(z) = aaa Equality occurs for a = b= c,a =0 and b =c, 
b=Oandc=a,c=Oanda=b. 
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Lemma. Let f(x) be an increasing function on (0,00). If a,b,c are positive 
real numbers, then 


2f(a)~ F(o)~ Fle) , 2f()-Fle)—fla) , 2F(c)— fla)~ F (0) 


> 
b?—be+c? c?—ca+a? a?—ab+b? 20 
In order to prove Lemma, assume that a > 6 > c, denote 
X = f(a)— f(b), Y = f(b)— fe), 
A=B-be+e?, B=ci-cat+a’, C=a?~ab+b’, 
and write the inequality as 
2 1 1 1 1 2 
pegs ase fee pe 
sige: et¥ Gta) = 
Si X >OandY > QO, i ffi h h : > 0 and 
ince > an > Q, it su ces to show that 7- p- G2 an 
1 1 2 
ae -G > 0. Taking into account that B-— A= (a—b)(a+b-—c) >0 
and C— A=(a—c)(a+c— 6) > 0, we get 


oe > 
A~B G7 ap + ac 2° 
On the other hand 
1,1 2 B(C~A)-A(B~C) _ 
A BC” ABC 7 
B(a—c)(a+e—b)— A(b—c)(a —b—c) 


ABC 


1 2 
The inequality ae Ba > 0 is true since B > A, a—c > b—c and 
at+c—b>a-—b-c 


* 


4. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


1 1 1 9 
a eae aren Pe | 
brett cha ' (a+b ~ Afab+ bet ca) 


First Solution. Assume that a < b < c and denote x = bic, y=c+t+a, 
z=a+b Then, we have to show that 


@Xv-D2#) (Ha) 29 
forz>y>z>Oandz<y+z We have 
2Xv-Y) (La) -9= 
=("#) (Ya) -9-2(- Dv) (La) = 
-(#-2) -(e-21 (55) -Le-9 (2-5) 
Therefore, we may write the inequality as 


ly == z)Sz 2 0, 


where es 2 1 
7 yz 2 
of 2 1 (y—z)(2y+ 2) 
: S Ga a a ee SO and 
Since Sz > 0, Ge <p Ge Gee 
9 2 yt 2 y+2 
vs, +228, =2(4** 1) >2(42*-1) >0, 
xyz x 
we get 


>" (y — 2)?Sz > (z— z)*Sy oo y)*S, = 


5) vse Ease [(E)-2)]v9- 


aaa aoa WI g. >0 


Equality occurs for a = b=c,a=Oand b=c,b=0 andc=a,c=0 and 
a=b 

Second Solution Since the inequality is homogeneous, we may assume 
that ab+ be +ca=1 In this case, the inequality becomes 


Pe cet 1 a 
G+" eral” @+op 
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We will show that the following sharper inequality holds for ab+ bc+ca = 1: 


1 9 1 be(b — c)? 
wes ae haem 


Since 
ye 2 4p2 2 22 
ye c) _ Lbc(b+¢) 4b*c ieee b*c 
4 (b+c)* 4 (b+)? 4 (b+ ¢)? 
ae oe bec? 
4 (b+ c)?’ 


we may write the inequality in the form 


146%? 14c%a? 1407)? 2 5 (1) 
(b+c)? (c+a)? § (a+b)? ~ 2° 

This inequality was given at Mathlinks Contest in 2005. Taking into account 
that 


1 + bc? ab + be + ca\? bec? = 
Bra = ( b+e ) (b+c)2 

be \? be? 9 _ 2abe 2b70? 
: (0+ 552) pee be el 


we may write (1) in the homogeneous form 


2bc b+e 2b? c? bc 0 
(b+)? 2)" 


Sia’ —Sobetad> —-> 


which is equivalent to 


or 
(b—c)*Sq + (c — a)*S, + (a — 6)? S, > 0, 
where 
= b? + be +c? — ab—ac 
— (+c)? 
Without loss of generality, assume that a > 6 >c We see that 


c? 4+ ca +a? —be— ba _ (a—b)(a+c) +e? s 


(c+ a)? - (c+ a)? 20 


Sy = 
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and 

a? +ab+b?—ac—be _ a? +ab+b? —b(a +b) 
(a+ 6)? = (a+ 6)? 

For nontrivial case S, < 0, it suffices to show that 


So = > 0. 


(b—c)?Sq + (c — a)*S; > 0, 


that is 


(c?+ca+a*—be—ba)(a—c)* _ (ab+ac—b*—be—c*)(b—c)? 
(a+c)? (b+c)? , 


This inequality follows by multiplying the inequalities 


2 


e+ca+a? — be — ba > ab 4+ ac — 6? — be — c? 
and 
(axe)? (be)? 
(atc)? ~ (b+c)? 
The first inequality is equivalent to — b)? + 2c? > 0, while the second 


—c b- 

La pas , that is c(a — 6) > 0. 

Equality in the oneal: equality. aid also in (1) occurs for a = b= ¢, 
as well as fora = O and b=c, b=Oandc=a,c=Oanda=b. 


a 
inequality is equivalent to 


Remark. Michael Rozenberg noticed that 
b> — 3 — a(b? — c*) 


Yo(b-¢)?Sa = Do(b- aes ey oa = 


a b(b—a) + (a—c) _ 
page 


a? a? 
= “(a — b)\(a~ Mtb? + IG —a)(b- Ne tap = 


where 


Se= (45) 4 


Assume that a > b>c Since (c ~ a)(c ~ b) > 0, it suffices to show that 


(a — b)(a~c)S, + (b~c)(b~—a)S, >0 
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But since a~b > Oand a—c > b—c > O, it suffices to prove that Sa~ S, > 0. 


We have 
a? — b? a \2 b \? 
Sa — Sp = ——5 —_) a ee ee 
ane aye ae () 
aaa, c(a — b) ( ae b 5 
~ a+b" (a+ec)(b+c) \ate ae 
Third Solution (after an idea of Marian Tetiva) Let 
1 1 —— 1 
(b+c)? Lae (c+a)? ° (a+b)?' 


Because of the symmetry, we may assume without loss of generality that 
a= min{a,b,c} Under this assumption, we will prove the desired inequality 


E(a, b,c) = 


by using the following chain of inequalities 


9 


E(a, b c)> > E(a,t,t) > 2. 4t(2a +t)’ 


where t = ,/(a + b)(a + c)—a. It is easy to check that ¢(2a+t) = ab+be+ca 
This relation emphasizes the trick of the solution, to intercalate between 
the two sides of the inequality a new expression for F(a,b,c) obtained 
by equating two of the three variables (b and c) such that the expression 
ab + bc + ca holds unchanged 

In order to prove the inequality E(a,b,c) > E(a,t,t), we write it in the 


form 
(a+ 6)? + (atc)? 2 1 1 


peg RS Sea le! ee ee 
(a + b)2(a +c)? (a+t)? ~ 442 (b+c)? 
Taking into account that a+ t = \/(a+)(a4c) and 


b+c—2t=2a4+b4c—2/(a+b)(ate)= 


=(Vatb—vVJa 7 ee , 
ee ee (Vatb+Vatc) 


the inequality is equivalent to 
(Pac) 2 (b—c)*(b+¢+ 2t) 
(a+ 6)?(a+c)? ~ 442(5 4c)? (Va+b +Va¥e) 


Since (b —c)? > 0, it is enough to show that 


4t?(b +c)? (Vat b+ Vabe > (at+)%(a+c)2(b+c+2) 
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This inequality follows by multiplying the inequalities 
(Va+6+ Vac) >b+c42t 


and 
4t?(b +c)? > (a+ b)*(a4+c). 
The first inequality is true because 


(Vat+b+ Vate * = 2a4 b+ e4+2/(a+bate) = 


=2a+b04+c42a+ 2t>b+c42t 


With regard to the second inequality, since t > Vbe (easy to check) and 
a < Vbc (from a = min{a,b,c}), we have 
21(b + c) — (a + b)(a +c) > 2Vbe(b +c) — (Vbe +b) (Vbe +c) = 
{Viet loasfey 20 


Finally, the inequality E(a,t,t) > is equivalent to 


9 
4t(2a + t) 
1 2 9 
See agree en. gee ee 
ag * (a +t)? ~ 4t(2a + t) 
We have 
1 1 2 = 9 - a(a— t)? Ss 
4? (a+t)? 4t(2a+t)  2t2(2a + t)(a +t)? = 
* 
5. Let a,b,c be non-negative real numbers, no two of which are zero. 
Ifr > —2, then 
> ab + (r —1)be+ ca aS 3(r + 1) 
bet rbct+c? ~ p+Q - 


Solution. In order to prove this inequality we will apply the expanding way 
and will use then the following strong inequalities: 


Soa? + 3abe > S~ be(b +c), 
(a — b)?(b — c)*(c— a)? > 0, 
— be(b — c)4 > 0. 
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By expanding, we may write the inequality as E > 0, where 


EB =(r+2)(A+(r—1)B]-3(r + )C 


and 


A= J a(b+ c)(a* + rab + b*)(c? + rca + a”) = 
= (r? +74 2)abe > be(b +c) +r > b7c7(b? +07)+ 
+ 2rabe ) a? + 6ra?b?c? + De be(b4 + c4) +2 i b3c3, 
B= S_ be(a? + rab + *)(c? + rea+ a?) = 
= 3r7a*b'c? + (2r + l)abe S~ be(b +c) + s b3c3 + abc Sa’, 
C = (a? + rab + b?)(b? + rbc + c?)(c? + rea + a) = 
= (3 + 2)a7b?c? + r(r + L)abe }> be(b + c)+ 
+r Ne b3c8 4 rabe)_ at + S b?c?(b? +c”). 
After some manipulations, we get 
E = (r +2)X + (r? —1)¥ + Ar — 1l)abeZ, 
where 
X = SY be(b4 + cf) — $7 07c?(b? + 0?) = Yel b? + be + c7)(b—c)? 20, 
Y = ¥7b?c*(b? +c?) — 257 be? =F be*(b— c)? BO, 
Z= Sa? — $° be(b + c) + 3abe > 0 


The inequality Z > 0 is well-known Schur’s Inequality. We have two cases 
to consider. 


Case r >1 Since X,Y,Z > 0, it is clear that 
E =(r+2)X + (r?-1)¥ + Ar — 1)abeZ > 0 
Case -2<r<1 Settmg r= —2 in 


E=(r+2)X + (r?—1)Y¥ + (r—1)abeZ = 
= (r+2)[A+t (r-1)B] —3(r +1)C, 
we get 
Y —2abeZ = C = (a—b)*(b—c)*(c — a)? > 0. 
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Thus, it follows that 2(r — 1)abeZ > (r — 1)Y, and hence 
BD (r+2)X + (r?—1)¥ + (r= 1)Y = (r 42)1K + (r- DY] > 
> (r + 2)(X — 8Y) = (r +2) So be(b—c)4 20 
Equality in the given inequality occurs in the following four cases a = b =c, 
a=OQOandb=c,b=Oandc=a,c=Oanda=b. 
Remark 1. Actually, we found for F the following non-negative forms 
E=(r+2) S- be(b? + be + c?)(b—c)? + (r? — 1) 35 07c7(b —c)?+ 
+ 2(r- 1)abe > ala — b)(a —c) 
for r > 1, and 
E = (1~r)[](b—c)? + (r + 2) > be(b — c)4 + (7 +2)? 5 b?c?(b — c)? 
for -2<r<l 
Remark 2. In the particular cases r = 1, r = 0, r = —1 andr = 2 we obtain 
the equalities from the previous applications 1, 2, 3 and 4, respectively. 


* 


6. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 
pneu > 4, 
b? + ¢? 
Solution. First notice us that equality occurs when one of a, b,c is zero and 
the others are equal. Let a<b<c and 


ab + 4bc + ca 
E(a,,c) = > Fra 
We will show that 
E(a, b,c) > E(0,b,c) > 4. 
For a = 0 we have E(a,b,c) — E(0,b,c) = 0, and for a > 0 we get 


E(a,b,c)—E(0,b,c)  b+e 4c? +.b(c—a) 4b? + c(b—2) 


: “Ope aeteat), * bileby 
: bc 
Letting how z= +7, we find 
Abe bc 4 (x — 2)? 
RO ed a Sage eee eel 
Ce ee Baa ee ‘ Pa 4 x 20 
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* 
if 


7. Let a,b,c be non-negative real numbers, no two of which are zero. 


Tr > —2, then 
ab + (r + 2)*be+ ca 

> ; 

x b? + rbc + c? se 


Solution. Let a < b < c and 
ab + (r + 2)*be + ca 
E(a, b,c) =. Pale . 


In order to prove the desired inequality we consider two cases 
I. Case (r+ 2)h? > (r — 1)be + ca. 
We will show that 
E(a,b,c) > E(0,b,c) >r +4. 


For a = 0 we have E(a, b,c) — (0, b,c) = 0, and for a > 0 we get 
(r + 2)?c? — (r —1)be — om, 


ce(c? + rca + a*) 


E(a,b,c)—E(0,b,c) _ b+e 
a ~ 2 4 rbet c? 


(r + 2)?b? — (r — 1)be — ca 
b(a? + rab + b?) 
a (r + 2)*c? — (r — 1)be— ab ‘ 
c(c? + rca + a*) 7 
a (r+ 2)%bc—(r—1)be—be — (r?+3r+44)be > 
a ce(c? + rca + a*) ~ ¢e(c?+rcata?) 


c 
Letting now x = -+ 5? we find 
c 


(r + 2)*be c 
ape pe ES pep aS 
E(0,b,c)-r—4 Bbgbho a Pas Tr 
(r +2)" 
———_——_ =_ —-4= 
a +z2-T 


Il Case (r —1)be + ca > (r + 2)°b? 
This condition yields (r — 1)b + a > 0, (r — 1)b+ 6 > 0, and hence r > 0. 


‘owards proving the desired inequality, it suffices to show that 


cat+ (r+ 2)*ab + be 
> 4. 
a? + rab + b? art 
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Indeed, using the condition 


(r + 2)*b? 
(r-1)b+a 
yields 
b(a + b) 
c(a+b)+(r+2)?ab _ _ 2, (r—1)b4 a ae eee 
a? + rab + b? a a a a? + rab + b? i 
b (r +2)? 
= Oia te Sap SS ASS = 
(r+ 2) = pie r—4> : 4 7 > 9, 


and the inequality is proved 
Equality occurs in the original equality when one of a,b,c is 0 and the 
others are equal 
Remark For r = —1, we get the inequality from the application 6 More- 
over, the inequality is also valid for r -- —2; that is 
a(b+c) b(e+a) c(a+b) 
(b—c)? © (c—a)* © (a—b)? 
* 


>2 


8. Let a,b,c be non-negative real numbers, no two of which are zero, let p,r 
be real numbers (r > —2) and let 


ye eee 


b, ; 
E(a;bse) 62 4+ rbe + c2 


Then, 


3(p +2 
a) E(a,b,c) > er 


, for p < ‘ai 1; 
b) E(a,b,c) > —5t 2, forr—1<p<(r+2); 
c) E(a,b,c) > 2,/p—r, for p> (r+ 2)?. 
Solution. a) For fixed a,b,c and r, consider the linear function 


Barbe +c2 r+2 


yy SES ab+ pbc+ca  3(p+ 2) 
Since 


b 30 —(b—c) 
pa tene r+2 = 2 aie ee <0, 


316 Symmetric inequalities with three variables involving fractions 


the function f\(p) is decreasing Therefore, it suffices to prove that 
fi(r — 1) > 0. Taking into account application 5 from this section, the 
conclusion follows Equality occurs fora = b = c. In the case p= r—1, 
equality again fora = 0 and b=c,b=Oandc=a,c=Oanda=b 


b) For fixed a,b,c and r, consider the linear function 


be +rbe+c? r42 


iy Wye ea cia P__» 


Since r—1 < p < (r+ 2)?, it suffices to prove that fo(r — 1) > 0 and 
fo((r + 2)?) > 0 Taking into account applications 5 and 7, the conclusion 
follows For r—-l<ps< (r+ 2); equality occurs if and only if a = 0 and 
b=c,b=Oandc=a,c=Oanda=b 

c) The condition p > (r+ 2)? involves p>0O Leta< b<cand 


ab + pbe + ca 
(asta) ep Serre eres b? + rbc+ c? * 
We have two cases to consider. 
I Case pb? > (r—1)be+ ca 
We will show that 


E(a,b,c) > E(0,b,c) > 2,f/p—r 
For a = 0 we have E(a,b,c) — E(0,b,c) = 0, and for a > 0 we get 


E(a,b,c)—E(0,b,c) _ bte - pe? — (r — 1)be— ab 
a ~ b2 + rbe+ c? c(c? + rca + a?) 
pb? — (r — 1)be — ca ‘ pe? — (r — 1)be — ab Ss 
b(a? + rab + b?) c(c?+rca+a?) ~ 
a (r+ 2)?bc —(r—1)be—be — (r?+3r+-4)be 
e(c* + rca + a*) ~ ¢(c?+rca+a*) 


+ 


boc 
Letting now x = an —, we get 


b 
E(0, b,c) — 2 Ps eee ee 
(0 ie) SB Pp ebcee 
2 
g+t+r- 
JP ee aa vP) >0 


r+r gtr ~ 
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Il Case (r —1)be + ca > pb?. 
Since p > 0, this condition yields (r — 1)b + a > 0, (r — 1)b + b > O, hence 
r>0 In order to prove the desired inequality, it suffices to show that 


ca + pab + be 
a? + rab + b? Saye 


Indeed, 
b(a + b) 
——————_ +4 
cla+b)+pab_, (r-l)bt+a {85 _ 
a* + rab + b? a Ptr > pb a? + rab + b? 2/ptr= 
2 a PO >f_9 bs 25 
~ (r—1)b+a ayp+r>t 2/ptr=—(r VP) 20, 


and the inequality is proved. 
boc 
For a < b < c, equality occurs if and only if a = 0 and ae ie Vp-T 
Remark 1. This application generalizes the preceding applications 1 - 7 
Moreover, the inequality c) is also valid for r = —2 and p > O, that is, 


ab + pbe + ca 
aoe 2 ACV FD). 
On the aegis a = min{a,b,c} and p > 0, equality occurs if and only if 
a=Oand - tom VBE? 


Remark 2. For p= 1, we get the following inequalities 


1 9 
a= FO >? 
ewe eran a @pDGbttereay Ta 


j ar4+5 
TEE STENDEC —~l<or<?. 
Lo preted = FET lab + bey ea)’ for —1srs2; 
os 1 Ss 2-rT 
b+ rbe +c? = abt be+ca’ 
Remark 3. For p+r = 2, we get the inequalities 


b+c¢ 18 2 
> So 
Dy manera: =(oeryeo oe a 


bte 2(r + 6) ViT=s 2 

> ———__+___ < = 

Lane = Paes? se a eS 
Vrs 


b+e 3—r+4+2/2-—r 
Sieve? _9 
1D aerer es bbe oe ee, 
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7.3 Inequalities involving F, 


1. Let a,b,c be non-negative rea] numbers, no two of which are zero Then, 


Qa7 + be 2b*+ca Ace +ab_ 9 
eS Se ep Se ee 
b? + c? c? + a? a2? +b? ~ 2 
2. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


2 2 2 
a’ + be b*‘ + ca cé + ab 
RO a ob Se Se z 2 2. 
b? + be+c¢ c*+cat+a a* + ab+b 


(Vasile Cirtoaje, MS, 2005) 


3. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a2+2be b%+2ca c*#+2ab_ 3 
BOS AUS i EE EEE hp 
a) bte cta a+b 2 5(ot+ +e); 
a 4+2be b*42ca c*¥4+2ab_ 9 
BoSRERAE CS SES pe ee ERE is 
yee ena?) Gee a 


2a? +5be 2b? + Se 2c? + 5ab _ 21 

ce 
(+e? * (eta (a+bpe ~ 4 

(Vasile Cirtoaje, MS, 2005) 

4. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a* — be 4 b? — ca c? — ab 4 
2b? — 3bc + 2c? © 2c? —3ca+4+2a2 2a? — 3ab + 2b? ~ 


(Vasile Cirtoaje, MS, 2005) 
5. Let a,b,c be non-negative real numbers, no two of which are zero Then, 
2 2 2 
ice ae Sc aee oce = 
(Vasile Cirtoaje, MS, 2005) 
6. Let a,b,c be non-negative real numbers, no two of which are zero Then, 


2a? — be 2b? — ca 2c? — ab 3 
b2—be +c? | c2—~cata* at?—ab+b? ~ 


(Vasile Cirtoaje, MS, 2005) 
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7. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r > —2, then 
gs + (2r + 1)be Ss 3(2r + 3) 
be+rbeot+c? -— 742 
( Vasile Cirtoaje, MS, 2005) 


8. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


a? + 16bc 2 b? + 16ca ‘ c? + 16ab 6. 
b2 + ¢2 c? + a a? + b2 
(Vasile Cirtoaje, MS, 2005) 


9. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r > —2, then 
a? +4(r+2 2)*be 
ised Caer >4 
i b2 4+ rbe + c? = r+10 


(Vasile Cirtoaje, MS, 2005) 


10. Let a,b,c be non-negative real numbers, no two of which are zero, let 
q,7 be real numbers (r > —2) and let 


Bates see + gbc 


+ rbe+c2° 
Then, 
3(q + 1) arth 
b,c) > . 
a) Eja,b,c) > rea? for q< ae 
q ar+1 
b) E(a,b,c) > —~~— < 
) (a, 1c) 2 +2, for a ae qs A4(r + 2), 


c) E(a,b,c) > 4kr+12k?—2, for g=4k(r+2k)?,k>1 


(Vasile Cirtoaje, MS, 2005) 


7.4 Solutions 


1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


Qa7+be 2b? +4 ca 2c? +ab 


9 
Bae + Paar | tae 72° 
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First Solution. Since 
2(2a? + bc) 2(2a? — b? —¢ Ps (b- (b= ¢)? 


Bae  ~ b2 + c? Ree’ 


we may write the inequality as 


2a? — b? — c? 
a b2 4 c2 > ee 
But 


2a? — b? — ¢? a? — b? a? — c? a? — b? b? — a? 
gag pee ae ae eee = 


1 
hs — b?) ” 
= Ve = (gre- aa) = 
(a? — 02) 


= (4 c)(2 +0") 
Consequently, the inequality is equivalent to 
(Po) (b- 6)? 
25° (c? + a*)(a? + b?) = oF b2 + c? 
Since (b? — c?)? > (b— c)?(b? +c”), it is enough to show that 
(b—c)?Sq + (c — a)? Sy + (a — 6)? S, > 0, 


where 
Sq = 2(b? +c”)? — (c? +. a?) (a? + b*). 
Without loss of generality, we may assume that a > b > c. We have 
Sy = 2(c? + a?) — (a? + b?)(b? +c”) > 
> 2(c? + a”)(c? + 6) — (a? +b?) (b? +c”) = 
= (b? + c?)(a? — b? + 2c”) > 0, 
So = 2(a? + b*)? — (b? +.c?)(c? +a”) > 0 
and 
Sq + Sp = (a? — b?)? + 2c?(a? + b? + 2c?) > 0 
Therefore, 
(b—c)?Sa + (c — a)?S, + (a — b)*S, > 
> (b—c)*S_ + (a—c)?S, > (b—c)? (Sa + 5) > 0 
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Equality occurs when a = b = ¢, and also when one of a,b,c is 0 and the 
others are equal. 
2b2? 


and 


Second Solution (by Dariy Grinberg). Since be > Paes 


Qa? + be _ 2(a2b? + b?c? + 2a?) 
rs a (i 


we have 
2a? + be 2p2 , p22, 2,2 1 
>2 ——_—— . 
pa cower as hobo te besa) DS cae aap 
Therefore, is it enough to show that 


1 9 
a 
Ds (b? + €2)? — 4(a2b? + b2c? + c2a?) 


This inequality is just Iran Inequality (see application 7 1.4) 
* 
2. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


a? + be b? + ca c? + ab 
2 +3 a) ees 
b2+be+e2 § eX + cata a2+ab+b 


Solution. By Cauchy-Schwarz Inequality, we have 


2 (So @?)’ dia! — abe Sa 


a 
See at ee Nd eA 
Brera? FPG ah A TOS Pe 4 abe ya 


and 


be 
a Ne Se 
LUE + be+ 2 ~ S~ be(b? + be + c?) Sob? e? +S de(b? + c”) 


Thus, it suffices to show that 


(So be)? if Do be(b? +c?) — 2abe Sa 


where 


X= S°at—abeS a, Y = Sl bc(b? + 7) — 2abe Sa, 
A= 25) b'c? + abe Sa, B= Sob’ c? +S be(b? +c”). 
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Since : 
X >So be? — abe Sa = 5 5 a7(b—c)* > 0, 
it is enough to show that B > A and X > Y We have 
B-A=)_be(b? +¢7)— } 0 b’c? — abe a = 
= So be(b— c)? + 50 be? — abe a = 
= Ybeld— 0)? +5 abe)? 20 
and 
X-~Y = So at + abe Sa So be(b? +c”) > 0. 


The last inequality X > Y is just Schur’s Inequality of fourth degree. This 
completes the proof. Equality holds if and only ifa=b=c. 


Remark. Actually, the following sharper inequality holds: 


2a? + 3be 2b? + 3ca " 2c? + 3ab 
Pate ae ee a? + ab+ 2 ~ 


We will prove it at application 7 2.7. 
* 
3. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a2+2be b? 4+2ca cc? +2ab_ 3 


>= b 
a) b+e cta a+b 25 ( Hae); 
2 2 b 9 
b) a + be |b fen eo Bat 59 
(b+c)?  (e+a) (a +b) 4 
202 +5be 2b7+5ca 2c%+5ab_ 21 
¢) Ra ta 
(b+ ¢)? (e+ a) (a+b) 4 


Solution. a) Since 


a?+2be 3(b+c) _ 2(2a? — b? — c”) — (b—€)? 


b+e 4 4(b+c) 


? 


the inequality is equivalent to 
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Taking into account that 


2p 


2 2 
as bie ap) Dorcas? Sgrrersie? Merrmray Dore 


1 1 \ anlb-cP(b+e) 
= Ce) reer) 2) cre eae 


the inequality transforms into one of type 
(b—c)*Sq + (c— a)’S; + (a — b)?S, > 0, 
where 
Sq = 2(b+ ce)? — (e+ a)(atb). 
Without loss of generality, we may assume that a > b > c. We have 
Sp = 2(e-+ a)?—(a-+b)(b+c) > WXe+a)(e+b)—(at+b)(b+e) = 


= (b+c)(a—b+ 2c) >0, 
Se = 2%Xa+b)?—(b+c)(e+a)>0 


and 
Sa +S, = (a—b)* + 2c(a +b + 2c) >0. 
Therefore, 


(b—c)?Sq + (¢ — a)*S, + (a — b)?Sp > 
> (b-c)?S, + (a—c)?S, > (b—c)?(Sq + 5p) > 0. 


Equality occurs when a = b = ¢, and also when one of a,b,c is 0 and the 
others are equal. 


b) Applying Cauchy-Schwarz Inequality and then the inequality a), we 
have 


i 2 

ae + 2be 9 ; 
yes bte er ea 9 
(b+c)? ~ S*(a?42be) ~ (a+b+e)? — 4 


Equality occurs if and only if a =b = c. 
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c) Write the inequality as follows 
2a? +5be 7 
|S 
> [ee “| 2° 
> 4(a? — b?) + 4(a? — c?) — 3(b—c)? 
(b+)? 
2_ 72 2_ 72 2 
a*—b b*—a (a—b) 
45 ——.4+4) —.-3)5 2, 20, 
ee Dierae 2X arse 
(a—b as ( 
4), (b+ ¢€)?(c + a)? 3 = 
Settng b+c=2,c+a=y and a+b = z, we may write the inequality in 
the form 
(y — z)?S_ + (z—2)*Sy +(x —-y)?S, > 0, 
where 
Sz =423(y +z)- By?z? , Sy=4y3 (z+2)- 32727, S, =43 (2 + y)—327y? 


Without loss of generality, assume that 0< 2 < y < z. Taking into account 
that 
xz+y—z=2c>0, 


we have 


Sz > 3y(z°— 2’y) >0 
and 
Sy > 42°y(z +2) - 3272(2-+y) = 2° [4zy + 2(y — 32)). 
If y — 3x > 0 then Sy > 0, and if y— 3z < 0 then 
Sy > 2" [4ay +(x +y)(y — 32)] = 2°(32 + y)(y— 2) 20. 
Since Sy > 0 and S, > 0, it suffices to show that S; + Sy > 0 We have 
Sp + Sy = 4ay(x? + y?) + 4(2? + y9)2 — 3(2? + y’)2? > 
> day(x? + y?) + 4(2? + y*)2- 3(2? + y*)(z@ty)z = 
= 4ry(x? + y*) + (x? — dry + y’)(x + y)z 
If x? — dry + y? > O then S, + Sy > 0, and if 2? — 4zy + y? <0 then 
Sz + Sy= 4ry(2? + y?) + (x? — 4ry +y")(2+ y)’ > 
> Qay(2 + y)? + (2? — 4zy+y?)\(2+y)’ = 
=(z-y)*(z+y)? 20 
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Equality occurs fora = 6b =c,a=Oandb=c,b=O0andc=a,c=0 and 
a=b 


* 
4. Let a,b,c be non-negative real numbers, no two of which are zero Then, 


a? — be b? — ca ce? — ab 
2b? — 3be4 20 | 22 — Beat ae! 2a? —Babp 22 = 


First Solution The main idea is to apply the Cauchy-Schawarz Inequality 
after we made the numerators of the fractions to be non-negative and as 
small as possible To do this, we write the inequality as 


a* + 2(b—c)? b? + 2(c— a)? ce + 2(a —b)? so 
2b? — 3be+ 2c? © 2c? — 3ca+ 2a? 2a? — 3ab+ 2b? ~~" 


According to Cauchy-Schwarz Inequality, we have 


a? +2(b~6)? oR 4b) 


and it remains to show that 
(5 ¥>a? — 45 be)” > 357(28? — 3be + 2c?) [a? + 2(b — c)?] . 
This inequality is equivalent to 
ya + abe} a + 25° be(b? +c?) > 6S > bc. 
We can get it by summing up the inequality 
Soa" + abe} a > S= be(b? +c) 
to 


3S > be(b? +c”) > 6S be? 


The first inequality is well-known Schur’s Inequality of fourth degree, while 
the second inequality is equivalent to 


3S be(b — c)? > 


Equality occurs fora =b=c,a=Oandb=candc=a,c=Oanda=b 
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Second Solution (by Ho Chung Siu). Since 


(a? — be a-—b)(at+e a-—cy)(a 
ile Se ys Ele ed Ha olorn 


— 3be + 2c2 — 2b? — 3be + 2c? 
Ly (a— 6)(a+c) 5S (b—a)(b+c) _ 
2b? — 3be +202 | 2+ 92 — 3ca dai 
ate bt+e 
= S(a-6) Bete itr a 
2b? — 8be + 2c? 2c? — 3ca + 2a? 
sae 2(a? + ab +b?) — c(a+b+c) 
“OR 3be + 2c?)(2c? — 3ca + 2a?) ’ 


the inequality is equivalent to 
(b — c)?Sq + (c — a)?S;, + (a — 6)? S, > 0, 


where 
Sq = (20? — 8be + 2c*) [2(b? + be + 7) — a(a+b+0)]. 


Without loss of generality, we assume that a > b > c. Since S,; > 0 and 
S, > 0, it suffices to show that S, + 5; > 0; that is 


(2c? — 3ca + 2a”) [2(¢? +ca+a’)—b(a+b+ )] > 
> (2b? — 3be + 2c?) [a(a + b + ¢) — 2(b? + be + c*)]. 


We may get it by multiplying the inequalities 
2c? — 3ca + 2a? > 2b? — 3be + 2c’ 
and 
Ac? +ca+a’)—b(at+b+c)> a(a +b +c) — 2(b? + be +c”) 


The first inequality is equivalent to (a—b)(2a+2b—3c) > 0, while the second 
inequality is equivalent to (a —b)? + c(a+b+c) >0 


* 
5. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


2 b2 2 
a € 
mg oes tt oes to oe 2! 
2 — be 2c2 ° 22 —ca+2a2 2a? — ab + 2b? 
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Solution. By Cauchy-Schwarz Inequality, we have 


2 


a 2 
S$ a?(2b? — be 4- oe) See > ‘o> a”) Z 


Thus, it suffices to show that 


cS a)? > $= a?(2b? — be + 2c”). 


The inequality is equivalent to 


Stat +abeS a> 25> be? 


We may obtain it by adding the fourth degree Schur’s Inequality 


Sa’ + abc} a > $= be(b? + c’) 
to 
S- bel b? +c?) >2 See? 
The last inequality reduces to S= be(b —c)? >0 Equality occurs when 
a= b=c, and also when one of a,b,c is 0 and the others are equal 


* 
6. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


2a? — be 2b? — ca 2c? — ab 
2 z+a 2 2 723 
b*—bet+e ce —cat+a a*—ab+b 


First Solution Write the inequality such that the numerators of the frac- 
tions to be non-negative and as smaller possible, that 1s 


Qa? + 2a? + (b—c)? 
> 6. 
eobenes b? — be + c? 26 


Applying now the Cauchy-Schwarz Inequality, we get 
2 
pee +( Gln as 4 (25> a — 5“ be) 
be . nee (e? —be+c?) (2a? +(b- c)?) 


We still have to show that 


2(2 Soa? — be)? > 350? — be +c?) ) (2a + (b — e)?) 
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This inequality reduces to 


25° a" + 2abeS a + S be(b? +c*)> 6S bc? 
We can get it by summing up the inequalities 
ye + abe} a > S~ be(b? +c?) 


and 


S= be(b? +¢?)> oy ie, 


multiplying by 2 and 3, respectively The first inequality is well-known 
Schur’s Inequality of fourth degree, while the second mequality is equivalent 


to 


S- be(b — ¢)? > 0. 


Equality occurs fora = b=c,a=0Oandb=c,b=0 and c= a, c=0 and 


a=b 


Second Solution. The inequality follows by applying Lemma from 


application 7.1.3 to the increasing function f(x) = x? We get 


Qa? —b? —¢2 2b? —c? — a? ~— 2c? ~ a? — B? 
=p Sg 0, 
b? — be + c? c2—ca+a* a®—ab+b*) ~ 


which is equivalent to the desired inequality. 


* 


7. Let a,b,c be non-negative real numbers, no two of which are zero. 


r > —2, then 
> Qa? + (2r + 1)be s 3(2r + 3) 
Be+rbepe? ~ r4+2 — 

Solution. There two cases to consider. 

I. Case r > —1. Since 

2a7+(2r+1)be  2r+3 _ 2a?—b?—c? - BP+e?+(Qr+l)be  2rt+3 _ 

b?+rbe+c? r+2 - b2+-rbe+c? b24+rbe+e? r42 
2a? — b? — ce? (r +1)(b—c)? 


~ Barbee? (r+ 2)(b2 + rbe + c2)’ 
we may write the inequality in the form 


2a? — b? — ¢? Sak yee (b—c)? 
DD rarer ee en b2 + rhe + c2 


If 
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Since 
Qa? — b? — ¢? Bye = a? — b? > a — = 
a oe t rbe + 2 By rbe+ b2 + rbe+c2 
a? — b? b? — @? 


= mei De eae ~ 


1 
=e =P) ) (aera - wirara) > 
=¥y (a? — b*)(a — b)(a +b + rc) 

(b? + rbe + ¢2)(c? + rca + a*)’ 


the inequality is equivalent to 
(b—c)?Sa + (c— a)?S + (a — b)?S, > 0, 
where 
Sa = (r+2)(b+c)(ra+b+c)(b? + rbe + ¢?)— 
—(r+1)(c? + rea + a?)(a? + rab + b?). 


Due to symmetry, we may assume that a > b >c_ To prove the inequality, 
it suffices to show that S, > 0, S, >0 and S, + S; > 0. 
We can prove that 5S; > 0 by multiplying the inequalities 


(r+ 2)(c+a)(a+rb+c) > (r+1)(a? + rab +b?) 


and 
C+reata>Ptrbet+c. 


The first inequality is equivalent to 

(2+ rjc? + (2+1r)(2a+rb)e+ (a —b)[a + (1 +r)d}] > 0, 
and is true because 

2at+rb=2a—b)+(2+r)b>0 
and 
a+(l+r)b=a—6+(24+r)b>0. 

The second inequality is also true because 

+ rea ta? — (b? + rbe +c?) =(a-—bd)(atb+re)= 

= (a—b)[(a—c) + (b-c) + (24r) > 0. 
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We can prove that 5S, > 0 by multiplying the inequalities 


r+2>r+1, 
(a+ b)(a+b+re)>c?+rcea+a’, 
a+rab+h? > b+ rbetc’. 


Indeed, 
(a+b)(a+b+re)—c?—rea—a? = b?—c? + b[2(a—c) + (2+r)e] > 0 
and 
a? + rab +b? —(b? + rbe+c’)=(a—c)la—b+(lt+r)b+<¢] 20. 
In order to prove the inequality S, + S, > 0, we write it in the form 
ca’ + 030° + ene? tere +9 > 0, 
where 


= 2(24r 
=2(1l+r 
=2 


(2+r)(a+ 0), 
(1+7)? 


) 
) 
)?(a? + b* + rab), 

= (4+ 3r)(a? + 0°) + r(1+r)ab(a tb) > (2+17)%ab(a + b), 
co = (a— 6)? [a? +0? + (2+ r)ad]. 


Since c4 > 0, cz > 0, co > 0, c1) > 0 and co > O, the conclusion follows. 


1 
Il. Case -2 <r <—=. The hint is to apply Cauchy-Schwarz Inequality 
after we made the numerators of the fractions to be non-negative and as 
small as possible. To do this, we write the inequality in the form 


Qa*+(1+2r)be 1+ 2r % 6 
3 b? + rbe + c? Q+r|]~24+r’ 


or 


Ea 
eet 
PE aap ere: 26, 


where 
E,= 4+ 2r)a?—(1+42r)(b— 0c)? > 0. 
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We will show that 


Ey (So Fa)’ 


SU > NE UG 
Lipa der a ~ SOP + rbet c?) Ea ~ 


The left inequality follows by Cauchy-Schwarz Inequality. In order to 
prove the right inequality, we see that 


>> Ea = 21-1) Soa? + 2(1 + 2r) S be, 
‘o> Ea)” = 4(1 —r)? dat + 12(1 + 2r?) bc? 4 


+ 8(1 +r —2r?) >= be(b? +c?) 4+8(2+r)(1+ 2r)abe Sa, 
and 


Do(6* + rbe + c?) Eg = —2(1 + 2r) ¥ a4 4 2(3 +r +r?) So be2+ 
+ (2—r)(1+2r) S~ be(b? +7) + 2r(24 r)abe >a 


Thus, the inequality becomes as follows 


2(2 +r)? )° (doat +abeS a a) —(2+4r) )Q + 2r) >= be(b? + c?)— 
—6(2+7r) >be? > 0, 
2(2+r)[ Sat + abe Sa — So bed? + c?)] + 
+3[}° be(b? +c?) 25> be] > 0 
Since 
D> be(b? +c?) — 25> bc? = SY be(b — c)? > 
and 
> at + abe a — S be(b? +c) > 0 


is well-known Schur’s Inequality of fourth degree, the proof is complete 
Equality occurs fora = b=c,a~Oandb=c,b=0 and c=a,c=0 and 
a=b 

-1 -3 


jr = clandr = —_, 


~1 
Remark a ee ar eae A 
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we get. the following particular inequalities. 
2a? + 5be ie 2b? + 5ca n 2c? + 5ab 
(b+c)? — (c+a)? — (a+6)? 
2a? + 3be ‘ 2b? +. 3ca 2 2c? + 3ab 
b+ be+c? ce? tecata? a2+ab4+b? ~ 


2a27+be 26% 4+ ca 2c? + ab _ 9 
b2 + ¢? c? + a? a2 +52 ~ 2’ 


21 
a 


? 


1 1 1 9 
a 6 ha ae 
ote de! Aloe pag? 4 ab eee ee Ee) 

a b? c 
ino oe Le 
2b¢ — be + 2c 2c* — ca+ 2a 2a? — ab + 26 
2a? — be 2b? — ca Qc? — ab 53 
b2—be+c2? = c2—cata? = § a®~—ab4+o? ~ ’ 

a* — be b? ~ ca c*— ab 


ee ES et ee TT. 
SS abe Ie | Deh sea a2 Oat Bab be 


In all these inequalities, equality occurs for a = 6 = ¢, and also for a = 0 
and b=c,b=0andc=a,c=Oanda=b 


* 


8. Let a,b,c be non-negative real numbers, no two of which are zero. Then 


a+16bc b%+16ca c2+16ad 


see ee he ee a 10, 
b2 4 2 aR c2 + a2 + a2 + b2 1 


Solution. Let a < 6 < ec and 


a+16be 6b? +16ca c* + 16ab 


Sa b2 + c? Bag ate 


In order to prove the inequality, we consider two cases 
I Case 166° > ac*. We will show that 


E(a,b,c) > E(0,b,e) > 10 


We have 


a? a(16c2— ab?) _ a(160% — ac’) 
B(a,b,e)- £00,6¢)=aeat-aadpa twee 2° 
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b 
since c? — ab* > 0 and 1663 — ac? > 0 Letting now z = ~+5 —, we find 


b’ 
16bc  b* 164 7 
B0b.e)-I0= at ate => te -—12= 
_— 9)\2 
_(z 2) (z+ 4) 59 
x 


Il. Case ac* > 16b? It suffices to show that 


c? + 16ab 
—_—_—__ > 
pra ee 10. 
Indeed, we have 
ioe + 16ab 
c? + 16ab : a 166 
—_— - —42—___ _- 10= —-10>16-10>0 
eae 10> ab 1 5 10>1 > 


Equality occurs when one of a, b,c is 0 and the others are equal. 


* 


9. Let a,b,c be non-negative real numbers, no two of which are zero. 


r > —2, then 


a® + 4(r + 2)%be 
= > 1 
» b? + rbe + c? elas 


Solution. Let a<b<c and 


a? + 4(r + 2)?be 
Exe bie) x b? + rbe + c? 


I. Case 4(r + 2)2b3 > c?(a + rb). We will show that 
E(a,b,c) > E(0,b,c) > 10. 
For the nontrivial case a > 0, we have 
E(a, b,c) ~ E(0,b,c) a 4(r + 2)2c3—b?(a + re) 
a ~ b2 + rbe + c2 c?(c? + rea + a?) = 
4(r+2)*b8—c(a+rb) _ 4(r+2)?e3—b(a+rc) 
b?(a?+-rab+b?) c?(c? +rea+a?) 
> Ar + 2)*b*c—b?(c + re) (4r?+15r+15)b2c 


c*(c2 + rca + a?) c*(c?+rea+a?) 


333 


If 
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bo ¢ 
Letting now x = -+ 5: we find 
c 


A(r +2)?bc 6? ee? 

E(0, b,c) — 4r —10 = —+—_+ —4r—10= 
(0, b,c) — 4r — 10 Picere a Rp 4r — 10 
4(r + 2)? 


MOD) ie ge Slee Be) ss eee ee) 
xzr+r xr+r 


> 0. 


II Case c*(a+rb) > 4(r+2)?b? This case implies a+rb > 0, b+rb > 0, 
and hence 1 +r > 0. In order to prove the desired inequality, it suffices to 


show that 
2 + 4(r + 2)?ab 


—_———,- > : 
a? + rab + b? 2 enedt 
Indeed, we have 
b2 
c? + 4(r + 2)?ab eo 
SE ~ hr 10> ar 4 2) 0 EAE ie 
b A(r + 2)? 2(r + 3) 
2 
= —_ - 4r —-10 > —_~_ — 4r - 10 = ——_—‘ > 0. 
Ate) aes r 2 ey r aoEA > 


Equality occurs in the given inequality when one of a, b,c is 0 and the others 


are equal. 
Remark. For r = 2, we obtain the inequality 


2 2 2 
a‘ +64bc 6b iicceaaree + 64ab > 18 
(G+ep " (erap  (atby 


* 


10. Let a,b,c be non-negative real numbers, no two of which are zero, let 
q,r be real numbers (r > —2) and let 


b 
E(a,b,c) = ee _ 


+rbe +c? 
Then, 
3 1 ar+1 
a) B(a,b,¢) > for q< s 7 
2 1 
b) B(a,b,c) > 25 +2, for “ <q <4(r +2); 


c) Ela,b,c > 4kr+12k?-2, for q=4k(r+2k)*?,kh> 1. 
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Solution. a) For a,b,c and r fixed, consider the linear function 


aye ie a? + be _ 3(q+1) 
P+rbete r+2 


Since 


be (b—c)? 
ee es eae eee ae 
Sy rare ere: =" eS eray (b? + rbe+c2) ~~” 


2r+ 
fi(q) is decreasing Therefore, it suffices to prove that ff _ ) 20 


Taking into account the preceding application 7 from this section, the con- 


2r +1 
clusion follows Equality occurs for a = b = c. In the case gq = ae 


equality occurs again for a == 0 and b=c,b=Oandc=a,c=Oanda=b 
b) For fixed a,b,c and r, consider the linear function 


2 a® + qbe _ 4 _9 
b2 + rbe+c2 r42 


J eu ar +1 
<q < 4(r+ 2)*, it suffices to prove that fa( 


Since — ) > 0 and 
fo (4(r + 2)?) > 0 According to the preceding applications 7 and 9 from 


. 2r 
this section, the conclusion follows For 


: <q < 4(r+ 2)*, equality 
occurs if and only ifa =0 and b=c,b=Oand c=a,c=Oanda=6 
c) Leta<b<cand 
a? + qbe 
ea Der rary 
In order to prove the required inequality, we consider two cases. 
I Case qb? > c*(a+rb) We will show that 


E(a,b,c) > E(0,b,c) > 4kr + 12k? —2 


For nontrivial case a > 0, we have 


E(a, b,c) — E(0,b,c) _ a qe? — b*(a + rc) 
a ~ 62 4 rbe + 2 c?(c2 + rea + a2) 


qb? — c?(a + rb) 7 qe? — b*(a + re) 
b2(a? + rab + 62) ~ c2(c2 + rea + a2) = 
a gb’c—b(c+re) (q~1—r)bec 
~ e2(c2 + rca+a2) ~~ c2(c? + rea + a2) 
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Since 


q=1—r=4k(r +h)? — 1-7 > 4(r 4.2)? -1-r= 
= (2r + 3)? + 3(r +2) >0, 


it follows that E(a,6,c) — tiga ce) >0. 


b 
Letting now z = -+5 =, we find 


b? 

= qbe be c® Ak(r +2k)? 

EOE) iene ae ee tae rae 
and 
2 
B(0,b,¢) — 4kr 124? 4.9. = SHEL 9? — ater ~ 198? = 
zx 
_ (x — 2k)? (z+r+4k) S >0 


xzt+r 


Il. Case c?(a+7rb) > qb?. This case implies a+ rb > 0, b+ rb > 0, and 
hence 1+r > 0. In order to prove the required inequality, it suffices to show 
that 


wp a0) dr + 128? - 2. 
Since 
b2 
c? + gab Sah one _ 9 ee! _ Ak(r + 2k)? 
a? + rab + b? a+rab+b? atrb 14r l+r °° 


it is enough to show that 


4k(r + 2k)? 


> 4kr + 12k? ~ 2 
l+r 


This inequality is equivalent to 


4k(k —1)(1 +17) + 4k(2k — 1)? 


+2>0, 
l+r 


which is clearly true for k > 1 
On the assumption that a < 6b < c, equality occurs if and only if a = 0 


b oe 
and ~+ —= 2k 
ce b 
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Remark 1. The application generalizes the preceding applications 1 - 9 
from this section In addition, the inequality c) is also valid for r = —2, that 
is 
2 42 
Sy OR SS fo eke: Hore Oi. 
(b—c)? 


For a = min{a,b,c} and k > 1, equality occurs if and only if a = 0 and 
bo ¢ ok 
ru poo 


Remark 2. For r = 0, we get the following inequalities: 


a? + qbe _ 3(q+1) 1 
ES EA co 
Sree = 2 > for 1>5) 
a*+qbe _ q 1 
Qo pe 25+? for 9 S95 16; 


a? + qbe 5 3% 
> Bag = > a i for q> 16. 


Remark 3. For r = —1 and q = 1, from b) we get the inequality 
5 1 2 6 
b? — be + c? = a2 + 62 +c?" 


1 1 
Similarly, for r = = and q = > from b) we get the inequality 


1 8 
ans Oooo -  - .. 
be pe ~ 3(a? + b? + c?) 


Equality occurs in both inequalities when a = 0 and b=c,6=Oandc= a, 
c=Oanda=b. 


Remark 4. For r = 2 and q = 150, from c) we get the inequality 


24150be 5? + 150 2 4 150ab 
ae + me + saa pias Sar 
(b+ c) (c+ a) (a + 6) 


3475 
5) 


with equality for (a,b,c) ~ (0, 1, ) or any permutation thereof 
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7.5 Inequalities involving FE, and EF, 


1, Let a,b,c be non-negative rea] numbers, no two of which are zero If 


_ arti 
=, 


r>-2, a>0, a(l-r)+6 


then 
$e aale) ee 3(1 + 2a + 8) 
b? + rbe + c? = r+2 


2. Let a,b,c be non-negative real numbers, no two of which are zero. If 


2 1 
PS -2, -w>0, = talr—1)<B<4(r +2)? +a(r—1), 
then 4 
a* + aa(b+c) + Bbc B 
—._——,— > 2 . 
DE b? + rbc + c? 7 FeO 6D 


7.6 Solutions 


1. Let a,b,c be non-negative real numbers, no two of which are zero. If 


then 
5 ees 3(1 + 2a + B) 
62 + rbe + c? - r+2 


Solution. The inequality follows by the inequality from application 7 1.5, 
S a({b +c) + (r — 1)be 2 3(r + 1) 
BP+rbetc? ~ r4+2 ’ 
and the inequality from application 7.2.7, 
Qa? + (2r + 1)be a 3(2r + 3) 
Be+rbet+c? ~ r4+2 — 


Adding the first inequality multiplied by a to the second inequality divided 
by 2 yields the desired inequality. 

Equality occurs if and only if a = 6 = c, a = 0 and b= c, b = 0 and 
c=a,c=Oanda=8. 
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Remark 1. The particular case 8 = 0 yields the following statement 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 


0 dr= ————., th 
> — t 
Y an ry y? en 


5, cee) . 3(7 + 2) 
BP+rbet+c? ~ r+2 
with equality if and only ifa=b=c,a=Oandb=c,b=O0andc=a, 
c=Oanda=b. 

For y = 1 and 7 = 2, we get the inequalities 


? 


a i 
DP 4A) phe 2 a+tb+e’ 
a(2Qa+6 
respectively Note that the first inequality yields 
> ee > ae ee : 
bP+c2 ~a+tb+e 
with equality if and only if a = 0 and b=c,b=0 andc = a,c = 0 and 
a=b 
Remark 2. The particular case 8 = a? yields the following statement: 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 


1 
ae mC ae ccd 
ote ober ae) 
b2+rbe+ ec? =~ r42 ’ 


with equality if and only ifa =b=c,a=0 andb=c,b=0andc=a, 
c=Oanda=b 
For a = 1, we get the inequality 


ss (a + b)(a +c) 5, 12 
4(b? +c?) + 3be 7 117 
Remark 3. The particular case 8 = a — r yields the following statement: 
e Let a,b,c be non-negative real numbers, 0 two of which are zero. If 
1+ 4r 


-1 
— << = —— 
r <r<2anda ent 


> 1 (1 +a) 1 
b+ rbe+c2 ~ r42 a? + 62 +c? + a(ab+ be+ ca)’ 
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with equality if and only ifa =b=c,a=Oandb=c,b=0 andc=a, 
c=Oanda=b. 


1 7 
For r = ; and r= 3 we get the inequalities 


1 18 
2S 
DLA) tbe = alt a bab p bed ca)’ 
y 1 te 27 
8(b? +c?) + The ~ 23(a+b+4 0c)?’ 


respectively Since 


3 > 23 
b2 + be-+ c? ~ 8(b2 +c?) + 7be’ 


from the last inequality we obtain the known inequality 
b2 + be +c? ~ (a+64c)?’ 
with equality if and only if a = b=. 
* 


2. Let a,b,c be non-negative real numbers, no two of which are zero. If 


1 
r>-2, a>0, at +a(r—1)<B<4(r +2)? +a(r- 1), 
then 5 (b 40) 4 6b B 
a’ + aa(b+c) + foc 
pl Pied SE ae BE cea 9 es 
= b2 4+ rbe+ c? aes r4+20 


Solution. The inequality follows by the inequality from application 7.1.5, 


sabe at (ratte, ett) 
b? + rbe + c? —~ prt 


? 


and the inequality b) from application 7.2.10, 


a? +. gbe q 
> 2, 
2 pie a 2=rHat 


1 
where <q <4(r+2)?. Adding the first inequality multiplied by a 
to the second inequality and denoting a(r — 1) +q = f yields the desired 
ine uality. 
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Equality occurs for a = 0 andb=c,b=Oandc=a,c=Oanda=b 


In the case Or 4d 
B= 5 +a(r—1), 


equality occurs again for a= b=c. 


Remark The particular case G@ = a — r yields the following statement 
e Let a,b,c be non-negative real numbers, no two of which are zero. If 


14+4r r+4(247r)? a+2 
~2 2 epi I ae Dea 
MEAG AG On Gage hee eee 
then 
1 y 


ee eer ay eee a ee 
eee ~ a2 + 62 4+ c2 + a(ab+ be + ca)’ 


with equality fora=0 and b=c,b=0 andc=a,c=0 anda=b. 
For a = 1 and a = 2, we get the statement: 
e Let a,b,c be non-negative numbers, no two of which are zero. 


1 
a) If -l<r< 5 then 


> 1 = 3(2r + 5) 
bt rbct+c? ~ (r+ 2)(a? + +c? + ab+ bet ca)’ 


B+ rbotct ~ (r+ 2)(a+b4+c)? 


Equality in a) and b) occurs fora = 0 and b= c,b =Qandc=a,c=0 
1 


and a = b. Moreover, the first inequality becomes equality for r = 5 and 
7 
a = b = ¢, while the second inequality becomes equality for r = 7 and 
a=b=c 
For r = 0, from a) and b) we obtain the inequalities 


ee eee 15 
b? + c# = D(a? +b? +c? + ab + be + ca)’ 

y 1 = 10 

b+ c? = (a+b+c)? 
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7 
Actually, equality b) holds for —r1 <r < 7 where 


95 — /97 
m1 = —75 — © 1.2626 


Marian Tetiva proved this inequality for r = —1, that is 


1 4 1 4 1 12 
BP —be+c2?  c?—cata?® a?—ab+b? ~ (a+b4c)?” 


Assuming that a = min{a, b,c}, we have 


1] 1 1 
b? — be + ¢? Veen a ta abe! a 
] 4 1 + 1 % 12 s 12 
— bB—be+c2? co? 62 > (b+ c)*? ~ (at+b+c)?- 


The middle inequality is true because 


ge ae MN a ad ee 
Bobet c2 | 2" B2 (b+ 0)? — Bebe tc? © c2 * b2 be 
(b—c)* 


~ B2c2(b? — be + c2) = 


7.7 Other related inequalities 


1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a*(b+c)? b*(c+a)? cat)? 


pea ge + 2 age seer ae Gn 


2. Let a,b,c be non-negative real numbers such that ab+bce+ca=1 Then, 


(1 + ab)? (1 + bc)? (1 + ca)? , 8 
a2 +62?+4ab b24+c?+4be c2+a2+4ca~ 3° 
3. Let a,b,c be non-negative real numbers such that ab + be + ca = 1. If 
r > 0, then 
s (1 — be)? + rbe = 3r+4 
b+rbe+c? ~ r+2 
(Vasile Cirtoaje, MS, 2006) 
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4. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


Ybce+4a(b+c) fca+4b(c+a)  ,fab+4c(a +) _ 9 
b+e c+ta 7 a+b = 
5. Let a,b,c be positive numbers. Prove that 


Vae+be Vb? +ca i Ve? + ab 


b+e ct+a a+b 7 


w 
wo Ss 
ie) 


( Vasile Cirtoaje, MS, 2006) 


6. Let a, b,c be non-negative real numbers, no two of which are zero Prove 
that 


2a(b +c) 2b(c + a) 2c(a + b) 


(QQb+c)(b+ 20) | VW Gepaje+ 2a) V Gatbyat 2b) —- 


7. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


a?+4+3abc 33 43abe a? + 3abe 

b+e c+Ha a+b 
GPA SY Se, ees S 
(b +c) (c +a) (a+6)3 ~ 2 


> 2(ab + be + ca), 


( Vasile Cirtoaje, MS, 2005) 


8. Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 


a?4+2be b%4+2ca 2 4+2ab_ 3 
2 EE as So 
a) b+e c+a = a+b 2g (atbto); 
a+2abc  b2 4+ 2abc 84+ 2%abe_ 1 
b a a ee Oe 2 
) b+e cta a+b 2g letb+e) 


9. Let a,b,c be non-negative real numbers, no two of which are zero Prove 


that 
aVa? + 3b rf b/b? + 3ca fe cc? + 3ab 


> i 
b+e cta a+b Zatbt+e 


(Cezar Lupu, MS, 2006) 
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10. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r>34 7, then 
1 : 1 i 1 & 9 
raz+tbe rb?4+ca re?+ab~ (r+1)(ab+be+ ca) 
(Vasile Cirtoaje, MS, 2005) 
11. Let a,b,c be non-negative real numbers, no two of which are zero. If 


2 
=< 
3- 


r<34+4 7, then 


1 i 1 4 ] r+2 
ra2+be rb?+ca  rc?+ab~ r(ab+ bet ca) 


( Vasile Cirtoaje, MS, 2005) 


12. Let a,b,c be non-negative numbers, no two of which are zero Prove 
that 
1 1 1 6 
2 + a2 + 53 2 ap 2 
Qa2+ bc  2b2+ ca = 2c2 +ab~ a2 +b? +4+c2?+ab+bce+ ca 
13. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


t 
he 1 1 1 1 


ee a a, 
22a? + 5be + 3952 + 5ca - 22c? + 5ab ~ (a+b+c)? 
(Vasile Cirtoaje, MS, 2005) 


14. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that , 1 1 8 


> >. 
a2 tbe + 2? +ca’ W+ab~ (atbtcy 
(Vasile Cirtoaje, MS, 2005) 
15. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


thet 1 1 1 12 


a at a Pe Se 
Gee bce. e+ab~ (a+b+c)? 
(Vasile Cirtoaje, MS, 2005) 


16. Let a,b,c be non-negative numbers such that a+b+¢ = 2. Prove that 
(a? + bc)(b? + ca)(c? + ab) < 1. 


Vasile Cirtoaje, MS, 2005) 
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17. If a,b,c are non-negative numbers, then 
a’ — be b? — ca c? —ab 
ee 
a) Ite Te Weta | Wate 
2_ 2_ 2 
a’ —be 5. u ca zs c’ —ab >0 
V224+R +2 VOPR + 4a? VI +402 40? 


(Nguyen Anh Tuan, MS, 2005) 


b) 


18. If a,b,¢ are the side lengths of an triangle, then 
a? — be b? — ca c? — ab 
$ + <0 
3a? 4524 c? § 362 4c? 4a? © 3624+ c2 + a? 


(Nguyen Anh Tuan, MS, 2006) 


7.8 Solutions 
1. Let a,b,c be non-negative real numbers, no two of which are zero. Then, 


a*(b+c)? beta)? (a+b)? 


"peer ha ane) > 2(ab + be + ca) 


Solution. We have 
a?(b +c)? ave 
te Dee De a2D es 2D be 
=2 (Sa? — be) - “Sa (i Fez) 
a*(b —c)? 


= Yb- (Lae Pag - 
-r(1- ae ra) =o 


Without loss of generality, assume that a > b > c. Since 1 — 


suffices to show that 


Write this inequality as 


(a? — b? + c*)(a — c)? i — b? — c*)\(b—)? 
a? + ¢? = b? + ¢? 
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We may get it by multiplying the inequalities 


2 2 
2_ p24 22 2,2 2 (a-¢) (b—c) 
a’ —b* +c >a’ —-b-— ec, Or eT 

te 2 pag = ae 
The latter inequality is true since 


(a—c)? (b—c)? be 2ac _ 2ea— b)ab—e*) 


@+2 B42 4c? atte? (b? +c2)(a? + c?) 
Equality occurs for a = 6 = ¢c, and also fora =0 andb=candc=a,c=0 


and a =- b. 
* 
2. Let a,b,c be non-negative real numbers such that ab+bc+ca=1 Then, 


(1 + ab)? " (1+ bc)? (1 + ca)? 8 
a2+b24+4ab 9 624 c244be  c?+a2+4ca ~ 3 


Solution. Since 


(14+ bc)? — [al(b+c)+2be]? — a?(b+c)? + dabe(b +c) + 4b? 
B+ ct+ dbo | B+ C2 + 4bc b? + c? + Abe ~ 
a?(b? + c? + 4bc) — 2a7be + 4abc(b +c) + 4b7c7 _ 
. b? + c? + 4be 
ae 2a? be 4abe(b +c) 4b?¢? 


Ra cade b+ adhe Fey Abe’ 


we may write the inequality in the form 
1 6bc 
2 py _t 2 ae 
pees ae Gz 24 Abe )+ 
Gbc 
= re | 
$= =e be) + 5 Dab+o (rasa )+ 

=; —1]} > 0, 

+3 Db (grace = 


or 
ewe st 1 a? 1 2 a(bt+c) 2 be 
Death =) +3 Rye pdbe 6 3 +At4be SPE +4be 
This inequality is equivalent to 


2 _ 4)2 
5 8 (b+ c— a) >0, 
b? + c? + 4bc 
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1 
that is clearly true Equality occurs fora =b=c= Wee and also fora =0 


and b = c= 1 or any permutation thereof. 


* 


3. Let a,b,c be non-negative real numbers such thatab+be+ca=1 If 
r > 0, then 


R= 2 
ee bc) HG Stn (1) 
b2 4 rbe + C2 r+2 


Solution. Since 


(1—bc)?4+rbe  a?(b +c)? + rbc(ab + bc + ca) 
6? + c2 + rbc b? +c + rbe 

a? [b? +c? + rbe + (2—r)bc] + rbe(ab + be + ca) 

See 5s ee = 
(2 —1r)a*be rabc(b + c) rb? ¢? 

62 + c4 + rbe a B+c4#trbe 624% 4+ 7rbe’ 


= =a + 
we may write successively the inequality as 
2-r (2+97r)be 2-r 
2 2 2 
_—h as SAS = 
mle ON pegs! eee J+ 72 De bey 


(2+9r)be 
Fay tO) [Bowe |+ 


r (2 tr)be 
=? > 
ere a eps. - | o 


+ 


Tb— 9? 1 2ar a? ‘ Re 
2 24+rb+ct4+rbe 2(2+1r) 

Bee ATION Soh 2 ata 0 

2+r+ert+rbe 2+rb4+c24rbe 


(b-—c 
> 9 
Dries 7 (2) 
where 
Sq = 2(b? + c? — a”) + r(a—b)(a—c). 


Assume that a > 6 > c and consider two cases. 
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I CaseO <r <4. Since 
S_ = 2(a? +b? — c*) + r(c—a)(c—b) > 
> 2(a? + b? — c?) —2(c—a)(e~b) = 
= 2(a? — ab + 6?) + 2c(a + b — 2c) > 0, 
it suffices to prove that 
(b— 0)? (c— a)? 
ao SS + SO & 2 0. 
B+ctrbe* | ce +a%trea 
Since 
Sy = 2(a? +c? —b?) + r(b—a)(b-—c) > 
> 2a? +c? —b) + 4(b—a)(b—c) = 2(a—b+c)? >0, 


we may prove the inequality by multiplying the inequalities 
So > —Sq 


and 
(a-e)? , _(b-e) 
at+ec2trac~ b?4+c2+rbe 
Indeed, we have 
Sy + Sq = r(a—b)? + 4c? > 0 


and 
(a-c)?_——_(b—-c)? i (2+r)ac (2+r)beo 
a@+cetrac b2+c2+rbe a?+c?+rac b2+c2+rbe 
be ac 
= 2 SOO — 
RE) (Ceres a 


3, (2+ 1r)c(a ~ b)(ab —c*) 
= Pidt ria +a trad = 


Il Case r>4 Since 
Sq = 2(b? + c? — a”) + 4(a—b)(a—c) + (r—4)(a—b)(a—c) = 
= 2(a—b—c)?+(r—4)(a—b)(a—c) > 
> (r —4)(a— b)(a — ¢) 
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and, similarly, 
S,>(r—4)(b-—c)(b—a), S, > (r—4)(c—a)(c—}), 


to prove (2) it suffices to show that 
b-c a-—c a—b 

ee ee SS he SG 

P+e+rb &+a+rcat a? + 624 rab ~ 
This inequality is equivalent to 

(a— b)\(b—c)(a—c) (a? +b? 4c? + (1+4+r)(ab+ be + cal > 0, 
which ts clearly true This completes the proof 
1 
Equality occurs fora =b=c= i and also fora =O andb=c=1or 

any other permutation. 
Remark 1. Since 


(1 — bc)? + rbe = 1 + (r — 2)be + bc? = ab + (r — 1)be + ca + bPc?, 


we may write (1) as 


b —1)b bc? 3r +4 
~ gs Le : i > r 
bet+rbe+e b?+ ¢c%+rbe r+2 


On the other hand, 


3 b2c? < be Pee 
b? 4+ rbe+c? — r+2 247° 


Therefore, from (1) we get 


pyeeelae 1)be + ca a 3(1 +7) 

BP+rbc+c2 ~ Q4r 
According to this result, we may say that the inequality (1) is sharper than 
the one from application 7.15 As a consequence, the inequality (1) for 
r= 2, that is 


is sharper than the well-known Iran Inequality 


] 9 
he 27 
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Remark 2. For r = 0 and r = 4, we get the inequalities from the preceding 
applications 1 and 2 in this section. Besides, for r = 1, we obtain 


1—be + b?c? 
Dre swe 


7 
ae 
b2 4 be + C2 3 


Remark 3. We conjecture that the inequality (1) holds true for any r > —2. 


* 


4, Let a,b,c be non-negative real numbers, no two of which are zero Prove 
that 

be + 4a(b + c) ca + 4b(c + a) ab + 4c(a + b) y 9 

b+e - cta a+b —2 


Solution. Squaring and setting A = bc+4a(b+c), B = ca + 4b(c + a), 
C = ab+ 4c(a + b), the inequality becomes 


A VBC 
Lary PL eae 


81 
>—. 
ee: 


In order to prove this inequality, we will use the ingenious identity (due to 
Sung- Yoon Kim) 


(b+c)?BC—4 [a(b? +c?) + 2be(b+ ¢)+3abe]* =abe(b—e)?(a+ 4b+ 4c), 
which implies 


VBC > 2a(b? +c 2) 4 dbe(b + ci bane 
= b+e 


and hence 
F VBC 45 a(b? +c?) +8) be(b +c) + 36abc _ 
2d (exalts) = (a4 BG era) 
12> bc(b + c) + 36abec 
~ (a+ 8)b+ era) 


On the other hand, taking into account Iran Inequality (see application 7 1.4) 


oe be+ca 9 
(b+c)? ~ 4? 


78 Solutions 351 


we have 


A ab + be+ ca a 9 a 
eS ———————_— > 
Seer ane Mea esr a Sew: 


Then, it suffices to show that 


F 12S be( b+) + 36abe 
geet (a+b)(b+c)(e+a) —~ 


This inequality is equivalent to 
Saat b)(a+e)+4 S$ be(b + c) + 12abe > 6(a + b)(b +. c)(c + a) 
or 
ey + 3abe > S- be(b +c). 


Since the last inequality is just the third degree Schur’s Inequality, the proof 
is completed Equality occurs for a = b = c, as well as for a = 0 and 6b =, 
b=Oandc=a,c=Oanda=b. 


* 


5. Let a,b,c be positive numbers. Prove that 


vat +be | Vi + ca ve + ab 2 3/2 
b+e c+a Orb = 8 


First Solution. Since 


pee Va? + be iy (e 5) = 


bte 2 b+e (ff 


io 2a? — b? — c? 
V2(b +c) [ /2(a? + be) +6 +c] ” 
we may write the inequality as 


2a? — b? — 


Dey re 


where 


Eq = (b +c) 2(a? + be) + (b+ c)?. 
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Let us consider a << b<e¢ We have E, > Ep, since (b +c)? > (e +a)? and 


(b+ c)Va2 +bc— (c+ a)Vb? +ca = 
_ e(b—a)(a? + b? + c? — ab + be + ca) 


(b+ c)Va? + be + (c+ a)Vb? + ca 
Analogously, we have E, > Ec, because (c + a)? > (a+)? and 
(c+ a)Vb? +ca—(a+b)V¥c? + ab= 


a(c — b)(a? + b? +c? + ab— be+ca) 
(c+a)Vb2 +4 ca | (a+b)Ve RX +ab ~ 


Since 
2a? — b — ? <2? - CP - a? < 2° - a — 
and ‘ ; 1 
en Sz aaa 
Ey SF,’ 


by Chebyshev’s Inequality we get 
2a? — b* — 


Le 2 [Nee -P - 2] (x x) 20: 


Equality occurs if and only ifa = b= ce. 


wl 


Second Solution For x,y,2 positive number, the well-known inequality 
holds 
r+y+2> Y3(ryt+yzt 22) 


Thus, it suffices to show that 


(b2 + ca)(c? + ab) 3 
Le etalare) 73 


Setting a = z?, b= y*, c= 27, where z,y, 2 > 0, the inequality becomes 
25 (y? + 27) V (yt + 222?)(24 + zy?) 2 3(x? + y*)(y? + 27)(2? + 2”). 


The Cauchy-Schwarz Inequality gives us 


VP + 2)(y! F202) > y> +222 
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[(22 4+ y?)(24 4 22y2) > 23 + xy? 


Multiplying these inequalities yields 


(y? + 2?) V(y4 + 2227)(24 + 229?) > (y? + 27a)(29 + zy’) = 


= y323 4 2(y® + 25) + 22y?2? 


and 


Therefore, it suffices to show that 
2S yF+25 a(y? + 2°) + 6x2y?2? > 3(x? + y?)(y? + 27)(2? + 2°). 
This inequality is equivalent to 
257 y228 + 25> yaly! + 24) > 3 ye? (y+ 2) 
or 
> y2(y — 2)?(2y? + yz + 22”) > 0 


Since the last mequality is clearly true, the proof is completed 


* 


6. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 
2a(b + ¢) 2b(¢ + a) i 2c(a + b) sy 
(2b + c)(b + 2c) (2c + a)(c + 2a) (2a + b)(a+ 2b) ~~ 
Solution. Using the substitution a = x?, b= y?, c = 2”, where z,y,z > 0, 
the inequality becomes 
Dy? + 23) 
ea al Sell ian ee > 
ue (2y? + 22)(y? + 222) — 
We will show that 
2(y? + 2?) yte2 
(2Qy? + 2?)(y? +222) ~ y2 4 yz 4 22° 
Indeed, by squaring and direct calculation, the inequality reduces to 
y’2?(y — z)* > 0, which is clearly true Therefore, it suffices to prove that 


2 ae as 2) 2 2, 
y? + yz 2? 
which is just the inequality from the application 7.1.1. Equality occurs for 
a= 6=c, and also fora = 0 and b=c,b=Oandc=a,c=Oanda=b. 


354 Symmetric inequalities with three variables involving fractions 


* 


7. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 


a®+3abe 63+ 3abe a3 + 3abe 
LS 
b+e c+a a+b 
b) Ge obey Se essa es eae oe 
(b+ ¢)8 (c+ a)3 (a+) 2 


> 2(ab+ be + ca); 


Solution. a) We have 


a? + 3abe a? + 3abe 


hee ee “pee = 
= Dye tbe Pe) = 


a(a— b)(a—c) a(ab + ac — b? — c?) 


=O b+e + De b+te 


Since 


a(ab+ac—b?—c?)  _, ab(a—b) ac(a—c) _ 

2 b+e al b+e se a ro b+e 
ab(a — b) ba(b — ab(a — b)? 

= pales) —_————_—— > 

se ee rca bt+e oa eta a EEE) a 


it remains to show that 


a(a—b)(a-—e 
rs ve so 


This inequality is a particular case of the followimg more general statement. 
e if a>b>c are real numbers and X > Y > Z > 0, then 


X(a—b\a—c)+Y¥(b—c)(b— a) + Ze a)(e—b) > 0. 
Notice that the inequality follows by adding the evident inequality 
Z(e—a)(e— 6) >0 


to 
X(a—6)(a—c)+ Y(b—c)(b—a) > 0. 


To prove the latter inequality it suffices to show that X(a —c) > Y(b—c). 
This inequality is true because X > Y anda—c>b—-—c>Q0. 
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a b c 


Returning to our problem, we set X = ——, Y -=- ——, Z = ——, 
rning p ie ae 


a 
and to see that X > Y > Z >0 Equality occurs for a = b =: c, and also for 
a=QOandb=c,b=Oandc=a,c=Oanda=b 


Remark The above statement is also valid forO < X < Y < Z Wecan 
prove this claim by adding the evident inequality X(a — b)(a —c) > 0 to 

Y(b-c)(b—a) + Z(e—a)(e—b) > 0. 
To prove the latter it suffices to show that Z(a—c) > Y(a—6) This 
inequality is true because Z > Y anda—c>a—b>0. 

b) Let a > b> c. Since 
a? + 3abe g b3 + 3abe _ c3 +. 3abe 
b+te ~ e+a ~ atb 


and 
1 1 s 1 


ee ee ee 
(b+)? ~ (e+a)? ~ (a+ 6)?’ 
by Cebyshev's Inequality we get 


a+ 3abe _ 1 a? + 3abe 1 
ee patel ented ey 
2 (b+ )8 =3(X bt+e \Cup 
Taking into account Iran Inequality (application 7.1.4) 


S——— > re: eee 
(b+)? ~ 4(ab+ be + ca)’ 


it is enough to show that 
a? + 3abe 
>2)S b 
ee rare 5 +e » C, 
which is just the inequality a) Equality occurs if and only if a= b—c. 


* 


8. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 


a? +2%be 627 42a 2 + 2ab 
b+e c+a a+b 
a> +4+2abe B28 42abe 3 + 2abe 
bte c+a a+b 


3 
25 (at+b+o); 


2 
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Solution. a) We have 
ee eae 2 + ( b c) 
2 — 3(a — ——-a —  -b-cJ= 
x b+e = b+e 2 b+e 


_ wv a{2a—b-c) 
= b+e se b+e 


and 


= a(a— b) a(a—c) _ 

3 b+e ee bte ps b+e 
_ a(a— b(b—a) | (a-bP | 
soe Degg = Ot OD Gen ay 


_ (b—)? 
= ERE) DS Caceaccey 


Therefore, we may rewrite the inequality as 
S_(b-¢)? Sa > 0, 


where 
Sa = (a+b+c)(b+c¢) —(a+b)(at+c). 


Without loss of generality, assume that a > b > c. We have 
=(a+b+c)(c+a)—(b+c)(b+a) > 
a+ b)(c+a)—(b+c)(b+ a) =a*—b* >0, 


Sp = ( 
a 
S, = (a+64+c)(a+b) —(c+a)(c+b) > 
> (at+c)(a+b) —(e+a)(¢+b) =a?-c? >0 
and 


Sa +S = (a4+6b+ce)(a+ b+ 2c) — (a+ b)(a+b + 2c) = 
=c(a+6+2c) >0 


Then 


S>(b—¢)?Sq > (b— ¢)*Sa + (a— 0) S > 
> (b—c)*S, + (b— ¢)? Sp = (Sa + S4)(b—c)* > 0. 
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b) Since 


a® + 2abe a+2abe 5 2 
ee = (GS te +2be) — ) (a° + 2bc) = 
24.95 
=(a4+b+0) L (a pb pe), 


24 2b 3 
(atb+e)Qo ot => S(atb+e) 
a). 


Dividing by a + b+ c, we get the inequality a) 
Equality occurs in both inequalities for a = b = c, and also for a = 0 and 
b=c,b=Oand c=a,c=0anda=b. 


* 


9. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


that 
aVa? +3be  bVb% +3ca ee? + 3ab 
an —_—__— + ————____. 
b+e ct+a a+b 
Solution. (by Yuan Shyong Ooi). By the AM-GM Inequality, we have 


ava? + 3be | a(a? + 3bc) 


see eS 
bt+e V(b + ¢)?(a? + 3bc) 
2a(a* + 3bc) _ 2a3 + Gabe 
~ (b+)? + (a? + 3bc) = S+.5be ’ 


DPatb+t+e., 


where S = a2 4 6? + c?. Since 


2a? + Gabe ate a® + abe — a(b? + c”) 


S+5be 7 S + 5be ; 
it suffices to show that 


AX + BY+CZ>0, 


where 
ofall 1 1 
~ S45be’ ~  S+5ea’ ~ S+Bab’ 
X = a® + abe — a(b? +c’), 
Y = b? + abe— W(c? + a2), 
Z = + abc— c(a? + 8), 
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Without loss of generality, assume that a > b> ec Since 
A>B>C, 

X = a(a? — b?) + ac(b — cc) > 0, 

Z =c(c? —b?) + ac(b— a) <0 
and 

X+V4X = oa? + 3abe— YS a(t? +7) > 0 
(Schur’s Inequality), we have 
AX4+ BY+CZ>BX+BY+ BZ=B(X+Y4+2Z)>0 
Equality occurs for a = b = ¢, and also fora =O and b=c,b=0 andc=a, 
c=QOanda=b 
* 


10. Let a,b,c be non-negative real numbers, no two of which are zero. If 
r>3-- v7, then 
1 1 1 9 
HP ibe eecen te pab = Geaab abe sca): 
First Solution. We write the inequality as 
(r + 1)(ab + be + ca) S“(rb? + ca)(re? + ab) > 
> 9(ra? + be)(rb? + ca)(re* + ab). 
Since 
So (rb? + ca)(re? + ab) =r? 5 b?c? + abe Sa +r ¥ be(b? +c’), 
(ab + be + ca) S (rb? + ca)(re? + ab) = 7 S~ b?c?(b? + c?)+ 
+r? bec3 + (r? +7 + L)abe >” be(b +c) + 2rabe S~ a® +. 3a7b*e? 
and 
(ra? +be)(rb? +ca) (rc? + ab)=r? $” B83 +rabe 5 a? +(r> + 1)a7b7c?, 
the inequality becomes 
r(r +1) > be ee 47) 4 r(r —- 8)>~ bh 4 
+(r+1)(r? +741) Jabe S* be(b + ¢) > 
>1(7— 2r)abe Sa? + 3(r + 1)(3r? — 37 + 2)a7b*c?, 
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On the other hand, 
(a —b)*(b—c)?(¢ — a)? =S be 2(b? + c7) — 25° A+ 
+ 2abe 5 * be( be(b +) — 2abe S> a® — 6ab?c* 
Then, the inequality is equivalent to 
r(r + 1)(a — b)?(b—¢)*(e— a)? + r(r? — Gr + 2) 5 B83 + 
+ (r° + labe $~ be(b + c) + r(4r — 5)abe Sa? > 
> 3(r + 1)(8r? — 5r + 2)a7b*c? 
Since r* — 6r +2 > 0 for r > 3+ V7, by AM-GM Inequality we get 
r(r? — 6r +2) > B38 + (r3 + 1)abe ~ be(b + c) + r(4r — 5)abe ) > a? > 
> 3r(r? — 6r + 2)a7b?c? + 6(r? + 1)a7b?e? + 3r(4r — 5)a2b*c? = 
= 3(r +1)(3r? — 5r + 2)a7b2c?, 
from which the required inequality follows. Equality occurs when a = b= ec. 


For r = 3+ V7, equality occurs again when a = 0 and b = c, 6 = 0 and 
c=a,c=Oanda=b 


Second Solution (by Pham Kim Hung). Write the inequality as 


df (a,b,¢) 20, 
where pct Gn whetean) 
r a c+ea) , 
es aaa oa 
Since 
3ra(b + ¢— 2a) — (r — 2)(ab—2be + ca) | 
ro ae 2(ra? + bc) = 
_ [8ra+ (r — 2)e](b— a) + [3ra + (r — 2)b](c — a) 
7 2(ra? + bc) , 
we have 
_ wo Brat(r—- — a) [3rb + (r— 2)e}(a—b) | 
df (a,6,¢) ~ Dy Sears + me 2) 2(rb? + ca) ~ 


af _ yy f8ro+(r—2)e  3ra+(r—2)e 
=O da 2) rb? +ca ra? + be | 
1 


~ Dra? + bol(rl? + cal(re 4 ab) 22 OY Be, 
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where 
= (re? + ab)[3r7ab + r(r — 5)(a + b)e — (r — 2)c?}. 


Without loss of generality, assume that a > b > ec. Since r > 3+ V7 implies 
r(r—5) > r—2, and hence 


r(r —5)(a + b)e — (r — 2)c? > (r —2)ce(a + bc), 
it suffices to show that 
3r? 5° ab(re? + ab)(a— b)? + (r — 2) 5 (a — b)?S, > 0, 
where 
= (re? + ab)c(a + b—c). 
Since 
3r? S- ab(re? + ab)(a—b)? > 3r2a2b?(a—b)? > r(r—2)a*b*(a—b), 
it is enough to prove that 
ra’b*(a — b)? + s-( a—b)*S, > 0. 
We have 
Sq = (ra* + be)a(b + ¢— a) > (ra* + bc)a(b— a), 
= (rb? + ca)b(e + a — b) > (rb* + ca)b(a — b) > 0, 


a? a? 
Sa + 7 Sp > (a—b) | —a(ra? + be) + i (rb? + ca)} = 


—b)*(ea— —p)2(- 
_ a(a—b) (ca—rab + bc) S a(a—b)*(—rab) ee ey 
b b 
and S; > 0 Therefore, 
S-(a— b)? Se > (bc)? Sa + (a —c)? 5p > 
2 a 2 2 a 

> (b—c)*S. + ple) Sy = (6-c) (s. + Sy) > 

> —ra?(b — c)*(a— 8)’, 
and finally 


ra’b’(a — b)? + 5 (a— b)?S_ > ra*(a — b)? [b? — (b—c)?] > 0. 
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* 


11. Let a,b,c be non-negative real numbers, no two of which are zero. I} 
ae r<34 V7, then 
1 te 1 ra 1 r+2 
rae?t+be rb?+ca reé?+ab~ r(ab+ be + ca) 


Solution. We write the inequality as 
r(ab + bc + ca) So (rb? + ca)(re* + ab) > 
> (r + 2)(ra? + be)(rb? + ca)(re? + ab) 
As in preceding proof (first solution), we may rewrite the inequality as 
7? S* bc? (b? +c?) Sarr ee +r(r * +r + l)abe S$ be(b + c) > 
> r(2—r)abe >> a? + (r4 + 27 — 2r + 2)a7b7c?, 
or 
r?(a — b)*(b— ¢)'(e— a)? + r(r? — r+ 1)abe S~ be(b + ¢)+ 
+r(3r— 2)abe > a? > (r4 + 273 — 6r? — 2r + 2)a7b?c? 
Since 3r — 2 > 0, by AM-GM Inequality we get 
r(rear st 1)abe © be(b + ce) + r(3r — 2)abe 5~ aS 
> 3r(r? —rt+ 1)a2b?c? + 3r(3r — 2)a7b?c? = 3r?(2r + 1)a7b?¢? 
So, it suffices to show that 
3r*(2r +1) > r4 +r? — Gr? — or 4.2. 
This inequality is equivalent to (r + 1)?(6r — 2— r*) > 0, and is true for 
Sr e34yi Equality occurs when a = 0 and b= c,b =O and c=a, 
c=Oanda=b6 Forr=3+4 V7, equality occurs again when a = b — c. 
* 


12. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 1 1 6 
Sh a ee 
ot ibe era. Saab — at Gye eed ee 
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Solution. Applying Cauchy-Schwarz Inequality, we have 


s 1 & A(a+b+e)? 
2a? + be ~ S-(b + c)?(2a? + be) , 


So, it suffices to prove that 


Qatb+c)*(a? |b? +c? + ab4 be+ ca) > 35° (b+ c)*(2a? + bc). 


Since 
(a+6+ c)?(a? +b? +c? +ab+ be + ca) = 
= (Soa? + 25° be) (Soa? +} be) = 
2 2 
= (S- a”) +3(>> a7) (S> bc) +2(S- bc) = 
= S> at + 35° be(b? +07) + 45 bc? + 7abeS a 
and 


> (b + c)?(2a? + be) = S>(b? + c? + 2be)(2a” + be) = 
= S- be(b? +67) +6 5° bc? + dabe Sa, 
the inequality transforms into 
25> at + 35 — be(b? +c?) + 2abe Sa > 10 5 bc? 
We may obtain this inequality by adding Schur’s Inequality of fourth degree 
> a4 +abeS a> J be(b? + c?), 
multiplied by 2, to 
5S be(b* + c*) > 105° bc? 
The latter inequality is equivalent to 
5} be(b— c)? > 0 


Equality occurs for a = 6 = ¢, and also for a= Oand b=c,b=Oandc=a, 
ec=Oanda=6 


* 
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13. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 
i i i 1 
35n2 4 Bhe | Dhl neo | 002 Leah ~ Ta? 
22a? +5be 2262+ Sea 22c? + Sab ~ (a +54 c) 


Solution. By Cauchy-Schwarz Inequality, we have 


S 1 4(at+b+c)? 
22a? + Sbe ~ 37(b + c)?(22a? + 5bc) | 


Therefore, it suffices to prove that 
4(a+b+c)* > S-(b + c)?(22a? + 5bc). 
Since 
(at+tb+c)i= (Sa? + 25> be)” = 
= (Da?) +4 (La?) (Doe) +4 (Tbe) = 
= Soa? + 45° belt? + 0?) + 6S bc? + 12abe Sa 
and 
So (6 + c)?(220? + 5bc) = S7(b? + c? + 2bc)(22a? + 5bc) = 
= 5ST be(b? +c?) + 545° be? + Adabe Sa, 
the inequality becomes 
4 Slat + 11 $0 be(b? +c?) + dabe S> a > 307 bc?, 
or, dividing by 4, 
So at + abe > a — S* be(b? + c?) + ~ S~be(b — c)? > 0 
Taking into account Schur’s Inequality of fourth degree 
0 a4 + abc S° a > S be(h? + c*), 
the conclusion follows Equality occurs if and only ifa=6 =e. 


* 
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14. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 
that 
1 % 1 n 1 < 8 
2a*+be 2b? +ca = 2c? +ab~ (a+b+c)? 
Solution. By Cauchy-Schwarz Inequality, we have 


3 1 4(a+b+c)? 
2a? + be ~ So(b+ c)?(2a + be) ; 


Therefore, it suffices to prove that 
(a+b+c)4 > 25 °(b + c)?(2a? + be). 
Since 
(atb+c)4 =yoe +4 5° be(b? +c”) +65 > 7c? + 12abc 5 ~ a 
and 
S-(b + ¢)?(2a* + be) = S*(b? + c? + 2be)(2a? + be) = 
= So be(b? +c?) +65 b’c? + dabe Sa, 
the inequality becomes 
S\ a’ + 2S ~ be(b? +7) + 4abe Sa > 65 - bc? 
We will prove that the stronger inequality 
S- at + 25> be(b? +c) +4 abc a > 6S bc?. 
This inequality follows by summing Schur’s Inequality of fourth degree 
y- a4 + abc} a > S_ be( 8? +c 
to the inequality 
3S be(b? +c?) > 6 S~ b?e?, 


which is equivalent to 35> be(b —c)? > 0. Equality occurs if and only if 
a=OQand b=c,b=Oandc=a,c=Oanda=b. 


* 
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15. Let a,b,c be non-negative real numbers, no two of which are zero. Prove 


a 1 1 1 12 
ne of of 
Pcbe betea 2 uah ~ (at+6+c)? 


Solution. Due to homogeneity, we may assume that a+b+¢=1 Under 
this assumption, we write the inequality in the form 


l-—a®-be 1-8?-ca 1-c?—ab 
— > +: Se 4+ 
a? + be b? + ca ce + ab 


Since 1—a*—be = (a+b +e)? —a* —be > 0 and, analogously, 1 — 6? — ca > 0 
and | — c? — ab > 0, by Cauchy-Schwarz Inequality we get 


2 
eee ae [So (1 — a? — be)] 

a+be ~ J“ (1 — a? = be)(a? + bc) 

Thus, it is enough to show that 
(3 — S\(a? + be)]” 

=o SS 8 

S-(a? + bc) — Si (@? + bc)? 
Let us denote ab+bc+ca=z Since 


Sa? = 1-22, sore = x” — 2abc, S\(a? + bc) = 1-2, 


S~ at = (So a2)’ - 25> bc? = 1-42 + 2x? +. 4abc, 
Seas + bc)? = 2abe + ya + bee = 1-42 + 32? + 4abe, 
the inequality becomes 
(2+2) 
32 — 322 — dabe ~~’ 


or 
(1 — 4x)(4 — 7z) + 36abe > 0. 


| 
Consider now that z > — By 


The inequality is clearly true for z < 7 


malo 


Schur’s Inequality of third degree 


(a+b+c)* + Gabe > 4(a+ 6 + c)(ab+ be + ca), 
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it follows that 1+ 9abe > 4x. Therefore 
36abe > 162 — 4 
and 
(1—42)(4—7x) + 36abe > (1-42)(4—72) + 1624—4=72(4e-1) > 0. 


Equality occurs if and only if a = 0 and b=c, 6 = 0 and c = a, c= 0 and 
a=b 


* 
16. Let a,b,c be non-negative numbers such thata+b+c= 2. Prove that 
(a? + bc) (b? + ca)(c? +ab) <1. 


Solution. Without loss of generality, assume that a > b> c. Since 
2 
a? 4+-be < (a+ 5) 


and \ 
(b? + ca)(c? + ab) < a (b? + ca + c? + ab)’, 


it suffices to show that 
(2a + c)?(b? +c? + ab+ ac)? < 16. 


Let 
E(a,b,c) = (2a+ c)(b? +c? +ab+ ac) 


We will show that 
E(a,b,c) < E(a,b+c¢,0) < 4. 


Indeed, we have 
E(a, b,c) — E(a,b + ¢,0) = e(b? +c? +ac— 3ab) < 0 
and 
E(a,b+c¢,0)—4 = 2a(b+c)(at+b+c)—-4= 
= 4a(2~a)-4 = —4(a— 1)? <0. 


Equality occurs if and only ifa =O andb=c=1,b6=Oande=a=1, 
c=Oanda=)b=1 
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17. If a,b,c are non-negative numbers, then 


a? — be ge b? — ca if c* — ab 6: 
. Qa? + b2 +c? 224+ c?+a2 — 2c? +02 +442 ~ ”’ 
a? — be b? — ca co —ab 


b) 


Solution. a) Since 


1 a—be (b+)? 
Q Mar+b24c2 ~~ 202442 4 c2’ 


we may rewrite the inequality as 


2 
y-. aero <3 
2a? + b? +c? 
Applying Cauchy-Schwarz Inequality, we have 
2 
2 72 2, 2 c 2, 
[(a? + 6) F(a? + 22)] (aint asa) 2 (b+ eV 
that is i r 2 
AOI cle Aas 
2a? + b? + c2 — a@ +b? § a2 +c? 
Therefore, 


(b+)? b? c 
< —_— => oo 
Vases =a on pee 
b?2 a? 


= 2 rire = 


Equality occurs if and only if a~b= ce. 
b) First Solution (by Pham Huu Duc). Since 


er = at pea Ot 
J2a2 + 6? + V2a2 + bP + c2’ 


we may write the inequality as 


(b-+c)? 
V 2a? + b? + c2 > 
2 . i Uae 


Sass t eS tt SS 2 
Vet P+ 2 VP e+e VYor+ar+H? 
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We will show that 


ees Vee (b +c)? 


2(2a? + b? + c?) 


Using the inequality ,/2(z + y) > /x+ \/y yields 
3 arte re > > 5d (ver +b + Va? + 02) =S Ver+e 


Using again the inequality /2(x+y) > /z+ \/y and then the Cauchy- 
Schwarz Inequality, we have 
> SS (b + — (b+e? <> (b + ey? 
2(2a2 + b? +c?) rae Fle 
<3 (es ahea)-©( aire aoe) 
= a’ + be atc) b? + c? c2 + b2 
— Ss: 4 / b2 + c . 


which completes the proof. Equality occurs if and only ifa=6=c. 
Second Solution Write the inequality as 


2 
ee 7~ 20, 


where A = /2a° +b? + c2, B= /2b? +c? +a? and C = V2c? + a? + b?. 
We have 


a” — be a—b)(a+e a-—c)\(a 
Se aa ae 


— ae pew eed ae 
atc “ts 


pad ee (b+ c)?A? _ 
Ss AB (at+c)B+(b+c)A 


a Gi 


ie. oe 


(a 


where 


C, = a3 + 8 + 23 + abla +b) t+ cla? +b? + c(a-b? 
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Since C\ > 0, the inequality is clearly true. 


Remark We can prove that for 0 < p< 1+42V2, the inequality holds 


a? — be % b? — ca 4: c? — ab >0 
Vpar+b24+c2 \/pb?+c%?+a2  \/pc? + a2 +52 — 


Using the same method as above one, we get 


Cy = (a? +6? +.c*)(a-+ b + 2c) — (p— 1)c(2ab + be + ca) > 
> (a? +b? + *)(a +b 4- 2c) — 2V2c(2ab + be + ca) 


Let a + 6 = 22. Since a? + b? > 22? and ab < 2”, it follows that 
Cy > (2x? +07) (2r+4+2c)— 2V2c( 2x? +4 Yer) = 2(a+c) (xV2 —c)’ > 
* 


18. If a,b,c are the side lengths of an triangle, then 


a* — be _ b? — ca i ce ~—ab 
3a2 +62 +2 3624+ c? +42 © 3024 c2 4+ a2 — 


Solution. We have 


2 a? — be a pp dia Peale 
3a? + b+ 2 — 3a? + b2 + 2 7 


a— b)(a tc) (b—a)(b+c) _ 
= Sere os 3R + 2 + a2? — 


= S\(e-0) (Gace - we) ES 
= 3a27 462+ ¢2 3b? 4+ c24+ a2] 


(a—0)? 


2 2 2 9 =: —2 5 2 2 
(a + + c* — 2a) Cc ca) (3 9 b2 7) (3b? +c+a ) 


Since 
a? +b? +c? —2ab—2be—2ca=a(a—b—c) + b(b—c—a) + c(c—a—b) <0, 


the conclusion follows. Equality occurs if and ouly ifa=b=c 


Remark We can also prove that in any triangle the inequality holds 


— b@¢? " b4 — cq? ct — ab? 2h 
3a4 +64 +4 © 3644+ 4+ 04 + 3p al = 
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Usnig the same method as above, we get 
x at — 5?¢? (a? — b7)? 
22 Batt bt pel Py (3a4 + 64 + ct)(3b4 + ct + a4) 


whicie 


P=(a+64+c)(at+tb—c)(b 1 c—a\(e+a—b)>0 


Chapter 8 


Final problem set 


8.1 Applications 


19. Let a,5,c be positive numbers such that abe = 1. Prove that 


a+b b+e e+a 
/ > 3. 
pa oad a+17— 


(Vasile Cirtoaje, MC, 2005) 


20. Let a,b,c be positive numbers such that abe = 1. Prove that 


= é 
— 2 
(Vasile Cirtoaje, MS, 2005) 


21. Let a,b,c be non-negative numbers such that a+6-+c¢= 3. Prove that 


SNC Se ah gern 
l+a 1+6 l+e 


> ab+ be+ ca. 


( Vasile Cirtoaje, MS, 2005) 


22. Let a,6,c,d be non-negative numbers such that a? + b? +c? +d? = 4, 
Prove that 


(abc)? + (bcd)? + (eda)? + (dab)? < 4, 


( Vasile Cirtoaje, MS, 2004) 
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23. Let a,b,c be non-negative numbers, no two of which are zero Then, 


a Se b de c ey 
V 4a+ 5b 4b+5¢ V4et+5a— 
(Vasile Cirtoaje, GM-A, 1, 2004) 


24. Let a|,a9,.  ,@, be positive numbers Prove that 


(a1+a2+- tan)? Z (n—1)7"! 


(a) 


(af+1)(af+1) (+1) nee! 
(6) Q)+ Ag+: -+ an B (2n—1)"-2 
(a? + 1)(a8 +1). .(a2 +1) ~  2"nn-l 
(Vasile Cirtoaje, GM-B, 6, 1994) 
25. Let a1,@9,...,@, and bj, 69,. .,6, be real numbers. Prove that 


2 
aybit: -+Onbnt (art --+a2)(bi+ - + b7)> > (ait---+an)(bi+:--tbn) 
(Vasile Cirtoaje, Kvant, 11, 1989) 


26. Let k and n be positive integers with k <n, and let a,,a9,...,@n be 
real numbers such that aj < a9 <- -< ay. Prove that 


(a, + @9 +--+ On)? > n(ayangi + aganr2 +-- + nak) 


in the following cases: 
(a) for n = 2k; 
(b) for n = 4k. 
(Vasile Cirtoaje, CM, 5, 2005) 
27. Let a,b,c,d be positive numbers such that abed = 1. Prove that 


1 1 1 1 
a ee ae es ee en 
Li gtumla Tepe lees Terre 

(Vasile Cirtoaje, GM-B, 11, 1999) 


28. If a,6,¢e are non-negative numbers, then 
9(a4 + 1)(b4 + 1)(c4 + 1) > 8(a?b*e? + abe + 1)?. 


(Vasue Cirtoaje, GM-B, 3, 2004) 
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29. If a,b,¢,d are non-negative numbers, then 
(1 + a°)(1 + 89)(1 + c3)(1 + d3) 5, Ltabed 
(1+a*)(14+62)(14+c*)(14+d?)~ 2 
( Vasile Cirtoaje, GM-B, 10, 2002) 
30. Let a,b,c be non-negative numbers, no two of which are zero. Then, 
1 fs 1 1 1 5 9 
a®+tab+b?  b?+be+c? c®+cata® ~ (atb+c)?’ 
(Vasile Cirtoaje, GM-B, 9, 2000) 
31. Let a,b,c be positive numbers, and let 
1 1 1 
t=ate~l, y=bt——1, eo rae 
Prove that 
rytyzt+z2r>3 
(Vasile Cirtoaje, GM-B, 1, 1991) 
32. Let a,b,c be positive numbers, no two of which are zero. If n is a positive 
integer, then 
2a” —-b™—¢c™ = 2bP — cP —a™ Ac™ — Q™ — BM a, 
5? — be + c? ce? — ca+a? a—ab+bh? — 
(Vasile Cirtoaje, GM-B, 1, 2004) 


33. Let O< @ <b and let a1, a9, ..,an € [a,b]. Prove that 


2 
a +@9++ -+@n—nYajag.. an <(n- 1) (Vb— Va) 
(Vasile Cirtoaje and Gabriel Dospinescu, MS, 2005) 


34. Let a,b,c and x,y,z be positive numbers such that rty+z=at+bte 
Prove that 
ax® + by? +¢2? 4 xyz > dabe 


(Vasile Cirtoaje, GM-A, 4, 1987) 


35. Let a,b,c and x,y,z be positive numbers such that r+y+z=atb+e 
Prove that 
x(3z + a) a y(3y + a) rn 2(3z +a) 


> : 
be ca ab ce 
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36. Let a,b,c be positive numbers such that a? + b? + c? = 3. Prove that 


a bo e¢ 9 
7t+-+-2—~—— 
bo c¢ a at+bte 
37. Let a1,@,...,@n be positive numbers such that a;aq...@, = 1. Prove 
that 
1 g 1 Boia 1 ip 4n eee, 
a1 a Qn N+atagt +a, 7 
(Vasile Cirtoaje, MS, 2005) 
38. Let a1,@2, ..,@, be positive numbers such that aja2. .a@, = 1. Prove 
that 


1 1 1 
repre benny le ha al 
ay ag an 


(Vasile Cirtoaje, MS, 2006) 


39. Let r>1 and let a, b, c be non-negative numbers such that ab+be+ca=3. 
Prove that 


a’(b+c)+b'(e+a)+c7(a+6) > 6. 


40. Let a,b,c be positive real numbers such that abc > 1 Prove that 


(Vasile Cirtoaje, CM, 4, 2005} 
41, Let a,b,c,d be non-negative numbers. Prove that 
4(a? + 6° +c? + d*) + 15(abe + bed + eda + dab) > (a+b+c+4d)3, 


42. Let a,b,c be positive numbers such that 


Prove that 


( Vasile Cirtoaje, MC, 2005) 
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43. Let a,b,c be positive numbers Prove that 


1 ] 1 2 
a? + 2bc * b? + 2ca = c2 + 2ab A ab+be+ca’ 
(Vasile Cirtoaje, MS, 2005) 


44. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 

a(bt+c)  ble+a})  e(a+b) ab + be + ca 

Oka Rae aon et 
a?42be  b?42ca ° c2 + 2%ab a+b? +e 


( Vasile Cirtoaje, MS, 2006) 
45. Let a,b,c be non-negative numbers, no two of which are zero. Then 


(b+c)? | (eta)? | (a+8)? 


>6 
a’ + be aca 


e+ab 


(Peter Scholze and Dary Grinberg, MS, 2005) 


46. Let a,b,c be non-negative numbers, no two of which are zero Then 


b+e e+a a+b 6 
ea pao Ns te 
Sghibe Wace? Wub  Gee 


( Vasile Cértoaje, MS, 2006) 


47. If a,b,c are non-negative numbers, then 


ay a? + 3be + by/b? + 3ca+ eve? + 3ab > 2(ab + be + ca). 
( Vasile Cirtoaje, MS, 2005) 
48. Let a,b,c be non-negative numbers, no two of which are zero. Then 


a? — be b? — ca c2 —ab 


SS tt ES t+ SP 0 
Ja? + be Verne Ve? + ab ~ 


( Vasile Cirtoaje, MS, 2005) 


49. If a,b,c are non-negative numbers, then 


(a? — be) a? + 4be + (b — ca)y/b? + Aca + (c2 — ab)Vc* + dab > 0 


( Vasile Cirtoaje, MS, 2005) 


376 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


8. Final problem set 


If a,b,¢ are positive numbers, then 
2 b b2 =) 2 b 
2s ge OI oy Pig 
8a? + (b+ c)? 8b2+(c+a)? /8ce2+(a+b)? 
( Vasile Cirtoaje, MS, 2006) 


If a,b,c are non-negative numbers, then 


JVartbet+ (+cat Ver+ab< S(a+b-+6) 
(Pham Kim Hung, MS, 2005) 
Let a,b,c be non-negative numbers such that a +h 4% = 3. Then, 
21+ 18abe > 13(ab + be + ca) 
(Vasile Ciértoaje, MS, 2005) 


Let a,b,c be non-negative numbers such that a? + b? +c? = 3. Then 


1 1 1 
+ 


5 — 2ab 5— obo t 5 — 2ca — 

(Vasile Cirtoaje, MS, 2005) 

Let a,b,c be non-negative numbers such that a? +624 ¢2=3 Then, 

(2 ~ ab) (2 — be)(2 — ca) > 1. 

(Vasile Cirtoaje, MS, 2005) 

Let a,b,c be non-negative numbers such that a+6+c¢=2 Prove that 

be ca ab 

Aces ee eee eC 

a? +1 Pa ay = 

(Pham Kim Hung, MS, 2005) 


Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a2?43abe B23 4+3abe 3 + Babe 
ee ee eg aah 
(+e? * (era? * are —° rere 


Vasile Cirtoaje, MS, 2005) 
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57. Let a.b.c be positive numbers such that ai+b44ci=3 Then, 


2 2 2 
a b c 
Se ee eel | 
a) bie ae } 
a? b? ct 3 
b >= 
) ie oka GEee 2 


(Alexey Gladkich, MS, 2005) 


58. If a,b,c are positive numbers. then 


aa #8  e~a! ss (a — 6)? + (b — c)? + (e— a)? 
a+b b+e eta — 8 


(Manan Tetiva and Darj Grinberg, MS, 2005) 


59. Let a,b,c be non-negative numbers, no two of which are zero Prove 
that 


a® b? (oe Z 1 
Qa Fb)(2are) * Qbre(%+a) ' GepalQerb) 3° 


(Tigran Sloyan, MS, 2005) 


60. Let @,b.c be non-negative numbers, no two of which are zero Prove 
that 


1 1 1 1 
ma fp 
'5(a? +b) —ab * 5(b? + 2) —be * 3(ch 4a) —ca ~ a? +b? + ¢2 


( Vasile Cirtoaje, MS, 2006) 


61. Let a,b, c be non-negative real numbers such that a?+624¢2 = 1 Prove 


that 
be ca ab 3 


a ce er 
el pat ed ~4 
(Pham Kim Hung, MS, 2005) 


62. Let a,b,c be non-negative numbers such that a2 + 62 +c? = 1 Prove 


that 
1 1 1 9 


see tt oe gt eS ee. 
3+a2—Ibe | 34 —2ea 34 2—2ab <8 
(Vasile Cirtoaje and Wolfgang Berndt, MS, 2006) 
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63. If a,b,c are positive numbers, then 
4a? —b?-—c? = 4b®@ — ce? — a? ~— de? — a? — 7 
b(e +) c(a + 6) 


a(b+ c) 
(Vasile Cirtoaje, MS, 2006) 


64. If a,b,c are positive numbers such that abc = 1, then 
3 1 1 
a+b +e+6>— (a+b+c+—+54-) 
2 a bee 
(Vasile Cirtoaje, MS, 2006) 


65. Let a},a2, .,@n be positive numbers such that aj +ag+ - +@,=7 
Prove that 
1 1 1 
a102...d,(—+— +--+ — =n 48) <3. 
Qa, a Qn 


(Vasile Cirtoaje, MS, 2004) 


. Let a,b,c be the side lengths of a triangle If a? + 6? +c? = 3, then 


66 
ab+ be + ca > 1+ 2abe. 
(Vasile Cirtoaje, MS, 2005) 

67. Let a,b,c be the side lengths of a triangle. If a? + 6° + c? = 3, then 

a+b+e>2+abe 
(Vasile Cirtoaje, MS, 2005) 
68. If a,b,c are the side lengths of a non-isosceles triangle, then 
at+b bte c+a 
a) _ rarer ites 
(Vasile Cirtoaje, GM-B, 3, 2003) 
69. Let a,b,c be the lengths of the sides of a triangle. Prove that 


a? (2-1) +8 (<-1) +¢ ($-1) > 0. 
c a b 
( Vasile Cirtoaje, Moldova TST, 2006) 
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70. Let a,b,c be the lengths of the sides of an triangle. Prove that 
1 1 1 a b c 
2g ae Dy SG pS a 
(a+b+e)(2 45 +5) 26(-o- + +4) 
(Vietnam TST, 2006) 
71. If [=q-v3], th 
. If aj, a2, ag, @4,05,a6 € | —, , the 
1, 22, 23, 24,5, 06 3 n 


a, — ag ag- ag %~ 1S 
a2 +83 Ag+ a4 Q, + a2 — 


( Vasile Cirtoaje, AJ, 7-8, 2002) 


72. Let a,b,c be positive numbers such that a? + 6? +c? > 3 Prove that 
a> — a2 bo — B ce —c2 
Sas te os t a 22. 
a4 62+4¢2 § g2+b+¢2 © a2+b24 
(Vasile Cirtoaje, MS, 2005) 
73. Let a,b,c be positive numbers such that r+y+2>3 Then, 


1 1 1 
a a ee 
eB+y+z xt+ytz2  xr+yt+2 


(Vasile Cirtoaje, MS, 2005) 


74, Let 21,2%2,. .,2, be positive numbers such that x29. .r, > 1. 
If a > 1, then 
> Ti 
Lp +Ta+++++2n 
(Vasile Cirtoaje, CM, 2, 2006) 


75. Let 21,22,...,2,_ be positive numbers such that x29 ..2, > 1. 


Ifn > 3 and 


<a <1, then 
n-2 


xf 
Doe eae 
EP + EQ ++ +2y 


(Vasile Cirtoaje, CM, 2, 2006) 
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76. Let 21,29,.. ,2n be positive numbers such that r,;29. .2,, > 1 
Ifa > 1, then 


2 
aes 
ef +ao+---+2n 
( Vasile Cirtoujc, CM, 2, 2006) 
77. Let 21, 29,...,2n be positive numbers such that 2,29.. 2p > 1. 


2 
If -1 - ——~<a<1, then 
n—-2 


Z\ 
Caretta?! 
ry t+2tal-: +2n 
( Vasile Cirtouje, CM, 2, 2006) 


78. Let n>3 be an integer and let p be a real number such that 1 <p<n-—1 


pn—p-1l 
If O< 21,29,. -,2%n < —— such that x179.. ry, = 1, then 
p(n—p-1) 
1 1 1 n 
+ + > 


1+ PLn 1+ Dp 
( Vasile Cirtoaje, GM-A, 1, 2005) 


+ 
1+pr, 1+ pre 


79. Let a,b,e be positive numbers such that abc = 1 Prove that 
1 1 1 2 
Grae” G+ Tee raat H+ ~ 
(Pham Van Thuan, MS, 2006) 
80. Let a,b,c be positive numbers such that abe = 1 Prove that 


a+b 4c +9(ab | be+ ca) > 10(a+b+c) 


81. Let a,b,e be non-negative numbers such that ab+ be + ca = 3 Prove 
that 
a(b?+¢7) b(e? +07)  e(a? +b?) o 
a? + be b2 + ca c2 +ab 
(Pham Huu Duc, MS, 2006) 


82. If a,b,¢ are positive numbers, then 


a wb ec Gla? + 6% 4c? 
sien oe ane fy oe) 
c a atbt+e 


b 
(Pham Hux Duc, MS, 2006 
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83. If a,b,c are positive numbers, then 


a? ee b? ‘i ce 3(a3 + b8 + c¥) 
b+e cta at+b~ 2a2+b? 4c?) 


(Pham Huu Duc, MS, 2006) 


84. Ifa, b, care given non-negative numbers, find the minimum value E(a, b,c 


of the expression 
ax by cz 


a + 
yYyte2 z24+2 2£24Yy 


for any positive numbers 2, y, z. 


( Vasile Cértoaje, MS, 2006) 
85. Let a.b,c be positive rea] numbers such that a+ 6+c= 3. Prove that 


1 1 1 
atptaze tte. 
(Vasile Cirtoaje, Romania TST, 2006) 


86. Let a,b.c be non-negative real numbers such that a+b+c=3. Prove 
that 
(a? — ab + b*)(b? — be + c?)(c? — ca + a?) < 12. 


(Pham Kim Hung, MS, 2006) 


87. Let a,b,c be non-negative real numbers such that a+b+c=1. Prove 
that 


at+b?4Vb+e2+4Ve+a? >2 


(Phan Thanh Nam) 


88. If a.b.c are non-negative real numbers, then 


a +b? +8 + 8abe > J bey/2(8? +c). 


89. If a,b,c are non-negative real numbers, then 
2 2 2s, 15 2 
(l+a*)(1+b*)(l+c )2 gi tatbte) : 


( Vasile Cirtoaje, MS, 2006) 
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90. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
(1 + a”)(1 + b?)(14+¢?)(1 +d?) > (a+b+c+4d)’. 
(Pham Kim Hung, MS, 2006) 
91. If z1,29,. ,2, are non-negative numbers, then 


ait+apt +22 
nr 


aytag+ +2, 2 (n—-1) Yaz. tnt 
( Vasile Cirtoaje, MS, 2006) 
92. If & is a real number and 21,79,. .,2, are positive numbers, then 
(n~1) (ott h pant hy ve +a2t*) para ety (xf ta$+ --4 a) > 
> (xy+29+- -+2n) (ape eae ede Dae aa 
(Gjergji Zaimi and Keler Marku, MS, 2006 


93. Let a,b,c be non-negative numbers, no two of which are zero. Prove 
that 


a‘ bf roid a+tbt+e 
=a + t+ 2 TF 
2+ B+) B43 2 
8.2 Solutions 
1. Let a,b,c be positive numbers such that abc = 1. Prove that 
a+b bte ct+a 
__ > 3. 
Vout’ Veud Verre” 
Solution. By AM-GM Inequality, it follows that 
la+b m lb+e i: Ie+a 48 (a+ b)(b+ c)(c+ a) 
b+1 c+1 a+17~ VY (b+ 1)(e+ 1)(a +1) 


Thus, we still have to show that 


(a + b)(b+ c)(c+ a) > (a+ 1)(b+ 1)(e+ 1) 


Let A=a+6+c and B= ab+bce+ ca. The AM-GM Inequality yields 
A>3and B>3 Since 


(a+ b)(b+ e)(e+ a) = (a+b +c)(ab + bc+ ca)— abe = AB-1 
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and 
(a+1)(b+ 1)(e+1)=A4+B+2, 


we have 


(a + b)(b+ e)(e+ 1) -—(a+1)(64 1)\(e4+ 1) = 
=AB-A-B-3=(A-1)(B~1)-4>2-2-4=0 
Equality occurs fora =b=c= 1. 


Remark The inequality holds for the extended condition 
ab+be+ca> 3 


Letting a = tx, b = ty and c = tz, where t > 0 and z,y,z > 0 such that 
ry + yz 4+ 22 = 3, the inequality 


(a + b)(b+ e)(e+a) > (at 1)(b+ 1)(e+ 1) 


becomes 


(e+ y+ ae+2) 2 (+5) (y+5) (245). 


From ab+be+ca > 3 we get t > 1. It is easy to see that it suffices to consider 
only the case t = 1, which is equivalent to the condition ab+be+ca=3 In 
this case, from 

(a+ b+c)* > 3(ab + be + ca) 
we geta+b+c > 3, and from ab + be + ca > 3Va2b2c? we get abc < 3. 
Finally, 


(a+ b)(b+ c)(e+ a) — (a+ 1)(b4 1)(e+1) = 
= (ab + be + ca—1)(a+ b+ c— 1) — 2(1 + abc) = 
= 2(a+6+e¢-—3)+42(1 — abe) > 0 


* 
2. Let a,b,c be positive numbers such that abc = 1. Prove that 


a as b ¢ 
b+3 e+3 a+3 


a 
— 2 


384 & Final problem set 


z 
Solution. Setting a= —,b=-—,c= - the inequality becomes 
x z 


ro] ce 


x y z . 
Vuet2) VeQyta) ya@ety)~ 


1 
By Jensen’s Inequality applied to the convex function f(t) = —z, we get 


a 


y z 


Jy(3z t+ z) 7 J2(3y + 2) i /2(3z + y) a 


[ r+yte 
> 
> (xty42) xy(3az + z) + y2(3y +z) + 2x(3z + y) 


Using this result, it is enough to show that 


4(x + y + 2)? > 27(a?y + y?2 + 272 + ryz). 


Let x = min{z,y,z} Denoting y = 2+ p, z = 2+ q (p,q > 0), the 
inequality transforms into 


9(p? — pq + 9”) + (a — 20)?(4a + b) > 0, 
which is clearly true. Equality occurs only fora = b=c= 1 


* 


3. Let a,b,c be non-negative numbers such thata+b+c= 3. Prove that 


5—3be 5-—3ca 5-—3ab 


pene ——- > ab +b : 
Lea te fee oe ee 


Solution. Let s = ab+ be+ ca. The well-known inequality 
(a+b+c)? > 3(ab + be + ca) 


implies s < 3. We write now the inequality as follows: 


5 — 3be 5 — 3ca 5 — 3ab 
—_ _ = > 
( i be) + ( 1 7 ca) + ( lhe ab 0, 


ON a 


Mae a, 5 — 4ca ~ abc 1 5 — 4ab — abe 
l+a 1+8 l+e 

>i (1 + b)(1 + €)(5 — 4be — abe) > 0, 

>-(4— @ + be)(5 — 4be — abe) > 0, 

45 + 3abc > So be +450 bc? + abe) > be, 

45 + 27abe > 11s + 4s” + abes. 


>0, 


Since s < 3, it suffices to show that 


45 + 24abe > 11s + 4s?. 


9 
For s < 7 we have 


99 81 
45 + 24abe— 11s — 4s? > 45 — 11s ~ 4s? > 45- - —— =0 


9 
Consider now i <s <3. By Schur’s Inequality 


(a+b+c)* + 9abe > 4(a + b + c)(ab + be + ca), 
it follows that 9 + 3abe > 4s. Then, 


45 + 24abe — 11s — 4s? > 45 + 8(4s — 9) — 11s — 4s? = 
= 21s — 27 — 4s = (3— s)(4s — 9) > 0, 


which completes the proof. Equality occurs for (a,b,c) = (1,1,1) and also 


3 3 
for (a,b,c) = (0, 3 5) or any cyclic permutation 


* 


4, Let a,b,c,d be non-negative numbers such that a? + b? +c? + d? = 4. 
Prove that 


(abc)? + (bed)? + (eda)? + (dab)? < 4. 
Solution. Setting z = a”, y = b?, z = c? andt = d?, the inequality becomes 


(xyz)?/? + (yat)?/? + (ztz)9/? + (ty)3/? < 4, 
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where «,y,z and ¢ are positive numbers such that r+ y+z+t= 4. By 
AM-GM Inequality, we have 


l+rtyt+2> 4¥eyz. 


Thus, 


1 2 5—t\? 5-t 
ane < ( teryte) = ( ) , (2y2)9?? < ( ) ie 
4 4 4 
Analogously, 


2 2 


5—2\? 5— 5— 
(yzt)?/? < (=) yzt, (ztz)? < (=) ztx, (txy)/? < () try. 


Taking account of these inequalities, it suffices to show that 


5—t\? 5—2)\? 5—-y\? CS 
Se ele Sc os eee < 
( 7 ) xyz + ( a ) yet + ( a ) ztz + q ) try <4 


This inequality is equivalent to E(z,y,z,t) < 0, where 
E(x, y, 2, t) = 25(zyz + y2t + ztx + try) — 64 — 36ryzt. 


Without loss of generality, we may assume that + > y > 2 > t. We will 
show that F is maximal for x = z, and hence for x = y = z To prove this, 
it is enough to show that x > z implies 


Ys 


+ 
B(x, y, 2,2) <B(242 . “,) 


2 2 
Indeed, 
B(=E* vy, =5* 1) - Be, 2t) = 
as ty + Y= Sut (,_ yr» BU) HWE, 22 = 
— Wt OPo— My t (e_2) 0, 
since ytt PE! Ae 


St Sa 


2 2 2 
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. We have 


Co} 


We need now to show that E(2,y,z,1) <0 forrz=yaz< 


E(2z,2,2,4— 32x) = 4(2724 — 862° 4+ 752? — 16) = 
4(x — 1)?(27z* — 32x — 16) < 0, 


since 27x? — 32x — 16 = 9(3r — 4) + 4(x — 4) < 0. This completes the proof 
Equality occurs fora=b=c=d=1 


* 


5. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a " b a Cc <1 
V4a+5b VY 4b4+5c V4e+5a-~— — 


Solution. If one of a,b,c is zero, the inequality is clearly true. Otherwise, 


b c a 
setting 2 = al73 and z = : (such that xyz = 1), the inequality becomes 


1 1 1 
+ + ee <1 
V44+52 V44+5y V445z 7 
Assume now that x > y > z. The condition zyz = 1 yields x > 1 and 
yz < 1. We may obtain the inequality by adding up the inequalities 


1 1 2 
[ase tt ees SS 
Vat by J445z~ /445 yz 


1 2 

So tS KI. 

V44+52 \/44- 5, /yz 

The former inequality is satisfied as equality for y = z. For y > z, let us 


y 
denote s = 


z 
and p= //yz(s > p,p < 1). Squaring and dividing then 


10(s — p) 
y ——_____ = , the inequality becomes successively 
(4+ 5p) /(4 + 5y)(4 + 52) 
1 e 1 2 < 2 2 
4+Sy 4452 4+5p7~ 44+5p /(4 + 5y)(4 + 52) 
Sp— 4 8 


SS Se, 
(4+ 5y)(4+ 5z) ~ 4+ 5p + J (44+ 5y)(4 + 52) 
25p” — 16 < (12 — 5p),/25p? + 40s + 16 


388 8 Final problem set 
The last mequality is true because 

(12 — 5p)\/25p? + 40s + 16 ~ 25p? + 16 > 

> (12 — 5p) 25p? + 40p + 16 — 25p? + 16 = 2(8 — 5p)(5p + 4) > 0 


To prove the latter inequality, 


1 2 
i ST 
V4+5r ,/44+5,/yz 
2 
let 4+ 5Yyz= 3t, 7 <tsl Since 
1 25 
x= — 


the inequality becomes 


gt? — 4 és 2 ee 
3/3614 — 32027421 3t7 ’ 
(2 — 32) (1/3624 — 324 + 21 — 32? — at) <0. 
Since 2 — 3t < 0, we still have to show that //36t4 — 32t? + 21 > 3¢? + 2t 


By squaring, we get 
ort — 403 — 120? +7 > 0. 


This inequality is equivalent to 
(t — 1)?(9t? + 14¢+7) > 0, 


which is clearly true. Equality in the given inequality occurs if and only if 
a=b=c. 


* 
6. Let a,,a2, . ,an be positive numbers. Prove that 


(ar+az+s: +@n)?  - (n— 1)" 
(a? + 1)(a24+1).. (a2+1)7~ nr? 

a, +ag+- -+ay e (n=? 
(a?+1)(a2+1). (a2 +1) ~ 2%nn-1 


a) 


1 


b) 
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Solution. (by Gabriel Dospinescu) a) Let m be a positive integer (m > 7), 


oF 
and let == for alli Assume that r1<.--<a2yp<1<apyiS + <2. 
m— 

By Bernoulli's Inequality we have 

= nn —1\272 2 

a Lee Ga 
m a m “*\m-1 
i=1 i=l 
k 2 k 2 n 2 

zp—l ap —l xr —1 

— 1 2 = t 1 t > 


i=1 i=1 i=k+1 


2 
é 


k n 2: 25 
> (145 )0+2,22)- 
i=1 isk+1 


—1 

m 

ee o4--.+a24m—k m+k—-n+2h,,+--+22 . 
m2 


Applying now the Cauchy-Schwarz Inequality to the m-tuples 


(215. o92n, 1, 4andGy. shoes . za) 
we get 
(of + -tahtm—b) (mt k—n4 aby 4-422) > 
S(zi+ + 2R+m—nt+e1t+ - +2n) = 
=(m—nta, tagt---+an)*, 
and hence 


n 


m—-1\" 2 1 3 
(=—) [[ (ef +1) 25 (m-ntatort - +2)’, 
i=1 


or 
n n-2 2 
9 m m—-n 
1) Sf Se a . 
I (a+ eed p< tat + a2 + +n) 
Equalit h : 
all occurs wnen aj =a =- = an = : 
ee ati ee eed 


a) Choosing m = n, we get the desired inequality. Equality occurs for 
1 


a, =ag= =a, = 


b) Since 


m—n 2 4(m—n 
(J +a tat tan) A (ay ants + on), 


IV 
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we get 
: 4m"™-?2(m—n 
(a? +1) sa ES) 5 ao ba: 
it (m—1)"-2 


Choosing m = 2n, we get the required inequality Equality occurs for 


1 
[=>ao >:::=>ag,27-—_—::>:. 
aj 2 n on 1 
* 
7. Let a1,02,. .,@, and b;,b9,.. , by, be real numbers. Prove that 


2 
ay bit---+anbnt ylar+-+- + a2)(bi+-- + bh) 2 — (art: -+an)(bi+---+bn) 


First Solution. Write the inequality as 
(a? +--+ +02) (bP +--- +02) > a (2b — bi) +--+ + An(2b — bp), 


by tbo t--- +8 
where b = eat bs Setting now x; = 2b — 5; for all indices 7, we 
n 
have 


So 27 = S> (40? — 4b; + 6?) = 4nd? — 4b + SP = SF, 
and the inequality reduces to 
(a? +- - +2) (xi +- +22) > ar, +: ++ Gn2tn, 
which is just the Cauchy-Schwarz Inequality. This completes the proof In 
the case aya2 . apn #0, equality occurs for 


_ 2b — 
a= by _2—be _ B= bn 
Qa} a2 an 


Second Solution Consider the nontrivial case a? + a3 +-- +a? > 0, 


denote 
b? + b2 +... +62 
r= —— 
aj +azt+- ++ a3 
and use the substitution 6; = 22, for alli We see that 


2 2 2 
a@tait.-tartaarit ah y..-42?. 
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The imequality becomes 
airy + agra +++ +antn tar +aZt-: +a? > 
2 
2 7 (ai +a2 + ++ +@n)(21+29++--+2n), 
or 
(ay +21)? + (a2 +22)? +++ +(an+2n)* > 
4 
> 7 + a2 + --+4@n)(ty + 29+ +-+2n). 
Since 


[(a1 + a2 + +++ +an) + (21 +22 +--+ +2n))? > 
> 4(a, +ag+---+@n)(xy +22 +--++2n), 
it suffices to show that 
(a; +24)? + (ag +22)? +-> +(an+2n)* > 
> * (a +ag+ --+an)+(2y+22+- -+2n)). 
This one reduces to the well-known inequality 


niyityst t¥®)>(Mmtyet -~ tyn)’, 


where y; = a; + 2; for all 7. 


1 
Remark Setting 5; = Pa for all ¢, we get the following inequality 
i 
2 2 2 2 1 1 1 
no+tn (a? + +a} + --- +2) ae ee Pte > 
ay a ay, 
1 1 1 
> (ay + a2 +--+ an) (— + — 4 +=). 
a, a2 an 


For even n (n = 2k) and a; < ag < --+ < an, equality occurs when 


@) =Ag=- = ag and Opyy = Ogyg = +++ = ayy. 
For odd n, equality occurs only when a; = a2 = --- = ay. We conjecture 
that for odd n, the following stronger inequality holds 


1 


1 1 
n?+1+4/(n? -1) (a? +03 4+-- +a?) (etat-a)-mHi2 
a, = ay ay 


1 1 1 
> Matar te tan) (+ Ot). 
n 
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If ay S$ ag <--- < ay and n= 2k + 1, equality occurs for either 


@] = a2 = +++ = ay and G41 = Oky2 = ++ = Oaks, 
or 
Q, = 09 =--- = Ggyy and agy2 = Gk43 = -* = O2k41. 
* 
8. Let k and n be positive integers with k <n, and let a,,a9,...,an be real 


numbers such that a, <ag<+- < ay. Prove that 
(a1 + a2 4+-+++ On)? > n(arany1 + a2de42 + °° + anak) 


in the following cases: 
a) forn = 2k; 
b) for n= 4k. 


Solution. a) We have to prove that 
(a1 + @2 +--+ + ar) > 4k(aypagy1 + ganze + +++ + axacg). 
Let x be a real number such that a, < 2 < ay4,. We have 
(x — a1)(agy1 — 2) + (2 —a2)(an49—2) +--+ (2 ~ ag)(aqy — 2) 20 
This can be manipulated into 
4ke(a; + ao +---+ag~) > 4k?x? 4 4k(ayagy, + a2anyg +++: + xan). 
Summing this inequality to 
(a, tag+- -+ ay4)* + 4k?x? > dkax(a, + ag +--+ + any) 


yields the desired inequality. Equality occurs for 


_ Oo ees _ a + ant +++ aa 
Oper = Bite" eS —— a 


where j € {1,2,...,k—1}. 
(b) We have to prove that 


(a, +a +- ++ age é > 4k (aang: + aganse ++ ++ agnay, 
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The mequality is equivalent to 
(bi +b2+ ++ box)? > Ak(bidea: + bobayo +--+ bebx), 


where b; = a; + aox4; for 1 <i < 2k. Since b; < bg < +--+ < box, this is just 
the preceding inequality. Equality occurs for 


f Ayr = Aj42 = SHS Oepra 
Opt) = Ajp2kg2 = = Oj43k = 4, 
{ tant ++ a4, = 2k(a+ b) 


where a < b are real numbers and j € {1,2,.. ,# — 1} 


Remark Actually, the inequality is valid in the more general case 2< — < 4. 


k 
* 
9. Let a,b,c,d be positive numbers such that abed = 1. Prove that 


1 1 1 1 


ha ae De a 
Tfatate@ (1464048 1¢e¢2+8 | Tedt he ah = 


Solution. The inequality can be obtained by summing the inequalities 


1 1 1 
a ye et 
Ifatate  T+b+h 48 = 1 + (ab)3/2 ? 

1 1 1 (ab)3/? 


Bs eh a ee NE 
Teeter | ipdta +e = 14 (cdi 1 + (ab)3/2 
Each of these inequalities is of the type 
1 r 1 B 1 
L+ar?tatte® Ley? tyt py — 142343’ 
where x and y are positive numbers. Using the substitutions p = xy and 
s=a?4ary+y? (s > 3p), the inequality becomes as follows: 
p*(2°+y°)+p?(p—1) (24 +y4) —p?(p? —p+ 1)(2? +”) —p®—p! + 2p? —p? 41 >0 
p(x? —y°)? + p?(p-1)(2?—-y")? ~ p?(p*—p + 1)(2-y)? + p®—p'—p? +1 > 0, 
p’(s + 1)(ps — 1)(x ~ y)? + (p? ~ 1)(p4 ~ 1) > 0. 
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If ps —1 > 0, then the inequality is clearly true Consider now that ps < 1. 


1 
From ps < 1 and s > 3p, we get p? < a Write the equality in the form 


(1 — p)(1— p*) > p*(1 + s)(1 — ps)(2 — y)?. 
Since 
p(x — y)? = ps — 3p? <1— 3p? < 1p’, 
it suffices to show that 
1 —p* > p(1+s)(1—ps) 


Indeed, we have 


Tre 


ae a i 2 1+p? 
4 2 


p(1 + s)(1 — ps) < 7 [p(1 +s) + (1 —ps)] 


Qa 


only ifa=b=c=d=1. 
* 


Equality occurs if an 


10. Ifa,b,c are non-negative numbers, then 
9(a4 + 1)(b4 + 1)(c* + 1) > 8(a7b*c? + abe 4 1)?. 


Solution. If at least one of a,b,c is zero, then the inequality becomes trivial. 
Consider now that a,b,c are positive numbers For a= b = the inequality 
reduces to 

9(a4 + 1)? > 8(a® + a? + 1), 


or 
18 1 2 
9(@+5) >8(+5 +1) 
a a 
1 
Setting a + 47% the inequality can be written as follows 


9(x? — 2)° > 8(x3 — 32 + 1), 
x® — 6x4 — 162° + 36x? + 482 ~ 80 > 0, 
(x — 2)? [x(x — 8) + 4(23 —5) + 62*| > 0. 


Since x > 2, the last inequality is clearly true. Multiplying the mequalities 


9 a4413>8 a®+a941)*, 9(b441 2>8(b°4+6741)?, 9(c441)? > 8(c8 4741), 
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yields 
[9(a* + 1)(b4 + 1)(c4 + 1)}° > 89(a° + a? + 1)7(b5 + 6? +:1)7(c8 + c3 + 1)? 
Using now Halder’s Inequality 
(a® + a? + :1)(b° +.B? 4+ 1)(c® + c2 +1) > (a7b?c? + abe + 1)°, 
the conclusion follows Equality occurs only fora = b=c = 1. 
* 


11. /fa,b,c,d are non-negative numbers, then 
(1 + a3)(1 + b3)(1 + ¢3)(1 4 d3) 5, Lt abed 
(i+ @)\1+RI+ A142) = 2 
Solution. For a = b= c = d, the inequality becomes 


a+) cel 
ails ~ 2 - 


a3 +1\4 a@+1\?_ at+1 

Bee he [sy Se 

a+1}/ ~\a+1l/ ~ 2 
The left side inequality is equivalent to (a? + 1)(a + 1) > (a? + 1)?, which 
reduces to a(a ~ 1)? > 0, while the right side inequality is equivalent to 


2(a” —a +1)? > a4 +1, which reduces to (a ~1)4 > 0 
Multiplying now the inequalities 


We will show that 


a+. sfatt b+) fbi tl) 
on ae: 4.1 - 2 ’ 
G+l sl afcttt +1. adt+ 
e+1 = 7? d+. — 2 


yields 


(a? + 1)(b? + 1)(c? +.1)(2 +1) _ 1 

oe aN IN A eS 4 4 : 

(a? + 1)(b2 + 1)(c2 + 1)(d2 +1) = 2 et Ea ler iat) 
Applying twice the Cauchy-Schwarz Inequality produces 

(a* + 1)(b4 + 1)(c4 + 1)(d4 + 1) > (ab? + 1)(c2d? +1)? > (abed + 1), 


from which the desired inequality follows. Equality holds for a=b—c=d=1. 
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* 


12. Let a,b,c be non-negative numbers, no two of which are zero. Then, 
1 4 1 e 1 _ 9 
a*+ab+b?  b®?4+be+c? ce? +ca+a? ~ (a+b40c)? 
Solution. Let s = ab+bc+ca Due to homogeneity, we may consider 
a+b+c=1. Since 


1 1 1 
a? +ab+b2 (a+b+c)?~-(ab+be+ca)—(a+b4c)e 1L—s—c’ 


the inequality successively becomes 


] 1 1 > 9 
1—s—-ce 1l1~s—a 1-s—b67~ ° 


95° — 6s? — 35 +1 +4 Dabe > 0, 
s(3s — 1)? +1 — 4s + 9abe > 0. 


The last inequality is true because 1 — 4s + 9abe > 0 by Schur’s Inequality 
(a+b+c)* + 9abe > 4(a + b + .c)(ab + be + ca) 
Equality occurs if and only ifa=b=c. 


* 


13. Let a,b,c be positive numbers, and let 


1 1 
x2=a+ >-l,y=b+ ita 1. 
b c a 


Prove that 
zy tyz+422 > 3. 


Solution. Without loss of generality, assume that « = max{z,y,z} Then, 

> ety te)=; (ati tb+ tet -9)> 5@4+242-3)=1 
i a as ae oer b c — 3 = 
On the other hand, 


1 ae eed 
= es —~+=4-—> 
(z+ 1+ I)(zt1)=abe+F tatbteto +e +72 


1 1 1 
2ritatbtet +e + =Stetytz, 
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and hence 

zryzt+rytyz+2r>4 
(eal: 


1 
Since y+ 2 = —+ 04+ > 0, two cases are possible a) yz < 0, b) 
a 
y>Oandz>0 
a) Case yz <0 We have ryz < 0, and from zyz + zy + yz + 22 > 4 it 
follows that ry4-yz +22 >4>3 
ryt yz+ 22 
b) Case y,z >0 Letd= a 
By the AM-GM Inequality, we have ryz < ad? Thus zyz+zy+yz+22 > 4 
we get d? + 3d? > 4, (d~1)(d + 2)? > 0, d > 1 Equality occurs for 
a=b=c=1 


. We have to show that d > 1 


* 


14. Let a,b,c be positive numbers, no two of which are zero. If n is a positive 
integer, then 


2a™ —b™—~c™ = 9H" — ce? ~— gh ies Seas ee 
b? ~ be + c? c? ~ca+a? a? —~ab+bh? — 


First Solution Let E be the left hand side of the inequality, and let 
X = 2a"—b" ~~, Y = 2b" ~c®— a", Z = 2c" ~a"™— 


Since X + Y + Z = 0, we have 


1 1 1 1 
ee Ca co Bacar) Xt (aR ~ Hoa)? ~ 
fe 1 [ea eae ie wre 
~ @— cata? b? — be + c? a’ — ab + b2 


Thus, the inequality becomes 


(a—b)(atb~c)X | (c—b)(c+b~a)Z 
b2 — be + c2 + a? — ab + b? 20 


Since the inequality is symmetric, it suffices to consider the following two 
cases. l)a>b>c,b+e>a,2)c>a>batb<e. 

In the first case, as well as in second case with X < 0, the inequality is 
true since (a ~ b)(a +b ~c)X > 0 and (c— b)(e+b—a)Z>0 
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In the second case with X > 0, we rewrite the inequality as 
(e— b)(e+ b-—a)Z 3 (a—b)(c—a—b)X 
a? —ab+b? = b? — be + c? 


This inequality is true since 


Z>X>0, 
c~b>a-~—b>Q0O, 
c+b-—a>c—a-—b>QO, 
b? —be4 c? > a*®— ab +8? >0. 


Equality occurs if and only ifa=b=c. 


Second Solution (after a Ho Chung Siu’s idea). Let E be the left hand 
side of the inequality, and let 


A=i—c,  Ba=ct-a", C= a - 3, 
X=P-be+e?, Y=ce-cata®, Z=a*— ad} . 


Without loss of generality, assume that a > b > c. We have A>0,C >0, 
and 


p= A A PA La(5+4-2)+0e(2-35-35) 


Xx Y Z Xx Y @Z@ Y @Z 
1 2 
To prove the desired inequality it suffices to show that xt YZ > 0 and 
2 1 1 
yoy Pe 0. Since Y—X = (a-db)(a+b-—c) > Oand Z-X = 


x 
(a—c)(a —b +) > 0, the second inequality is obviously true In order to 
prove the first inequality, we write it as 


> = 
or 


(a —c)(a + ¢—b)(a? +c? —ac) > (b—c)(a— b —c)(b* +c? — be). 


The inequality is trivial fora -~b—c<0O For a—b—c> 0, the inequality 
follows from a—c>b—c,at+c—b>a—b—c, a? +c? —ac> b? 4+c* — be. 


* 
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15. LebeO<a< band let a,,a2, a, € [a,b]. Prove that 


a; +agt-:-+an—nYajag . Gn < (n—1)(Vb- Va)’. 


Solution. First we will show that the left hand side of the inequality is max- 
imal when a;,42, ..,a@, € {a,b}. To prove this claim, consider a2,.  , Qn 
fixed and assume, for the sake of contradiction, that 


f(a1) =a, t+ag+ -+an—nYfajaz .. an 


is maximal for a < a; < b; that is f(a,) > f(a) and f(a,) > f(b). Let 
xj = va, for alli, and let c= Ya,d= Yb (c <2, < d). From 


f(ai) — f(a) =a2> -—e® ~ n(x, ~c)zq. Ip = 
= (x, —c) (zi? far ey +o} —n&2...£n) > 0, 


we get 
ap +ah et «+c >nze ..2n. 


Analogously, from 


f(a;) ~ f(b) =2} ~d°—n(x,-d)z2 .tn = 
= (x, ~ d) (ap + at d+---+art —nz. .£p) > 0, 


we get 
nXQ. Bn> ant + xt d+ oe, ae 


Adding up the obtained inequalities yields 
Bae Met n Stas thd. apd ++. 4a, 


which is clearly false. 
Since the left hand side of the given inequality is maximal when 


@1,42,. ., a, & {a,b}, 
it suffices to consider that 
Q,=++-=a,=—a and ayy; =--: =a, =), 
where k € {1,2,. .,n—1}. The inequality reduces to 


(n—k~1l)a+(k—1)b+nanb'= > (2n ~2)Vab, 
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which immediately follows by the AM-GM Inequality 
For n > 3, equality occurs if and only if a = 0, one of a; is equal to 0 
and all the other a; are equal to b 


Remark This inequality is an improved generalization of the following 
problein from USA TST 2000, proposed by Titus Andreescu: 
If a,b,¢ are positive numbers, then 


atb+c—3Vabe < 3max {(Va~ vb)’, (vb— ve)”, (Ve- va)’ }. 
* 


16. Let a,b,c and x,y, z be positive numbers such thatr +y+z2=a+b+e. 
Prove that 
az? + by? + cz” + xyz > 4abe 

z+2 zt+y y+2 

5 FOR te ae and r = a— 
Among the numbers p, g and r always there are two of them with ele same 
sign let us say pg >0 We have 

rtz z+ + 
iad caer nae: e=aT 35 Yi a=2} ytz—b-e= 2 =~ p- q, 


First Solution Let p = b— 


and so 


az? + by? + c2” + xyz —dabe = (42% —p—q) a? + (p+ a2) y+ 
zt+y 
2 


+2z z z+ 
Jeera Enna) (04 EE) (04 2) 
= 4pq(p + q) + 2p?(a + y) + 29? (2 + =) + 4pge = 
= 4q? ( +*) + 4p” (a+ 774) + Apgr = 4(q?b + p’c + pax) > 0 


Equality occurs if and only if2=b+c—a,y=c+a—b,2=atb-c. We 


yt2 b z+2 x+y 


can also write these equality conditions as a = —;—,b= —,—,¢= —5 


+ (9+ 


Second Solution We will consider two cases 
Case z2>4be We have ax? > 4abe, and hence ax? 4-by? +e2?4+2y2 > 4dabe 
Case rv? < 4bc Letu=a+b+ec=x+y+2z Substituting z=u-~zr-—y 
and a=u—b-—c, the inequality becomes 
cu? + [(2? — 4bc) — 2e(x +y)+ ry] u— (b+ c¢)(x? — 4bc)+ 
+ by? + c(x +y)? —zy(x+y) 20 
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The quadratic in u has the discriminant 
6 = (x* — 4bc)(2c — x — y)?. 


Since 6 < 0, the inequality is clearly true 


Third Solution The inequality is a direct consequence of the identity 


Ayzu + 2xu + xyw)(ax? + by? + cz? + zyz — 4abe) = 
= ru(v— w)? + yo(w — u)? + zw(u— v)? + Quvw(2 + y+ z—a—b— 0), 


where u = Jar + yz, v = Qby + zx and w = 2cz4- zy. 
* 


17. Let a,b,c and x,y, z be positive numbers such thatr +y+z=a+b4c. 
Prove that 
x(3x + a) r y(3y + a) és 2(3z + a) > 12. 
be ca ab 


Solution. Write the inequality in the form 
1 
ax® + by? + cz? 4+ AG t+ b?y + cz) > dabc 
Applying the Cauchy-Schwarz Inequality, we have 


(a+b+e)? ryz(x+y4z)* 

+b? ez > = > Beryz. 

eNOS Ga ayes 
cy Zz 


Thus, it suffices to show that 
2 2 2 
ax” + by” + cz" + ryz > dabe, 


which is just the preceding inequality. 
One has equality forz =y=z=a=b=c 


* 
18. Let a,b,c be positive numbers such that a? + b? +c? =3. Prove that 


Bey Ss 9 
boc atv atbt+ea’ 
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Solution. By the Cauchy-Schwarz Inequality, we have 


Ce (a+b+c)* 


b 
c a ab+be+ca’ 


= + 
b 
Thus, we still have to show that 
(a+ b+0c)® > 9(ab + bet ca). 
By squaring and homogenizing, this inequality becomes 


(a+ 6+ c)® > 27(ab + be + ca)?(a? + b + c*). 


Without loss of generality, we assume that a+b+c = 3 _ Setting 
t = ab+ be + ca reduces the inequality to 


27 > t?(9 — 2t). 
Indeed, 
27 — t7(9 — 2t) = 2¢9 — ot? + 27 = (t — 3)?(2t 4+. 3) > 0 


Equality occurs if and only ifa=b=c=1. 


* 
19. Let a,,a,...,@n be positive numbers such that ajaq...a@, = 1. Prove 
that 
1 1 1 4n 
CS iS ae gy AD 
ay a2 Qn N+a,4+A94+---+an 


n-1/@, + Ag+-° + 
Solution. Leta = "4 eee By the AM-GM Inequality we 


n 
get a > 1, and by Maclaurin’s Inequality we have 


t 
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Since a > 1, it is enough to show that 
na + A >n+2 
1+ar 7 ‘ 


This inequality is equivalent to 
{a-1) [n(a® +1) — 2(a"-1 + --tat 1)] > 0. 


We have 


n-1 
n(a"-!41)—2(a"-14..-4a41) = Do +t-a™ 19!) = 


n-1 ; ; 
= S7(a'-1)(a"* -1) 30, 
i=0 


and the proof is completed. One has equality for a; = ag =--- =a, = 1. 
* 

20. Let a,,a2,...,an be positive numbers such that ajaz...an = 1. Prove 

that 


[a 1 1 
Qjt+agt--+a,—n+1> “WY—+4+—+---4+——-n+ 1 
a2 an 


a,j +ao+---+a 
Solution, Let a= + By the AM-GM Inequality we get 


a > 1, and by Maclaurin’s Inequality we have 


1 
n-1 oan 
_atart---ten . afd) ara a Qn 
n - V n 


and hence 


Thus, it suffices to show that 


na—-n+1> "Vna-1--n+4+1. 


We write this inequality in the form 


fr+(a—y (1-4) an~ 25) 
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Using Bernoulli’s Inequality yields 


1 n-1l = _ 
1+(n—1) (1--)| Re “E> 1+ (n-1)? (1-4) -n+ 2 = 
a a” a 


=(0-[(0- (8-2) (1-4) 


mtomn(ted)fert- (ie beer gta] 


-(o-9(0-2) (0-2) +(-8)+ +(-at)]e0 


from which the conclusion follows Equality occurs for aj =ag=-- =an,=1 


* 


21. Letr>1 and let a,b,c be non-negative numbers such that ab4+be+ca=3. 
Prove that 


a(b+c)+0'(cta)+c"(a+b)>6. 
Solution. Let E = a™(b4+c)+b"(c+a)+4c"(a+b) We will consider two 


cases, depending on r 
Case r > 2. Applying Jensen’s Inequality to the convex function 


f(z)=2""" 
gives us 


E = (ab + ac)a"™"! + (bc + ba)b"~! + (ca + cb)c"! > 
a*(b+c)+b?(c+a) + c*(a +b) or = 
2(ab + be + ca) . 


[orld be) + O%(ct+a) + %(a+b)]™ 
_[omiastesorctea 


> 2(ab+ be 4+ ca) | 


Thus, it suffices to show that 
a2(b+c)+b-(c+a)+c?(a+b)>6. 
Write this inequality as 


ab + be + caliat+b+c) > 3abe+6 
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It is true because a + b+ ¢ > 3 and abe < 3 The former inequality follows 
by the well-known inequality (a+ 6+ c)? > 3(ab+be+ ca), while the latter 
by the AM-GM Inequality 


ab + be + ca > 3Va2b2 22. 
Case 1 <r <2. According to the condition ab + be + ca = 3, we have 
a(b +c) =3-— be, b(c+a) =3-ca, ca+b)=3-—ab, 
and 
E = a"™1(3 — be) + b°-1(3 — ca) + c7-1(3 — ab) = 
= 3(a™ 46} pe }) — gh peter ol [(ab)?-" +(e)?" + (ca)?-7] 


Since 0 << 2—r <1, the function f(z) = 2?~" is concave for z > 0 Thus, 
by Jensen’s Inequality we have 


(ab)?-" + (be)?-" 4 (ca)?-7 - (2 + be+ =) ae 1 
Fe ge ee ge =1, 


and hence 
E > 3(a"—! 4 pra} 4 cr) = 3ar— pr er-t. 


Consequently, it suffices to show that 
a’ ae pro} 47! > al lpr-ler-l 42. 


Because the inequality is symmetric, we may assume that a > b > c. Let 
z= vVab From a> b>c and ab+be+ca = 3, we get l <2 < V3. Write 
now the inequality as 


a’! 4 p19 > (ar-Mpr-t — 1) (5 2 “ 


a+b 


The AM-GM Inequality yields a + b > 2z and a?~! +b"! > 227-1]. Thus, 
it suffices to show that 
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Write this inequality as 


Se ess 
22 ( +4 

ce 2 22 
3-272 3-2? 


Since 1 > > 
; 2x 
and only ifa=b=c=1. 


, the inequality is clearly true. Equality occurs if 


* 


22. Let a,b,c be positive real numbers such that abe > 1. Prove that 


c 

Solution. (a) Using the substitution x = —, y = — and z = -, where 
r Tr r 

r = Vabc > 1, we have zyz = 1 and 


Yo 2 a Gig 
aebets = nbyrzerete ate >2r 


a es 
Vyzzz, 


Therefore, it suffices to show that 


or, equivalently, 
= Ine +2 Iny += Inz>0. 
y 


Since the function f(x) = 2lnz is convex, by Jensen’s Inequality we get 


Zz sy 2 
y 2 2 


? 


1 1 
, gine +- ylny+ =-zinz> (4242) In 
y 2 x y 2 2 j 1 
-4+-4+- 
y 2 &£ 


and it remains to show that 
x zZ 1 1 
ry 242 > -4-4-. 
y 2 rt y 


By the AM-GM Inequality we have 


2 
gol 34? (2) a 
y z y \z z 
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and, analogously, 


Adding these inequalities yields the required inequality. 
(b) Write the inequality in the form 


Fina t= Inb+clne>0. 


As above, by Jensen’s Inequality we get 


Thus, it remains to show that 


Gi Bae eS 
be oR e 
1 
Since a > be’ it suffices to show that 
: titer $i 41 
bc — b 


This inequality is equivalent to 


1 c 
ptbte> ztite 


(2e—-1-2) + (1-4) o+a) 20. 


Equality in both inequalities occurs fora =b=c= 1. 
* 


23. Let a,b,c,d be non-negative numbers. Prove that 


(a? + 69 4 c3 + d3) + 15(abe + bed + cda + dab) > (a+b+c+4 a). 
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Solution. Let 
E(a,b,c,d)=4(a° +B? + c3 + d?)415(abe + bed + cda + dab)—(a + b+e4d)°. 
Assume a < b< c< d, then show that 
E(a,b,¢,d) > E(0,a+ b,¢,d) > 0. 

We have 

E(a,b, c,d) ~ E(0,a + b,c,d) = 4 [a8 + 6? — (a + 6)3] + 15ab(e + d) = 

= 8ab [5(c + d) — 4(a + b)] > 0. 

Setting a+ b= 2, we get 

E(0,a+ b,c, d)= E(0,z, c,d) =4(2° + c3 + d3)4 152ed—(2 + ¢ + d)?. 


It is easy to check that the inequality £(0,2z, c,d) > 0 is equivalent to Schur’s 
Inequality 


x? +c + d? + 3xcd > xe(x +c) + cd(e + d) + dx(d+ 2) 
Under the assumption a < b < ¢ < d, equality occurs for 


(a,b,c,d) ~ (0,1,1,1) and (a,b,c, d) ~ (0,0,1,1). 


* 
24. Let a,b,c be positive numbers such that 
i 1 it 
b- (- -- -) = 4. 
(a+ c) a - b c¢ 
Prove that 1 1 1 
4.74, ,4 
(a +b’ +¢ \(atata) > 2304. 


a 
Solution. Without loss of generality, assume that a > b. Let pte >1 
Since 


(a+b-c) ( 
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2 
| 1 1 
it follows that ( u+t—-42- ) > 4, and hence u+ = > 7. On the other 
u 


hand, 
(cae Cae 1 
4 4 4 ee ee (4 4 ae 
@ tite) (t+ ata) (a +04) ( +a)+ 
1 re | 
+ [t+ 54+(Gta)e]+1> 
‘ae | 54 
> (at +08) (= + 5g) +f (at +0") (Gt) I= 


qe 
Equality occurs when ab = c?* and > = 7. For a > b, the equality 


8 b 3-5 
and - = ' 
c 2 


a 
conditions are equivalent to — = 
c 


* 
25. Let a,b,c be positive numbers. Prove that 


1 1 1 2 
aa ob be 9ea @adab ab+be+ca 


First solution. Without loss of generality, assume that a > b > c. We have 


ab+ be + ca lige (b—a)(b—c) abt betca 5 _ (c — a)(c—b) 


b?42ca b?-+2ca  *—c2# 4 2ab c24+2ab ’ 


and hence 


ab+be+ca ab+be+ca 
b? + 2ca c? + 2ab 


2a? — 8a(b +c) + be 
294 (=e) 
+ © Ye y Seay + Dab) 
Thus, the inequality becomes 


ab + be+ ca pe: asa teh bes 2a) 
a* + 2be (b? + 2ac)(c? + 2ab) * 


This inequality is clearly true if 2a? + be > 3a(b +c). 
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Since ab + bc + ca — 3a(b +c) + bc+ 2a? = 2(a — b)(a—c) > 0, it suffices 
to show that 


(b? + 2ac)(c? + 2ab) > (b — c)?(a? + 2b). 
similarly, since ab + be + ca — 3c(a + b) + ab + 2c? = 2(c— a)(e — b) > 0, it 
suffices to show that 

(a? + 2bc)(b? + 2ac) > (a — b)*(c? + 2ab). 
By multiplying these two sufficient inequalities, we get 

(b? 4 2ac)? > (b—c)?(a— b)?, 
which is equivalent to 
2b* + 3ac > b(a +c). 


If the last inequality is true, then the given inequality holds. On the other 
hand, as shown above, the given inequality holds if 2a? + be > 3a(b + c). 
Thus, it suffices to show that 


(2b? + 3ac) + (2a? + bc) > b(a + c) + 8a(b + ¢). 


This inequality reduces to 2(a — b)? > 0, which clearly is true. 


Second solution (by Darij Grinberg). We will show that the following 
sharper inequality holds 


1 1 1 2 1 
we Oe eS 
Pobe | ites ea deb abbbetea athe” 
with equality for a = 6, or b= cc, or c= a. Taking account of 


1 1 1 
aioe b? + 2ca a ci + 2ab 
_ (ab+ be+ ca)(2a? + 2b? + 2c? + ab+ be + ca) 
~ (a? + 2bc)(b? 4+ 2ca)(c? + 2ab) : 


we can show that the inequality is equivalent to 


(a — b)?(b — c)?(c — a)?(2a? + 2b? + 2c? + ab + be + ca) > 0 
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26. Leta,b,c be non-negative numbers, no two of which are zero Prove that 


a(b+c)  b(c+a)  c(a+bd) = ab+ be+ ca 


a? +2be  b%+4+2ca cc? + 2ab a? + b? + 2 
Solution. The inequality follows by adding the above inequality 


ab + be + ca LO A ee ar 
a* + 2be b? +. 2ca c24+2ab | a? + b2 + c? 


to the inequality 
is be a ca 4 ab 
—a2+2be 6? 4+2ca cc? + 2ab- 
The last inequality is equivalent to 
a? + b? ¢ c? “s 
a2 +2be 62? 4+2ca ce? + 2ab — 
According to the Cauchy-Schwarz Inequality, we have 
2 
y a? > ia =1 
a* +. 2bc — S (a? + 2bc) 


1 


Equality occurs if and only ifa=b=c. 
* 
27. Let a,b,c be non-negative numbers, no two of which are zero. Then 


(b+e)? | (ct+a)? (a+b) | 


a*+be be +ea ct+ab 7 


First Solution. By the Cauchy-Schwarz Inequality we have 


> (6+)? > [Sro+e)?]” 


a? + be ~ S (a? + be)(b + 0)? 
Thus, it suffices to show that 
2(S. a? +S bc)” > 3S (a + bc)(b + c + 2be) 
Since 
(Soa? + Dobe)" = (Lat) + (Toe)” +2(H o*) (be) = 
= Vat + 335° 0c? + dabe Ya + 25> be(b? + c?) 
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and 
S(@ + bc)(b? + c? + 2be) = 45> bec? + abe S- at S_ be(b? +c’), 


the inequality becomes 


25> a4 + 2abeS a + S > be(b? +c’) > 6S bc? 


We can obtain this inequality by summing the inequalities 


S~ be(b? +c?) > 25° b?c? 
and 
So at + abe) a > S- be(b? +c?) 


multiplied by 3 and 2, respectively. The first inequality is equivalent to 


> be(b — c)? > 


while the second inequality is just the fourth degree Schur’s Inequality. 
Equality occurs for (a,b,c) ~ (1,1,1), and also for (a,b,c) ~ (0,1,1) or 
any cyclic permutation 


Second Solution (by Pham Kim Hung) Since 
2 2 — 92 
3 (b + c) _2 -> be + +c? 2a = 
a2 - be a? + be 
c? —a* b? — a? a? — b? 
-r oot rere 2a a? + be po rer a 


(a? — b?)(a—b)(a+ b—c) 
ae (a? + bc)(b? + ca) ; 


we may write the inequality in the form 
E = -(b—c)?(a? + bc)(b+ e)(b+e—a) 20 
Due to symmetry, we may assume that a > b > c. Since 
(a — b)*(c? + ab)(a + b)(a+b—c) >0, 
it suffices to show that 


b—c ? a? +bc)(b+c)(b+c—a) + (c—a)?(b’+.ca)(c-+a)(c + a—b) > 0. 
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Write the inequality as 
(a—c)*(b?+.ac)(a+c)(a + c—b) > (b—c)*(a? +be)(b+c)(a—b—c) 


Sincea+e>b+c,a+e—b>Oand a} c—b>a—b—ce, it suffices to show 
that 
(a — c)?(b* + ac) > (b — c)*(a? + be). 


We can obtain this inequality by multiplying the obvious inequalities 
a?(b? + ac) > b*(a* + be), b?(a—c)* > a?(b—c)?. 
* 


28. Let a,b,c be non-negative numbers, no two of which are zero. Then 


bte cta a+b = 6 
Qa2@+be 2b? +ca = 2c? +ab~ at+bt+e 


Solution (by Bin Zhao) Write the inequality as E > 0, where 


(b+ c)(at+b+c) b* +c? — 4a? + ab + ac 
s=5| 2a? + be - => a? + be 7 
cS PONG Se) se ler ahe oe) 

2a? + be ~ 
= #20) )(b— a) eee) 
2a? + be 2b? + ca 


n Pear ray Wl ¥) (2c?+.ab)(a?+b? 4+ 3ab—be—ca). 


Due to symmetry, we may assume that a > 6 > c. Since 
a® +B? + 3ab— be— ca = a(a—c) +b(b—c) + 3ab > 0 
it suffices to show that 


(b — c)*(2a” + be)(b? + c? + 3be — ca — ab) + 
+ (c — a)?(2b? + ca)(c? + a” + 3ca — ab — be) > 0 


Write this inequality as 


(a — c)?(2b? + ac)(a? + c? + 3ac — ab — be) > 
> (b—c)?(2a? + be) (ab + ac — b? — c? — 3bc). 
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Since 
a? +c? + 8ac — ab— be = (a + c)(a— b) +: c(c + 2a) > 0 
and 
(a? +c? + 3ac—ab—be) —(ab+ac—b?—c? —3be) = (a—b)? +2c(a+b+c) >0 
it suffices to show that 
(a — c)?(2b? + ac) > (b—c)?(2a? + bc). 
This inequality follows by multiplying the inequalities 
a?(2b? + ac) > b?(2a? + be), b?(a—c)? > a2(b—c)’. 


Equality occurs for (a,b,c) ~ (1,1, 1), and also for (a,b,c) ~ (0,1,1) or any 
cyclic permutation 


* 


29. If a,b,c are non-negative numbers, then 


ay a? + 3be 4- bb? + 3ca + cc? + 3ab > 2(ab + be + ca). 


First Solution. Without loss of generality, assume that a > 6 > c. For 
c = 0, the inequality reduces to (a— 6)? > 0 Consider now a >b>c>0, 
and rewrite the inequality as follows 


Sia ( Va? + 3be—b—c) > 0 
a? + be—b? —c? 
ae oe 
Y Z 


trad eqea) Be .o)e = 


where 
A= Vart3bcetb+e, B= Ve + 3catc+a, C= Veet 3ab+at+b, 
X =a3(b + c)—a(b?+c3), Y=b3(c +.a)—b(c8 +03), Z=c3(a + b)— c(a®+0*). 
We see that X + Y + Z = 0. We have 
X = a(b +c) (a? — 0? + c(b—c)] > 0, 
Z = c(a +b) [c? - a? + b(a—b)] <0 


82 Solutions 415 


and 
XxX Y Z xX X+Z Z 


(b+0)A * (cta)B ' (atb)C (b4c)A (cta)B' (atbjO 

1 1 1 1 
= lwraa = GraBl te) lez aB (atbc|= 
> 


X 71 1 (-Z) 71 1 ) 
ase) ath (B-S 
To finish the proof, it is enough to show that A < B< C. The inequality 
A < B is equivalent to each of the following inequalities 


Va? + 3bc-—a < Vb? + 3ca—b, 
3bc e 3ca 
Va? + 8be +a” Vb? + 3ca+b° 


b? +. 4 + 3ab2c < a? + a4 + 3a2be 


Since b < a, the last inequality is clearly true Similarly, the inequality 
B<C is equivalent to 


c+ ct + 8abe? < b? + bt + Bab 2c, 


which is also true 
For a > b > c, equality occurs when either (a,b,c) ~ (1,1,1) or 
(a,b,c) ~ (1, 1,0) 


Second Solution (by Ho Chung Siu) Assume that a > b > c > 0, and 
rewrite the inequality in the form 


a(a?+be—b*—c*) — b(b? +.ca—c?—-a?) —e(c? +ab—a? 8?) 
Fe 


where 


A= yVa'+ 3be+b+ce, B= Vb? 4+ 38cat+e+a, C= Vc? + 3ab+ a+b 


As shown above, we have A< B<C We will prove that 


a(a? + bc — b* — c?) a(a — b)(a—c) 
pM ee LS pa oad A Sea! f 
yee ds pete 5 
The left side inequality is equivalent to 


_ p22 
y te b* ~ c*) > 0. 


416 8 Final problem set 


It is true because 


a(ab+ac—b?—c*) — — ab(a—b) ca(c—a) _ 
Da a ee wae 


_ wr ab(a—b) ae) b) 
= rt = ave-») (4-5) 20 
In order to prove the right side ae we write it as 


A,(a—6)(a—c) + By(b—c)(b—a) + Ci (c—a)(c—b) > 0 


or 
Bi(a — b)? + (A; — By)(a — b)(a—c) + Cy(c— a)(c— b) > 0 
b 
where 4) = Byes Ot ae Sinceea>b>candA<B<C, we 
have A, > B, > C, > 0, from which the inequality follows. 


* 
30. Let a,b,c be non-negative numbers, no two of which are zero. Then 


a? — be : b? — ca 5 c2 —ab ss 
Vat+be VeR+ca Vert +ab— 


First Solution. We write the inequality in the form 


where 
= (a? — bc)(b+c), Y =(b?—ca)(e+a), Z=(c? — ab)(a+ 5), 
=(b+c)Var+bce, B= (ct+a)Vb*+ca, C= (a+b) c? + ab. 
Without loss of generality, consider that a > b > c. It is easy to check that 
X+Y+2Z2=0 Moreover, we claim that X >Y >ZandA< Be. 
Indeed, 
X —Y = ab(a—b) + 2(a? — b?)c + (a — bc” > 0, 
Y — Z = be(b—c) + 2(b? —c?)a + (b—c)a”? > 0 


and 


B? — A? = (a— b)c? + (a? — b?)c? + c(a — b)(a” — ab + 6?) > 0, 
C? — B?= b—c)a® + (b? — c*)a? + a(b—c)(b? — be +c?) > 0. 


Be ONO a es 


Then, by Chebyshev’s Inequality we get 


5) 2 (X4¥42)(4 tata) 0 


(Ea%42)s 
(F+3 C AOR To 


Equality occurs if and only ifa=b=c 


Second Solution Write the inequality as 


a” — be 
> 
rape no, 
where A = Va? + bc, B = Vb? + ca and C= Ve? + ab We have 
a® — be (a —b){a+c) + (a—c)(a+b) 
2p SFR ay eer ate sers) | 


A 
= 5 Slate) , 5 Cradle) _ sia_4y (st - 5) = 
=~ a—b ad )? B? — re c(a—b)? Cc; 
(a+c)B+(btc)A AB (ate)B+(b+c)A’ 


where C, = a? +b? +c? — ab+bc+ca. Since C, > 0, the inequality is clearly 
true. 


3 
Remark. Similarly, we can prove that for 0< p< 3 the inequality holds 


a? — be b* — ca c* — ab 
>0 


= + Ss + =? 
per+tbe f/pb?+ca  \/pe? + ab 

By the second method, we get 
C, = 0° + ab + b? + 2(a + b)c+ c? — p(2ab + be + ca) > 


3 
2 a? + ab +b? + 2(a+ bet c? — 5(2ab + be + ca) = 


_ 2(a—b)? + cla +b + 2c) 


> 0. 
5 >0 


* 


31. If a,b,c are non-negative numbers, then 


(a? — bc) a? + 4be + (b? — ca)y/b? + 4ca + (c? — ab)y/c? + dab > 0. 
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Solution. It two of a,b,c are zero, then one has equality. Otherwise, we 
write the inequality in the form 


AX + BY +CZ>0, 
where 


X =(a* —be)(b+c), Y = (b? —ca)(c +a), Z = (c? — ab)(a + b), 


Wiz Va* + 4be Be Vb? + dca Bex Ve? + 4ab 
~  b+e ’ ~ eta ’ ~ a+b ° 


Consider now, without loss of generality, that a > b> c. We have X + Y + 
Z=0, X >O and Z <0. Moreover, 


X —Y = ab(a—b) + 2(a? — b?)c + (a —b)c? > 0 


and 
» po. at—bt + 2(a3—b3)c + (a?—b?)c? + dabe(a—b) — 4(a—b)c? 
A?— B? = ——_+>___—__.. >_> _—_\——— 2 
(b+ ¢)(c+ a)? Z 
d4abe(a—b) —4(a—b)c? _ 4c(a — b)(ab — c*) a5 
= (breeraye (beet ay? 
Since 


AX + BY +CZ =(A-B)(X-Y)-(A+B-2€)2Z, 


it suffices to show that 
A+ B—-—2C > 0. 


Taking account of A+ B > 2VAB, it is enough to prove that AB > C?. 
Using the Cauchy-Schwarz Inequality, we get 


AB > ab + 4cVab 
> b+ ale+a) 


Since 4cVab > 2cVab + 2c, we will still have to show that 
(a + b)? (2eVab + 2c”) > (b+ ¢)(c + a)(c? + 4ab). 
This inequality is equivalent to 


ab(a—b)? +2cV/ab(a+b) (Va-vb)" +0? [2(a+ b)?—Sab—c(a+b)—c?] > 0, 
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which is true because 
2(a+b)* —5ab—c(a+b)—c* = a(a—b) + a(a—c)+b(b—c) + b?-c? > 0 
For a > b > c, equality occurs when either 
(a,b,c) ~ (1,1,1) or (a,6,c) ~ (1,1,0). 
* 


32. If a,b,c are positive numbers, then 


a? — be b? — ca c? — ab 


ee tf + 
s/ 8a? + (b +c)? 8b? + (c+ a)? Bc? + (a + b)? 
Solution. Write the inequality as 
a? — be 
> 
TAG 20, 


where A = \/8a? + (b+ c)?, B= \/8b? + (c+ a)? and C = \/8c? + (a + b)?. 
We have 


pee - i oy )(a +c) + (en eed b) _ 
eal (a+c) b-—a)(b+e 
a5! + aye! Yer Vix 


=f. “Gna. (b+ .¢)?A? _ 
7 (atc)B+(b+c)A 
_ wy lab)? Cy 

= 22 AR ‘(ato)B+(b+0)A’ 


where 
CO, =[(a+c) + (6+¢)] [(a+c)? + (b+c)?] — 8ac(b+c) — 8be(a+c). 


Let us denote z = a+c and y = b+c. Since 4ac < x? and 4be < y’, we 
obtain 


Cy = (2 +-y)(2? + y*) — 2a7y — Qy?e = (2 + y)(x—y)? 20 
Equality occurs if and only ifa=b=c. 


* 
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33. If a,b,c are non-negative numbers, then 


Va? + bet Vb? + ca + Ve+ab< s(atb +0), 
First Solution (by Tsoi Yun Pui). Assume that a > b > c. Since 


Vy a2 +be<at = 
2 
Vb? +ca + Vc? + ab < \/2(b? + ca) + 2(c? + abd), 


it suffices to show that 


 2(b? + c? + ab+ca) < opete 


By squaring, the inequality becomes 


and 


a? +b? — 4c? — 2ab + 12bc — 4ca > 0, 
or 
(a — b — 2c)? + 8c(b —c) > 0, 


which is clearly true. 
For a > b> c, equality occurs if and only if (a,b,c) ~ (1,1,0) 


Second Solution. For a = b = c = 0, the inequality is trivial. Consider 
nowa>b>c,a> 0. Since 


Vb 2 +cat Vc? + ab < V2(b? +c?) + 2a(b+ cc), 


it suffices to show that 
3 
Va? + be + V/2(b? +c?) + 2a(b+c) < 5a +b+c). 


+e 


(s < a) and p = bc, the inequality becomes 


2a? + p+ 4/25? — p+ as < 3(a + 2s), 
4,/2s? — p+ as < 3(a + 2s) — 2a? + p. 


By squaring, the last inequality transforms into 


Denoting s = 


12 a+ 2s)\/a2 +p < 130 + 20as + 4s” + 20p 


82 Solutions 421 


or 
12(a + 2s) (Va +p- a) < (a — 2s)? + 20p. 


Since (a — 2s)* > 0 and 


= Poe BP 
MSE SS eg ae 


it suffices to show that 
6(a + 2s)p 
a 


< 20p. 
This inequality is equivalent to p(6s — 7a) < 0, which is clearly true 
* 
34. Let a,b,c be non-negative numbers such that a? + 6% +c? = 3. Then, 
214 18abe > 13(ab + be + ca). 
Solution. We will use Schur’s Inequality of fourth degree 
at + b4 4c 4 Qabe(a + b +c) > (a? +b? +.c7)(ab + be + ca). 


Let s=a+b+c. From (a+b+c)? >a? +b? +c?, we get s > V3 Taking 
account of 
a4 + b44c4 = (a? +b? + c?)? — 2(a7b? + bc? +. e207) = 
= 9—2(ab + be+4 ca)? + 4abes 


and gas 
ab+bc4+ca= —— ; 
from Schur’s Inequality above, we obtain 


s4— 35? — 18 


be > 
ee 12s 


Returning to the our inequality, we have 


3(s54 — 352 — 2_ 
21+ 18abc — 13(ab + be + ca) > 21 + tent it oe 3) _ 
__ 3st — 18st — 98? + 81s — 54 _ (5 ~3)*(35? + 58-8) , g 


2s 2s = 


Equality occurs if and only ifa=b=c=1. 
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* 
35. Let a,b,c be non-negative numbers such that a? + b* + c? = 3. Then 


ene ee ae 
5—2ab 5-2be 5-—2ca 7 


First Solution. Let s=a+b6+c. Then, 


2_ 
ab+be+ca= 2%, 


and from 
a+ bec? <(atb+c)? < 3(a? +0? 4), 
we get /3 < s <3. By expanding, our inequality becomes 
4a*b*c? — 8abce(a +b + c) + 15(ab + be + ca) — 25 < 0, 
or 
8(s — abc)? + 7s* - 95 < 0. 
As shown in the preceding proof, fourth degree Schur’s Inequality implies 


34 — 3s? — 18 
iets Ee 
oe 125 


3 
8 
Then, since s — abe > s — WF > 0 and 


st —3s?-18 | 18 + 15s? — s4 


= <3 - 
0<s—abe<s 12s 1s ‘ 


it suffices to show that 


2_ 94)2 
(84 te SF 4 75? 95 <0. 


<a <1, the inequality becomes successively 


wire 


Substituting s? = 92, 


(2+ 15x - 9x7)? + 22(63a - 95) <0, 
8124 — 270z° + 3152? — 1302 + 4<0, 
(x — 1)(812° — 180a? + 1262 — 4) <0. 
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Since 
81x? — 1892? + 1262 — 4 = (9x — 21a? + 142-2) 4+ 14= 
= 9(1 — x)(—Ox? + 122 — 2) + 14, 
it suffices to show that —92? + 122 -2>0 Indeed, we have 
—92? + 122 -2=143(32 -1)(1-2)>0. 


equality occurs if and only ifa=b=c=1 


Second Solution. In the proof of the problem 62 from the first chapter we 
have shown that the following inequality holds for p > 6 


1 1 i 1 a 3 
p— ab? +5- Pe p—ca* — p-1° 


25 
Choosing p = a the inequality becomes as follows 


1 1 1 1 
aaa tg a bee ee 
(5— 2ab)(5 4 2ab) * (5 — 2be)(54 Dbc) * (5—Dea)(S42ea) <7 

or 

1 1 10 
eae ee en 
Sao a 
If we show that 3 1 
Pe een 
oe one 


the proof is finished Indeed, this inequality follows by the Cauchy-Schwarz 
Inequality 

> 1 _ 9 - 9 

5+ 2ab — 6 +2ab) 15 + 2(ab + be + ca) 
and the well-known inequality 
ab+be+ca <a? 4b? 4c? = 3. 
* 

36. Let a,b,c be non-negative numbers such that a* + b? + c? = 3. Then, 


(2 — ab)(2 — be)(2—ca) > 1. 
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First Solution We will use Schur’s Inequality of third degree 
(a+ b+)? + 9abe > 4(a + b + c)(ab + be + ca). 
Let s=atb+e,s<3 From 
2(ab + be + ca) = 8? — (a? +b? 4+.c?) = 5*-3 
and Schur’s Inequality, we obtain 
Yabe > s* — 6s. 
We have 


(2—ab)(2—be)(2—ca)—1 = 7—4(ab+ be+ ca) + 2abe(a+b+e) — a*b?c? = 
= 7 —2(s? — 3) + 2abes — a®b?c? = 13 — 5? — (s — abc)’. 


Since ? ‘ 
s’ — 68 15s —s 

0 —abe<s— = 

<5 aoc < § 9 9 > 


it suffices to show that 


2/15 _ o2)2 
s*(15 sy" 0. 
81 aa 


13 — 5? — 
Substituting s = 3./z, x < 1, the inequality becomes 
13 — 342 + 30x? — 92 > 0. 


It is true because 
13 — 342 + 302? — 923 = (1 ~ x)(13 — 212 + 92") = 
=(1-—2)[14+3(1 —2)(4- 32)]. 
Equality occurs if and only ifa=b=c=1. 


Second Solution (by Marian Tetiva) We will use the ”mixing variables” 
method. Assume, without loss of generality, that a < 1 and then show that 


(2 — be)(2 — ca)(2 — ab) > (2—2)(2 - az)* > 1 


‘ 1b? + ¢? 3—a? 
or £2 = ae > 
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The left inequality follows by multiplying the inequalities 
2-be >2-2? 


and 
(2 — ca)(2 — ab) > (2—axr)?. 


After some manipulations, the last inequality becomes 


4a(b—c)? 


> a*(b—c)*. 
b+e422 eer) 


So, it is enough to show that 
4> a(b+c) + 2az. 
We have 
4~a(b +c) — 2ax > 4(1 - az) = 2 (2—ay/6 - 20?) > 0, 
because (1 — a)(2— a2) 
2- ay/6 — 2a? = Sag E= OE” > 0. 

The right inequality (2 — 2*)(2— az)? > 1 is equivalent to 

(1+ a?)(2— az)? > 2. 
Since 2(1 + a”) > (1 + a)?, it suffices to show that 

(1+a)*(2-az)? >4 


(1+ a)(2-az) >2 


We have 


4 3_ 9,2 __ 
(1 + a)(2 — ax)—2 = a(2—z—az) = a(a" + 2a"—2a*—6a + 5) Se 


2(24+ 2+ ax) 
_ a(a~ 1)?(a? + 4a +5) <i 


2(24+2+4 az) =n 
* 
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37. Let a,b,c be non-negative numbers such thata +b+c= 2. Prove that 
be ca ab 
a cheaet oak aanes Cuellar 
fot) pal eat 
Solution. Write the inequality as 
S~ bob? + 1)(c? + 1) < (a? + 1)(6? + 1)(c? + 1), 
or 
Ss; 3 +> be(b? + e)+5> be < a*b’c? +) ~ ety” a? +1 
Let 2 = ab + bce+ ca and p= abe From (a+b6+c)? > 3(ab+bc+ ca) we get 


4 8 
xz <—, and from a+b+c> 3Vabe we get p< a We have 


3 
Soa? = 4-22, 5_ bc? = 2? — dp, 
S> be(b +c) = (Soa) ( be) — 3abc = 22 — 3p, 
S_ a? = (Soa) (Soa?) — So be(b + c) = 8 ~ 6x + 3p, 
So at = (Sra?) — 2 be? = 16 — 162 + 20? + 8p, 
S- be(b 24 ¢2) = (S- bc) (So a”) — abe a = 4a — 20? — 2p, 
S~ b3e3 = (D> be) (D> be?) — abe S” be(b + c) = 2° — 6px + 3p" 
Thus, the inequality is equivalent to 


E = (1—2)(5— 2x2 +27) + (6x —2)p — 2p* > 0 


First Solution. To kill the terms in p and p’, we will use the non-negative 


expression 
A=(a—b)*(b—c)*(e—a)? and B= 5 a*(a—5)(a-¢) 
From 


A= S> Bc? (b? + c2)-2 > bc +2abc ~ be(b + c)—2abe > a?—6a"b?c? = 
= 42?(1 — 2) + 4(92 — 8)p — 27p” 


and 


B= Joat+ abe a—}> be(b? +c”) = 4(1— 2)(4— 2) 4 12p, 
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we get 
6A +> (1+ 92)B = 2(1—2)(20-+ 1752 — 332%) + 81 [(62 — 2)p — 2p"), 
and hence 
81E = 6A + ; (1 4+ 92)B + (1 —x)?(365 — 1472) >0 
Equality holds for a = 0 andb=c=1,b=Oandc=a=1anda=b=1 
Second Solution. We will consider three cases. 
Case x < ' Since 
(6a — 2)p — 2p? = 6x — 4 + 2(1— p)(2— 32 + p) > 6a — 4, 
we have 
E>(1—2)(5— 2242") + 62—4=(1—2)(14+27) +22? >0. 
Case *< x <1. Since 
(6x — 2)p — 2p? = 2p(3a — 1 — p) > 2p(3a — 2) > 0, 
we have 
E>(l—2)(5-22+27)>0. 


4 
Casel<a< 3 As shown at the first solution, Schur’s Inequality 


yo a*(a- b)\(a—c) >0 


implies 
as (x — 1)(4-2) 
3 
Since 1 7 
(6a — 2)p — 2p? = qee- 1)? - 5(Ge—1- 2p)? 


and 32 — 1 — 2p > 2(1 — p) > 0, it suffices to prove the inequality E > 0 for 
(2 —1)(4—2) : 
gst In this case we get 
Re (x — 1)°(37 — 11a — 2x) 
eae aes 


and clearly E > 0, since x < 


Othe 
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* 
38. Let a,b,c be non-negative numbers, no two of which are zero. Then, 


a+8abe 3 4+3abe 84+ 3abe 


a ea be, 
re * (era * (arse = OFF" 
First Solution. Since 
a+3abec aa? +bc—bP—c*) — a9(b +c) — (9 +. °) 
Gree 9 Fee (b+ ¢)3 


we can write the inequality in the form 


xX Y Z 


G+e3 (eras (atop 


2 0, 


where 
X =a3(b +. c)— a(t? +08), Y=83(c + a)— (ce? +0), Z=c3(a + b)— (a +89), 


We see that X+Y+Z = 0. Without loss of generality, assume that a > b> c. 
We have 


X = ab(a® — b*) + ac(a? — c*) > 0, 
Z = ac(c? — a?) + be(c? — b*) <0, 


and 
xX Y ae See Fen 
(+o2! (eras! (arb (bre (eta * (arse 
i 1 i i 
=Xlorae- eras] + [eeap- ep] 2? 


For a > b > c, equality occurs when either (a, b,c) ~ (1,1, 1) or (a,5,¢e) ~ 
(1, 1,0). 


Second Solution (by Ho Chung Siu). As above, write the inequality in the 


form 
a(a? +be—b? —c?) 
se ee 
(b+)? 


Since 


a(a? + be — b? — c”) = a(a — b)(a — c) + ab(a — b) — ca(c— a) 
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a(a— b)(a—c) 


———_—_—,— > 0 
2, (b+c)? 7 
it suffices to show that 
ab(a — b) ca(c—a 
ar -lGaye ae 
Taking into account that 


ca(c—a) ab(a—}) 
Lore? Lexar 


the last inequality becomes 


1 1 
>> ab(a — 6) fended 2 0, 


ab(a + 6 + 2c)(a — b)? 
Oreo 


* 


or 
> 0. 


39. Let a,b,c be positive numbers such that a‘ + 644 c4 = 3. Then, 


a) 


2 
b) 


a if b? rf c s 3 
b+e cta at+b~ 2’ 
Solution (by Pam Kim Hung). a) By Holder’s Inequality, we have 


a? a? 222 2 3 
(5) (LF) Oe") 2 (Ley. 
Therefore, it suffices to show that 


(- a)” >9 > a?b, 


Write the inequality in the homogeneous form 


(Ha?) 2 3 (Na?) Va yas, 
x > 3yV/ 3(a? — 2y), 


or 


429 
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where x = ye a* and y = S07? By squaring, the inequality becomes 
2® — 2727y? 4 54y? > 0. 
It is true because 
a® — 97x*y? 4 54y? = (a? — 3y)?(a? + 6y) > 0. 
Equality holds if and only if (a,6,¢) = (1,1, 1). 
b) By Holder’s Inequality, we have 
a’ 3 
(S55) (UR) Oeer 2 (2) 
Therefore, it suffices to show that 
(a) ator +6) 
Using the above inequality eS a)” >9 S- a*b*, we still have to prove that 
5. a°b? > wv +c)? 
This inequality is equivalent to 
> a?(b— c)? > 0, 
which is clearly true. Equality occurs if and only if (a,b,c) = (1,1,1) 
* 


40. If a,b,c are positive numbers, then 


a? — 68 -¢ e-a e (aonb + (6-6)? + (e- 2)? 
a+b ows “eta ~ 8 : 


Solution (by Darij Grinberg). Since 
S-(8—c8)(a+b)(cta) = $7( (b8—c3)a9 + S-(b?—c*)(ab + be + ca) = 
= 02h? + be + c#¥a? — aSb? — Be — ca? = 


= (a —b)(b—c)(e—a)(a +b + be+ ca), 
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the inequality is equivalent to 


(a — b)(b— c)(c — a)(ab + be + ca) 
(a+ 6)(b+ c)(c+a) 


< 
- 8 


Assume that a = min{a, b,c}. Fora < c¢ < 6, the inequality is trivial, because 
its left hand side is either negative or zero. Consider now that a < b < ¢, 
and denote b=a+z andc=a+y(0<2<y). Since 


(a + 6)(b + c)(c+ a) > (b+ c)(ab + bc + ca) > (b+ c— 2a)(ab + be + ca), 


it suffices to show that 


(b—a)(c~b)(c—a) _ (a-b)? + (b-c)? + (e~ a)? 
b+c-2a 8 


that is 5 ‘ 
zy(y— 2) etty-2) +y 
gzty 7 8 


This inequality is equivalent to 
x + y(2x— y)? > 0, 
which is clearly true. Equality occurs if and only if (a,b,c) ~ (1,1, 1) 
* 


41. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 
a? F b? Fe road at 
(2a + b)(2a4+c)  (2b+4c)(2b+a) © (Qe4+a)(Qce+ b) ~ 30 
Solution. The inequality is equivalent to each of the inequalities 
2 


2 \saabie) Garnet e| 2° 


> a(a — b)(a—c) bs 
(2a + 6)(2a +c) = 
Due to symmetry, we may consider that a > 6 > c. Since 


c(e ~ a}(c — b) 
(2c + a)(2c + b) ~ 
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it suffices to show that 


a(a ~ b)(a—c) b(b — c)(b— a) aap 
(2a+b)(2a+c) (26+ c)(2b+a) ~ 


Writing this inequality in the form 
(a—b)? [(a + b)(2ab— ce?) + c(a? +b? + 5ab)| >0 


we sce that it is true. For a > b > e, equality occurs when either 


(a,b,c) ~ (1,1,1) or (a,b, ¢) ~ (1, 1,0) 
* 


42. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 


1 1 1 1 
a a ns ae 
(et Pub SP eae se Laeen— a? + b? + ¢? 


Solution. The hint is to apply Cauchy-Schwarz Inequality after making the 
numerators of the homogeneous fractions to be non-negative and as small as 
possible To do this, we see that 


a? +b? 4+? 5a? + be 
= ——3>—— > 0 


1 
5(b2 4+ c2)—be 5 25(b2 + c2) ~ 5be 


Thus, we may write the inequality as 


ee 5a? + be >2. 
5(b2 + c*) — be ~ 


According to Cauchy-Schwarz Inequality, we have 


> 5a? + be és (5S a? + So be)” 


5(b? + c?) — be ~ $*(5b? + 5c? ~ be)(5a? + be) | 
and it remains to show that 
(5 Soa? + Srbe)” > 2D (58? + 5c? — be) (5a? + bc). 


This inequality reduces to 


255 a’ + 22abe Ya > AT) bP? 


ETL a ee 


We can get it by summing the inequalities 


>< at +abc) “a> 25> bc? 
and 
Sats Tee, 
multiplied by 22 and 3, respectively. The former inequality follows by 
summing up the well-known fourth degree Schur’s Inequality 


Yat + abe Sa > Y bel? + c*) 
to 
Do be(b? + c?) > 2S be? 
The last inequality is equivalent to 
>= be(b —c)?>0. 
Equality occurs fora =b=c 
* 


43. Let a,b,c be non-negative real numbers such that a* +b? +c? =1. Prove 


that 
be ca ab 


orl Pel Cel 


22 
4 
Solution. Since 


es 08 _ a tla be _ 2a? + (b~ ec? - 
2 a®+1 0 a?4+1) Aa? #1) =’ 


write the inequality as 


and apply the Cauchy-Schwarz Inequality: 


a2 +1 —2be [S-(@? — 2be+ 1)’ 


La 2 Seen ao 


~ Soa? + 1)(a? +1 — 2be) 


4(2~ 37 bc)” 


S_ (a? + 1)(a? +1 — 2be) ” 
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Thus, it suffices to show that 


8(2— Jobe)’ > 3S 7(a? + 1)(a? +1 — 2bc). 


This inequality is equivalent to 


174+ 8) bc? + 22abe Sa > 35> a4 + 26} be. 


Taking account of s at =1-2 > b?c?, the inequality becomes successively 
as follows 


THTS Be? + llabe Sa > 1350 be, 

7+7(Srbc)’ > 13S be + 3abe a, 

(1— SDbc) (7-6 S7 bc) + (So be)” — Babe Da > 0, 
(1-— $* be) (7-6 5° be) + 5 avb- 6)? > 0. 


Since > be < > a” = 1, the last inequality is clearly true. Equality occurs 
1 
fora-b=c=-—-p. 
V3 
* 


44. Let a,b,c be non-negative numbers such that a? + b? +c? = 1 Prove 


fi 
that 1 1 1 9 


= om 
Sue? = be. | 24 6? — ea + 34+ c?— 2ab 7 8 
Solution. Since 


1 1 __lta?—2be _ 20? + (b—c)? L 
2 34a2-2be 2%A3+a%—2%e) 2(34+a2—2be) ~ 


write the inequality as 


See eS 
34+ a2 —2be ~ 


By the Cauchy-Schwarz Inequality we have 
2 
pe neue 1 + a? — 2be [S21 + a? — 2bc)| 2 
3+ a? — 2be ~ S*(3 + a? — 2be)(1 + a? — 2bc) 
4(2—Srbc)’ 
~ 8-45 bet D(1 + a? — 2be)? 


1+ a? —2be 3 
4 


8 2. Solutions 
Thus, it suffices to show that 
16 (2—} bc)” > 24-12) be +3 SI + a? — 2be)?. 
This inequality is equivalent to 
25+45 7c? + 4dabe Sa > 35 a4 + 40) be. 

Since s at =1- 25° b*c?, the inequality becomes 

11455 > bc? + 22abc Sa > 205° be. 
Setting = ab + bc + ca, we may write the inequality as 

11 — 202 + 52* + 12abe Sa > 0 


The Schur’s Inequality of fourth degree 


oa! + abe} >a > ‘o> a”) ‘o> be) 


is equivalent to 


Gabe } a > Qn? +2 1, 
Therefore, 


11 — 202 + 52” + 12abe $7 a > 11 — 202 + 52? + 2(227 + 2-1) = 
= 9(z ~ 1)? > 0. 


Equality occurs fora =b=c= 


45. If a,b,¢ are positive numbers, then 


da? —b?—c? 4b? - C2 ~a? = dc? ~ a? ~ ? 
A apse SERN ee Die DY 
a(b + ¢) b(c + a) c(a + b) 


Solution. Write the inequality as E > 0, where 


b? +c? — 4a? +. a(b +c) 
Ha a(b + c) 
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We have 


(b +c)? ~ 8a? + 2a(b+c) _ 
= 2s a(b +c) Pi 
m (b+ ¢)? — 4a? + 2a(b+c~-2a) _ 
-y! a(b +c) ~ 
(b+ c¢—2a)(b+ c+ 4a) 
eo a(b+c) 


WE > 
be (a+ b)(c+a)] ~ 


| 
Sees 


be ab+bet+ca 


and hence 


1 1 4 
2E > = —-————) = 
dt c) ae ae ab+ be+ ca 


=De-o' |S S - 4 |= 
- abe(b+c) ab+bet+ca} — 


2 1 > (b — c)?(ab — be + ca)? > 
abe(ab + be + ca) b+e 


Equality holds if and only if a = 6 =e. 
* 


46. If a,b,c are positive numbers such that abc = 1, then 


3 1 1 41 
e+ h4+ce+6>— (a+b+e+—+74-] 
2 a b oe 


Solution (by Michael Rozenberg). Without loss of generality, assume that 
a=min{a,b,c}. Let 2 = Vbe (x > 1) and 


Fla,b,e) =a? +040 46~5 (o+btet— +742). 
2 a b ¢ 


We will show that 
F(a,b,c) > F (a, Vee, 
We have 
F(a,b,¢)—F (a, Vbe, Vbe) = be)? — 5 (bre ovbe+t++-—.) = 
(ve - ve)" [2 ave -FJ2 
- ve)’ (svbe—3- +) > 
(vb— ve) 


IV 

NIE we we GS 
— 
= 


*(8-3~3)>0 


IV 


and 


6_ pb 4 p.3_ an2 
P (a, Vbe, Vie) = F (42,2) =2 6x? + 122 62 32 een: 


224 
_ (2-—1)?(24 — 423 + 3x? +42 +2) _ 
= 2x4 
— 1) 2 _ 1)\2 2 
_(@-)) [(2? — 2¢ - 1)? +27 +1] at 
2a4 
Equality holds if and only ife=b=c=1 
* 
47. Let a),a2,...,@, be positive numbers such that a, + a9 +---+an =7. 
Prove that 
1 1 1 
ayag. Lan (— + $+ =n 43) <3 
ay a2 an 


Solution. We will use the induction way. For n = 2, the inequality is 
true because it reduces to aja2 < 1 with a; + ag = 2. Assume now’ that 
a 2 a2 2 --- 2 ay and denote by E,(a1,a2,...,@n) the left hand side of 
the inequality We have 


atagt---+a 
be a ee at ce eee 


We will show that 


En (a1, @2,. + On) < En (bi, @2,. +,On-1, 1) < 3, 
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where 6; = a; + an — 1, b} > 0 
The right side inequality follows by the inductive hypothesis, because 
by +ao+---+Gn-1 =n- 1 and 


E,(b1, a2, +++) @4n-1) 1) = En-1(61, a2, - oa »On—-1) < 3. 


The left side inequality is equivalent to 


1 
(1 = ay)(1 = a9) (So —n43) <0. 
a2 Qn-1 
It is true, since 1 — a; <0, 1—a, > 0 and 
_ 9\2 _ 92 _ 9\2 
TOs te tee Aaa le 
a2 Qn. GQ++:*+4n-1 = N—A1— an n— ay 
_ 9)2 
ae Ne 
n—-1 
Equality holds if and only if a, = ag = --: =a, = 1. 
* 


48. Let a,b,c be the side lengths of a triangle. If a? + b? + c? = 3, then 
ab +bc+ ca > 1+ 2abe. 


Solution. Write the inequality in the homogeneous form 


f2+bh24 ec 
ae [3(ab + be + ca) — (a? +B? +¢)| > 6abe. 
ja? + b* + c? _ atbte 
3 ~ 3 j 


it suffices to show that 


Since 


(a+b+c) [3(ab + be + ca) — (a? +b? + c*)| > 18abe. 


Using the classical substitution a = y+z,b = z+z andc = x+y (z,y,z > 0), 
the inequality becomes 


a + y? +29 + 3ryz > zy(x ty) + y2ly +z) + zx(2 +2), 


which is just Schur’s Inequality. Equality occurs if and only ifa=b=c=1. 
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* 
49. Let a,b,c be the side lengths of a triangle. If a + b* + c? = 3, then 


a+b+ec>2+ abc. 


Solution. Without loss of generality, assume that a >b>c From 
S=a 4B 4A >a + 5 (0+ 6)? > 50 
it follows that a < /2 Let 
E(a,b,c)=a+b+c—2—abe 


b? + ¢? 


and t = ,£<1 <a. We will show that 


E(a,6,c) > E(a,t,t) > 0. 

With regard to the left side inequality, we have 
a(b—c)? 7 (b-c)? 

2 tote. 
et 3a ye 
= a? +202 MW+bt+e/ — 
_ (b—c)? [2t(3a — 2t) + a(3b + 3c — 2a)] SG 
7 2(a? + 2t7)(2t + 6+ c) a 


because 3a — 2¢ > 2(a — t) > 0 and 3(b + c) —2a > 2(b+ c—a) > 0. 
Since t < 1 and 


E(a,b, c)— E(a, t, t) = a(t?—be)—(2t—b-c) = 


E(a,t,t) = a+ 2t— 2 -at® = (1—t)(a+ at—2), 
the right inequality E(a, t,t) > 0 is true if and only if at > 2 — a; that is 


3-a? 
2 


a >2-a 
By squaring throughout, the inequality becomes 
(a — 1)(8 — a? — a) > 0. 


Since 1 <a < V2, we have a— 1 > 0 and 8—a-— a3 > 8-2-2Y2>0. 
Equality occurs if and only ifa=b=c=1. 
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* 


50. If a,b,c are the side lengths of a non-isosceles triangle, then 


+b bte ct 
a i a 35 


2) Ga) ven c—a 
b a= +h? beter ce 4 a? 3 
) ia oe Bae 


Solution. Since the inequalities are symmetric, we will consider a > b > c. 
a) Set x =a—candy=b-—c. Froma>b>c anda<b+e, it follows 
that z >y>Oandc>2z-—y. So, we have 
a+b b+te cta 24axty Wty 242 
+ a ee — 
a-—b b-—c ec-a x-y y x 


1 1 1 
= 2¢( +o-2)+ett> 
y ty 


Cee Pad P42 
Pop tpoe@ teat 
that is 2 2 2 
Gop t+ poe Ate 
a (ete)? 
Since , it suffices to show that 
at?—c at—c? 
b? ce (b+)? 


> >>> - 
Gop! poe” Gog 


This inequality is equivalent to each of the following inequalities: 


pte ee 
ok woe ig gae Wiser: 
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Under the condition a > b > c, equality occurs for a degenerate triangle 


b ‘ 
with a = b+ ¢ and - = 2, where xz; ~ 1.5321 is the positive root of the 
c 


equation 2? — 32 —1=0 
* 


51. Let a,b,c be the lengths of the sides of a triangle. Prove that 
b c a 
2f?_ afc _ 2(2_\s 
a (2 1) +b (< 1) +e (F 1) >0. 


1 i 
First Solution. Using the substitutions a = —, 6 = FA and c = = the 
x 


inequality becomes 
a(2-1)+5(2-1)+5 (4-1) 20 
x ly y? \z 2z2\o 


y27(z —y)+ 227 (x —2z)+ zy? (y —2)>0. 


or 


Without loss of generality, assume that @ = min{a,b,c}, and hence 
xz = max{z,y,z}. Denoting the left hand side of the last inequality by 
E(z,y,2), we will show that 


E(z,y,z) 2 Ely,y,z) > 0. 
We have 
E(z,y, z)—E(y,y, 2) = 2(2°—y?)—27(2?—-y) + y3(a—y) -y(2?—-y?) = 
= (x — y)(z —2)(nz + yz —y’). 
Since (x — y)(a— z) > 0 and 


2b—c  (b—a) + (at b—c) 
Reo 


it follows that E(z,y,z) — E(y,y,z) >0 On the other hand, we have 


aztyz—y? > y(2z-—y) = > 0, 


E(y,y,z) = y2(y—z)? >0 


Equality occurs fora =b=c. 


442 8. Final problem set 


Second Solution (by Alerandru Zamorzev). Write the inequality as 


E(a,b,e) > 0, 
where 
E(a,b,c) = a°b? + b3c? + c8a? — abe(a? +b? +c”). 
Since 
2E(a,b,c) = > a3(b — c)? — a a?(b* — c?) 
and 
Se, a?(b? — c3) = Ss a*(b—c)?, 
we have 


2E(a, b,c) = 5 a*(b—c)*(a—b+ ce) >0 
* 


52. Let a,b,c be the lengths of the sides of an triangle. Prove that 


1 a b c 
(atb+e)(= > ++ ae 6(pe+ 52+). 


Solution. Since 


(a+b+e) (= +745)- gop ees 


and 


a b a-—c 
2(eotaat ari) as > me “Dit Pa ae 


ae => (a—6 => (b—c)? 
-leetl ae (b + c)( wera (e+a)(a+b)’ 


we may write the inequality as 
S_(b-¢)?Sa 2 0, 


her. 
where 1 3 


7a ie geeyar ty: 
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Without loss of generality, assume that a > b> ec Since S, > 0, 


eo 1 3 _ a(b—c)+e(b—a) +b? | 
ca (atbj(b+e) aca tb)(b+0) 


a(b—c)+clb+c—a)+b?-¢? 
ac(a + b)(b +c) 

_ (b-c)(at+b+ec)+ceb+ec-a) 50 

- ac(a + b)(b +c) 


and 
Si (b—¢)*Sa > (e — a)*S, + (a — b)?S, > (a — b)?(S; + Sc), 


it suffices to show that 
5,4+5,>0 


This inequality is equivalent to 
(a + b)(a+c)(b+c)? > 3abc(2a + b+ ¢). 
Let b+¢=22 We have a? > x? > be, and hence 
(a+b)(a+e)(b+¢)?—3abe(2a+b+c) =42"(a? +2axr+4 be) —6abe(atz) = 
= 4ax?(a-+2x)—2be(3a?+ 3ax— 2x”) > daz? (a+ 2x)—2x7(3a? + 3a2—22?) = 
= 2a?(2a? + ax — a”) = 20?(x + a)(22 — a) = 2n?(z +. a)(b+¢— a) >0. 
Equality occurs if and only ife =b=c. 


* 


1 
53. If a1, a2, a3, @4,a5,ag € Page then 


a; — ag aq — ag oe SG 
ag+a@3 agt+a4 aj+az~ 
Solution. Write the inequality as 


aera ta) yA Sea 


a2 + ag a2 + a3 


Since 2a; — ag + a3 > — Jan —- /3+— 5 = 0, by the Cauchy-Schwarz Inequality 


we get 


5 2a — a2 +43 ss [S-(2a, — a2 +a3)]” _ 2(S>a)° 


a2+a3 ~ S“(a2 + a3)(2a, — a2 +03) SY aia2 + S> ajag 


OO ee 


Thus, we still have to show that 


(Sa1)’ > 3(Sara + Yo aras). 


Indeed, letting x = a, + a4, y = a2 +45, z = ag + ag, we have 


2 
(>> a1) -3 ‘o> a,a2+ a, a3) =(x +y +42)? —3(ry + yz + zz) > 0. 
Equality occurs if and only if a; = ag = a5 and ag = a4 = ag 
* 


54. Let a,b,¢ be positive numbers such that a* + b? + c? > 3. Prove that 


a> — a? i b> — b? c& — 5 
a5 + b2 4 ¢? Zip ie aiRee 
Solution. The inequality is equivalent to 


1 1 1 3 
a a 
See Le | PEPE + a2 + 624 ¢5 = a? + b2 + c2 
Letting a = tz, b = ty and c = tz, where t > 0 and z,y,z > 0 such that 
x? 4 y? 4 z? = 3, the condition a?+b?+c? > 3 imply t > 1, and the inequality 
becomes 
1 A 1 2 1 e 
Bad + y? + 22 m2 + By5 4 3? x2 + y2 4 £325 = 
We see that it suffices to prove this inequality for t = 1. In this case, we 
may write the inequality in the form 


1 1 1 
pf - < ] 
PEP pe oege eae 


Without loss of generality, assume that x > y > z. Two cases are to consider. 
Case x < V2. We have also y,z < 2. The desired mequality follows 
by adding the inequalities 


1 ae 1 3-—y? 1 gie2 
e4+3—277- 6 ° yS43-y? 6 7° 243-277 6 
We have 
1 3—2? = (x—1)?(2° 4+ 224 — 3x? — 6x — 3) 


z4+3—-22 6 6(2>° + 3— 2?) 


and 
a + 2x! — 32” — 62—3 = 2" (2° +22-3---5) < 
<2? (2V344-3-3v3—5) = -2? (5 + v2) <0. 


Case x > V2. From x? + y? + 2? = 3, it follows that y2 + 22 <1 Since 


1 1 1 1 1 1 
2543-2? f y°4+3-y? Bs 2543-22 s 2543-22 - 3-y? Baas 
and 
ae 1 7 1 e 1 ae 
a°+3—2? © 2/2x?+3—22 — (2V2—1) 2243 > (272-1) 243 © 6’ 
it suffices to show that 
1 1 5 
ee ee, 
rr ue Pe 
Indeed, ; ny 
Oy? -—1)- 
ps ye ee ag 
3-y? 3-22 6 6(3 — y*)(3 — z?) 
which completes the proof. Equality occurs if and only ifa=b=c=1. 
Remark Since abe > 1 yields a? + 6? 4+ c? > 3 (by the AM-GM Inequality), 
we get the following statement. 
e If a,b,¢ are positive numbers such that abe > 1, then 


 eeey a oe 
Sap e t gla ae fore 20. 
a+b4+c%  at+ bh 42 § g24+ 62465 
This is a problem from IMO-2005, proposed by Hojoo Lee. A special award 
was given to lurie Boreico from Moldova, who noticed in his solution that 


a*(a? — 1) ~ a? — 1 
a® + b? +2 ~ a(a? + 6? 4 c2)’ 


and hence, 
a> — a? 1 ay rol 
SS Ses 
Bip ia? eee “)2 


1 1 
oh 2 =o _ py2 
~ @2 + 62 4 2 dita me) 2(a2 + b2 4. c?) aby Ze 
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* 


55. Let a,b,c be positive numbers such thatz+y+z> 3. Then, 
1 1 1 
= s+ >? t+ a KI 
etytz xctystz2 ztyt2 


Solution. It is easy to check that it suffices to consider z + y+ z= 3. In 
this case, we may write the inequality in the form 


1 i 1 fe 1 ma 
w—e74+3 pP—yt3 28-2437 7 


Without loss of generality, assume that x > y > z Two cases are to consider. 
Case x < 2. We have also y,z < /2 The desired inequality follows by 
adding the inequalities 


1 Pmt 1 Be 1 Pec 
z—zr+37 9 y-yt+37 9 wB—z4+37 9 
Indeed, 
1 5—2e _ (x 1)*(22 + 3)(z@—-2) _ 9 
2—x743 9 Q(x? — x + 3) aS 


Casex>2 Froomz+y4+2z = 3, it follows that y + z< 1. We have 


1 1 1 1 1 1 
———— —_—-—_—_—. —_——_— — — < 
3—2+43 7 ye—yt3 = z—243 : x3—243 is 3-y a 3-z 

2 1 4 1 & 1 
9 3-y 3-2 
Thus, it is enough to show that 
1 fe 1 2 8 
83-y 3-27 9° 
Since y + z < 1, we get 
1 1 8 -—3-—15(1-—y-—z)-8 

elgg eee eG. 

3-y 3-2 9 9(3 — y)(3 — z) 
Equality occurs if and only ifa=y=2z=1. 
Conjecture. If 2,,22,.. ,Zn are non-negative numbers such that 


ay t+zgt+-: +2, >N, 
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then for any p> 1 the inequalities hold 


1 1 1 
san tt ooo ot ees 81 
(a) geta;t- +2, +2 4ab- 4a, 2) bat pee 
Ea ZQ Ln 
> Hh OOOO Se YH Sa EE 
tb) ai +a, +- +a, } 2, +a04- ‘+2n 0 2) 4+22+4+-'++2n 
* 
56. Let 21,72,.  ,2n be positive numbers such that 2122.. 2p > 1. 


Ifa> 1, then 
ae 
ers 
P+ 2Zot+-+-+2y 
Solution. First we observe that it suffices to consider only the case 


21}zQ . In= 1. 


ps 

In order to show this, let r = 9/2|27. 2p, and y,; = — for i= 1,2, ..,n. 
i 

Note that r>1 and y:y2 yn = 1. Thus, the inequality becomes 


ye 


Yo +--+ + Un 
Cs amar ai 


and we see that it suffices to prove it only for r=1, that is, forz,;29. .2, =1 
Under the assumption 2; 22.. zn = 1, we will show that there exists a 
suitable real p such that 


al 
oy seep =P 4 oP a... Pp 
xf + xq + Ln L~t+2y + Zn 


(1) 


If this claim is valid, then adding (1) with the analogous inequalities for 
£2, ..,2n will yield the required inequality. Inequality (1) is equivalent to 


tht --+2F > (x2.. tp)? P(ag +--+ + 2p). 


Choosing 


-—1 1 
Ei cael ace 
nr 


reduces the inequality to the homogencous inequality 


-1 
tht tah > (a2...n)PU (ag ++ +29) 
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Since i 
pol Bote: + 2p \P— 
(22... 2n) = n—-1 


(by the AM-GM Inequality), it is enough to show that 
et toh (2+ fen)? 
n-1 n-1 ; 
This inequality follows by applying Jensen’s Inequality to the convex 
function f(z) = x?. Equality in the given inequality occurs if and only 


if2,; =2g=---=2, = 1. 

* 
57. Let x1,29,...,2n be positive numbers such that 2,22 . Z_ > 1. 
Ifn >3 and — 


Fae then 


xt 
ee =e 
Ly + 22+ + Zn 


Solution. The first part of the proof is similar to the proof of the preceding 
inequality. Finally, we have to prove the inequality 


jzp 
zg +++ + 2p > (rq-..2n)™! (zh ++ -+ 27) 


for ( 1) 7 ; 
n—ljat+ = 
= ———_., ———- < 1. 
P 2 Sang 0 as 
-—1 
For p = ao! the inequality reduces to 


which can be proved adding the inequalities 


ee ee zo +-++2n-1 


> ,—eo RD T1- 
n—2 


n—-2 


For <p<1, by the Weighted AM-GM Inequality, we have 


n—-2 


-1 i-p 
= xb (ror3.. Zn)?-!. 


Adding this inequality to the analogous ones for rg3,. .,2,, we get the 
required inequality. Equality occurs in the given inequality if and only if 


a= 29S = fn = l. 
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* 


58. Let 2;,29,. ,2n be positive numbers such that x122. .2p > 1. 
Ifa> 1, then 


Se ee aa 
ri +agt+: + Zp 
1 


n—1 
Casel<a<n+l Sincez;22. zp, > 1impliesz;+22+-- +2, > (by 

the AM-GM Inequality), it suffices to show that the required inequality holds 

for 21+22+--+++2, > n. We may consider only the case2z;4+29+ +2, =7. 


Zyt+rgt:: +2 zy 
Indeed, if we set r = eo EE y= — fori= 1,2, ..,n, then 


Solution. We will consider two cases 1 <<a<n+landa>n— 


n 
r> 1 andy, +42+°--+Yn =1 The inequality becomes 


ye so eM es <1, 
ro-lyt + yet: +Yn 
and we see that it suffices to prove it for r=1; that is, for 2,+2+- +2, =n 
Under this assumption, write the required inequality in the form 
2, 22 Zn 

fee SS hn 2 BE = 

af—m, +n o—aytnt ra are 
For any x > 0, by Bernoulli’s Inequality, we have 

z* = [1+(2—-1)]* > 14+ a(z-1), 
and hence, 
z*—ztn>n-a+1t+(a—1)¢>0 

Consequently, it is suffices to show that 


n 


Se eae 
<j 2-a+14+(a—1)a; ~ 


i=! 


This inequality clearly holds fora =n+1 Fora<n+ 1, using 


(a — 1)x; = n-atl 
n-atl+(a-1l)x; n-at+14(a-—1)z,’ 


it may be rewritten as 


= 1 
> 21. 
n-a+1i+(a—1)2; 


2=1 
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Setting y, = n—a+14(a—1)2; fori = 1,2,...,n, we have y; > 0 and 
yityat--++yn =n? The inequality reduces to 

1 1 

Pr 
which is an immediate consequence of the AM-HM Inequality 


1 1 1 2 
(yist gees Rin) | et al Sea 
Y1 Y2 Un 


Casea >n— ak As above, we may consider that 2)22.. 2n = 1. 


Under this assumption it suffices to show that 
Par | Pp 
i (2) 
zo +ze+...2n af + apt - +27 
for a suitable real p, and to add then this inequality to the analogously 
inequalities for 29,. .,2n. Sett = "Vzq. zn. By the AM-GM Inequality, 
we have 22 +---+2n > (n—1)t and x} +---+ a2 > (n—1)t?. Thus, it 
suffices to show that 
=] Pp 
ke Ez 7 vy < 1. 
at+(n—1)t af +(n— 1) 


Since 2; = this inequality is equivalent to 


gn-2? 
(n — 1)t"9 — (n — 1)t? — 19-7 +130, 
where g = (n—1)(a—1). We will now show that the inequality holds for 


(n—1)(a=n=1) 


Indeed, for this value of p, the inequality successively becomes the following: 
(mn — 1)t?*9 — (n—1)t7-— 17" 4130, 
(n — 1)#9(t" — 1) — ("= 1) (0 P 1) >0, 
(1) (8-2) + (2) 4 1)] 20. 


2 _ On: 


1 


We see that the last inequality is true for gq > n that is, for 


1 : A Ws : 
ar>a- ae Equality occurs in the given inequality if and only if 
7 


2y=2Q= °° =X = l. 
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* 
59. Let 21,22, -,2n be positive numbers such that 2122...2%n > 1 


9 
-1-—~<a<1l, th 
if -1 oo en 


> Ee >1 
eo +22+ + +2n 
Solution. It suffices to consider only the case where 2122...2n = 1. By 
the Cauchy-Schwarz Inequality, we have 


3 21 > (21 + 22+ +++ 2n)* 
eT + t24+-+++2n ~ Sx; (2% 4+ 294---+4+2n) 
(21 +22 +--+ 2n)? 


n n 5 
(2, +294) +2n)? + Do 2jt*- Sa? 
i=l i= 


Thus, we still have to show that 


Case —1 < a < 1. We can prove the inequality using Chebyshev’s 
Inequality and the AM-GM Inequality, as follows: 


im n 
ae a2 > = =02e *) (y=) > 
i=l i=l 
n n 
> (2129... 2n)-o)/" Si aite = yo alte, 
i=l =I 


2 
Case —1 — ae <a<_—l. It is convenient to replace the numbers 
n 


21,22, ..,2n by oft ee cD? ge UF respectively. We also use 
Meee (n—-1)(1+ a) 
the substitution g = —— and note that —1 < q < 0. Thus, we 
have to prove that 
n n 


doar 2 ea, 


when 2122...2, = 1. Using the well-known Maclaurin Inequality 


a is S> 22. Ln, 


ciclic 
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and Chebyshev’s Inequality together with the AM-GM Inequality, we get 
the desired inequality 


Now the proof is complete Equality in the given inequality occurs if and 
only if zy = 29 =": = 2, = 1. 


* 
60. Let n>3 be an integer and let p be a real number such that l<p<n-1. 
pn—p—| 
If 0< 24,29, . ,2n < ——————>_ such that 2,29. .tn = 1, then 
p(n— p-1) 
1+pr, 1+ px 1+pt, ~ 1+p 


Solution. We will prove by induction that 


1 i 1 as ‘ 1 a n 
l+qz;,; 1+ 422 1+ qt, ~ 1+4 


for any q > p. For n= 2, the inequality reduces to 


(ge DieraY .g 
(1 + qxi)(1 + qz2) ~ 


7 


which is clearly true. Consider now that the inequality holds forn—1, n > 3. 
Without loss of generality, assume that 


En—1 = min{z1,22,. .,2n} and xp = max{z1,22,...,2n}. 


The condition 2;2_2 . 2p = 1 implies z,_; < 1 and a, > 1 We must show 
that the inequality (3) holds for 2129.. 2n = 1 and 21,22,. .,2n < Pn, 


where 
pn—p-| 


Pn = —— ——_) - 
' pln p=) 
Without loss of generality, assume that 


Qn -1 = min{z1,22, - ,tn} and rp = max{2z},22, .,2n}. 


82 Solutions 453 


The condition z}r2 2, = 1 implies tnp-;) < 1 and zn > 1 Since 
Ln-1Zn < Ln, we have 


21, --,%n—2,2n-12n S Pn < Pn-1; 
and, by the inductive hypothesis, the inequality holds 
1 1 1 n—1 
{fo SS 2 
1+ qr; 1+q2%n-2 14+ 4%n-12n ~ 1+ q 
for any g > p with 1 < p<n-—2, that is, foranyg>pwithli<p<n-1 
So, it remains to show that 
1 1 1 1 
a PSS Se 
1+ qn} 1+ qzy 1+ qtn-1 tn l+q 


which is equivalent to 
(1 — tp-1)(2n — 1) Cee — 1) > 0. 


Since this inequality is true for q72%n_12n > 1, we still have to show that (3) 
holds for q*2,_12n <1 On this assumption, we have 


1 1 QIn—1 1 
——— + =|]-— > 
1+q%n-1 1+ 42n 1+qt%n-1 14+ 92n 

1 1 


- + 
1+ qzn 1+ qzp 
Thus, it suffices to prove that 
1 1 1 n—q-1 
Roane a ob ne ee 
l+q2; 14 qx 1+ qtn—2 l+q 
Taking into account that 2; < pp fori =1,2,...,n—2, we get 


my 1 +492: l+q ~1+4p, l+q ? 
_ mg—4q-1-9(n-9q-1)Pr 
(1+ qpn)(1 + q) 
oe Mile ps at wpa a7, 
P(n-p-1)(1+qm)(i+q) 7 
Equality in the original inequality occurs if and only ifz;=29= -—a2,=1. 


Remark For p — n— 1, we obtain the well-known inequality 


1 1 1 
ee Fe eS | 
choo ie hone. Teese = , 


which holds for any positive numbers 21,29, .. »2y with 2129.,..2, = 1 
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* 


61. Let a,b,c be positive numbers such that abc = 1. Prove that 


1 1 1 2 
Gpar We nee eee 


First Solution There are two of the numbers a, b,c either greater than or 
equal to 1, or less than or equal to 1. Let @ and 6b be the numbers having 
this property; that is (1 — a)(1 — b) > 0. Since 


1 1 1 ab(a — b)? + (1 — ab)? 


(ita)? (+b Ttab (1+a)%(145)1 + ab) ~~ 


it suffices to show that 


1 1 2 
UE os ee le ee AE a 
T¢ab! (+o? U+ajit+ bite — 


1 
Substituting c by ar the inequality becomes 
a 


1 ab? Qab 
yr 


eS eee > 1. 
[eas aap )~ 


(14 a)(1 + 6)(1 4 ab 
This mequality is equivalent to 


ab(1 — a)(1 —b) 
(1+ a)(1+ 6)(1 + ab)? =’ 


which is clearly true. Equality occurs if and only if@=b=c=1. 


1 l+z2 
Second Solution (after an idea of Pham Kim Hung) Set eee eo 
1 l+y 1 l+z That i l-«z _ l-y 
Geb Oe Oa ne eee ag 
1 


and 


z 
c= ——., where -1 < x,y,z <1 We have to prove that r+y+2z+2yz = 
- 2 


(142)? + (1+ y)? + (142? +(142)(1+y)(14 2) 24; 


that is 
ety t 224 Ar+ytz)+2zyt+yz+ 22 >0 
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Since : 


(ety+z)?—a2?—-y?—z 


tyt+yz+2zr= 5) ? 


the mequality transforms into 

ety 42? 442+ ytz) 4+ (2tyt+2z) 20. 
Substituting x + y+ 2 by —zyz, the inequality becomes 

we ty? + 22 4 22y22? > dryz. 
By the AM-GM Inequality, we get 
ety? 42274 2%y?22?2 > 4¢/z4y4z4 = 4|ry2z| > 4ryz 
* 

62. Let a,b,c be positive numbers such that abe = 1. Prove that 

a? +b? +c? + 9(ab + be + ca) > 10(a +b +0). 


First Solution. Write the inequality as f(a, b,c) > 0, where 


— pt ape 2 on Aree 
f(a,b,c)=a’+b° +e +9(-+ 542) -10atb+o). 


Without loss of generality, assume that @ > 1 We will show that 
f(a,b,c) > f (a, Voc, 


The left inequality is true, because 


2 
F(0,b,0)-f (a, Be, Vie) = (bey + WVD to (yo_yay? = 


= (vb- ve)’ [(vb-+ ve)" + 2 —10] 
and 


9 

(Vb+ Va)" + 5-102 avbe+ F — 10 = 7. 4-90-10 > 

(a —1)(9a — 1) 
a 


4 1 
27 t+9a-10> 7 + 9a—-10= > 0. 
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With regard to the right inequality, substituting @ = 2”, x > 1, we have 


evade ae eee 


x’ x? 
{he lye + 223 — 7x? + 2x + 11) 
Sat oe, ee eS 2 
x (x — 1)?(x4 + 223 — 7x? + 22 + 10) 
_ (2 — 1)?(2 4: 1)(23 + 2? — 82 + 10) 
me, a a ee Ore fe 
x 


Since 
x? +27 —82 +410 > 227 — 82 + 10 = 2(2 — 2)? +2 >0, 


it follows that f (a, Vbe, Vbc) > 0 Equality in the given inequality occurs 
if and only ifa=b=c=1. 


Second Solution We write the inequality as 


i (e+=- 100+ 17Ina] > 0. 


9 
So, it suffices to show that the function f(x) = 2? + —— 10z + 17Inz is 
x 


non-negative for x > 0. Since 


9 17 2x23 — 1022 4 172 — 9 
f(z) = 22-104 = a can = = 


ze 
_ (x —1)(22? — 8x + 9) 
= 4 


9 


and 22? — 82 +9 = 2(z — 2)? + 1 > 0, it follows that f’(x) is negative for 
0 < x < 1 and positive for x > 1 Therefore, f(z) is strictly decreasing for 
0< x<]1 and strictly increasing forz>1 This result implies f(x) > f(1)=0. 


Remark. Actually, the following stronger inequality holds 
trac + 15(ab + be + ca) > 16(a + b +c) 


for any positive number a,b,c satisfying abc = 1. This inequality can be 
proved using the mixing method as in the first solution above Finally, we 
find that the inequality f (a, Voc, Vbc) > 0 holds if and only if 


rc! + 223 — 13274 22 4+17>0 


82 Solutions 457 
Writing this inequality in the form 
1+ (x + 1)(x — 2)(x? + 32 — 8) > 0, 
we see that it is true for x > 2 Also, for 1 <2 < 2, we have 
1+ (2+ 1)(z—2)(2?4+32—8) = 1-(242—27)(2z?+32—-8) > 
>l- ; [(2+2—-2”) + (x?+3x—8)]” = 4(x-1)(2-2) > 0. 
* 


63. Let a,b,c be non-negative numbers such that ab+ bec+ca = 3 Prove 


that (b? 2) b( 2 2) (a? b?) 
a(b* +¢ c+a cla’ + 
Ne Ph AR Ed gS SS 
a? + be - b? + ca - c? + ab 23 


Solution. Taking into account the known inequality 
(r+yt 2)? > 3(zy + yz + 22), 
it suffices to prove the stronger equality 
3 be(a? + b?)(c? + a?) es 
(b? + ca)(c? + ab) ~ 
In order to homogenize this inequality, we replace the right hand side by 
Ss be Since 


be(a? + b?)(c* + a?) ae abe( a3 —b3—c3 + ab? + ac?—abc) 
(b? + ca)(c? + ab) 7 (b? + ca)(c? + ab) : 


we have to show that 

S_ (a? + bc)(a3 — b3 — c3 + ab? + ac? ~ abc) > 0 
This inequality is equivalent to 

d> a? + 2abe Sa? > S~ be(b? + c3) + abe} ~ be, 


or 
abe 


J~ a3(a — b)(a—c) + a Db) > 0. 


Since > a*(a — b)\(a— c) > 0 by Schur’s Inequality, the inequality is clearly 
true Equality occurs if and only ifa=b=c=1 
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* 
64. Ifa,b,c are positive numbers, then 


2 2 2 v) v) 2 


Solution. Write the inequality as follows 


2 2 R24 p2 
y (F-2+0) 26( +b*+¢ -s4t*), 


eye at+bt+c 3 
— b)? 2 
so ) > ———— )(a- b)’, 
aye b at+b+er 
(b—c)?A+(c—a)?B+(a-6)?C >0, 
where b , 
A="*’-1, B=--1, c= S*-1. 


Taking into account the identity 


(b—c)’A+(c—a)*B+ (a- bP C= 
_ [(a-¢)B+ (a—d)C? + (b- ¢)?(AB + BC + CA) 
- BEC : 
it suffices to show that B+ C>0 and AB+ BC+CA>0 We have 


ere ft 
B+o= 8 +e(=+5)>0 


and 


a3 +b? 4.c3+43abe—ab(a+b)—be(b+¢c)—ca(c+a) 


AB+ BC+CA=3+ a 


> 3, 
according to Schur’s Inequality of three degree 
a3 + b3 +c3 + 3abe > ab(a + b) + be(b + c) + ca(c +a). 
Equality occurs if and only ifa =b=c. 
* 


65. If a,b,c are positive numbers, then 


a? b? e 3(a3 + b? + c9) 
b+e' cta a+b 2(a?+b? +c?) 
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First Solution (after an idea of Kunihiko Chikaya). Since 


(a + 6)(b + e)(c +a) age hA (a+b)(a+c) = 
= abe at Dal DX +e) = abe Dat (To) (La) = 
= (Ee) (hak oe): 


the inequality can be written in the form 


2 (a) (Ta) (abe-+ Da?) 23a Hlb-+ ole + a)(Na’) 


This inequality can be obtained by multiplying the inequalities 
2 ($02) (D0 a? + 35% be) > 9(a + b)(b + c)(c + a) 
and 
3(Se) (abe + Na) > (He?) (La? +3 be) 
The first inequality is equivalent to 
250 a° > Pi be(b +c), 


which is true because 
23° a8 —S~ be(b + c)=S°(8 + A)—S~ be(b + c)= >" (b+ c)(b—c)?>0. 
Setting X = $~ a°—3abe = (s- a)’—3 (- a) ‘o> be), the second inequality 


is successively equivalent to 


3 (So a’) (X + 4abe) > (X + Babe) (D> a? +35° bc), 
X (250 a? —3$° be) + abe (> a? — SF bc) > 0, 
(Soa? — ¥ be) [(Sa) (2 a? — 3 be) + 9abe] > 0, 
(Sa? — Tbe) [2 a8 — Y bel + «)] > 0, 
[S2(6 - ¢)?] [S7(b4 ¢)(b-0)?] > 0. 


The last inequality is clearly true, and the proof is completed Equality 
occurs if and only ifa=b=c 
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Second Solution. Write the inequality as A > B, where 


7 a? a +b 43 
Bt es are rea 
Since 
b)+a(a—c)  a(a—b) a(a-c) _ 
ae ys agi =e b+e pa bte | 
e(c — b) (b—c)? 
= —~——_——__= b — 
-y te a Pe a+b ee PO) a eae ke 
and 
1 


Spe oe eta 
1 
~ a2 +B 402 DEC), 
we may write the inequality in the form 


Sa(b — c)? + S(¢ — a)? + S-(a — 6)? > 0 


ae atb+e  b+e a +534 3 — 2abe 
* (atb)(a+e) a2 +b? 4c? (a+ b)(a+ c)(a? + b? +c?) © 


By the AM-GM Inequality, we have a? + 634 > 3abe. Hence 


ean eG 
*= (a+ b)(a+c)(a2 +b? +c?) ~ ' 


and, similarly, S, > 0 and S, > 0 
* 


66. If a,b,c are given positive numbers, find the minimum value E(a,b,c) 


of the expression 
ax by cz 


yte2 z42 x2x+y 


E= 


for any non-negative numbers x,y,z, no of which are zero. 
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Solution Consider that a = max{a,b,c} Since 


- a(x+yt+2z)—a(ytz2) _ 
7 2) aut) 


by the Cauchy-Schwarz Inequality we get 
1 atire 
E> 5 (Sova) —Sa= Vab+ Vbe+ Vea — 
a vb 


with equality if and only if a = . Consequently, for 
yt2 z2+2 x+y 


Va < Vb+ fe the expression E has the minimum value 
b 
E(a,b,c) = Vab+ Vbe+ Vea — ers 
for e= Vit ye- Ja. yn V+ yE-Vb,2= yer vb- ve 


We assert now that for /a > Vb + V/é, the expression E is minimal for 


y c : nize ; 
xz =Oand —= B and its minimum value is 
z 


E(a,b,c) = 2Vbe. 
Since /a > Vb t- /é, it suffices to show that 


A 
Da ge erga 
yto2 242 £4 


where A = (Vb-+ Ve)" 


Setting y+ z=2X,2+4+2=2Y,2+y = 2Z, the inequality becomes 
A(Y+2Z-—X Z - - 


X 
Y X Z Y X Z 
(45 +57) " (oF n 7) a CG 4 Ax) > 2A + 2vbe 
The last inequality follows immediately from 
Y x Z Y XxX Z 
At++b>> st+e> _ >>2 
x toy 2 wad, bG +e 2 2vbe, cet AG > Wea 
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Finally, for a = max{a, b,c} we have 


a+tbt+e 


Pata= eee —z— if Vas vb+ve 
2V/be, if Ja>Vbt ve. 


* 


67. Let a,b,c be positive real numbers such that a+b+c= 3. Prove that 


Re eee ee ey See 
op} aoe +b* +c". 


First Solution. Write the inequality in the form 


1 
¥ (= - 2? + 4a—4) >0, 
a 
which is equivalent to 
_ 7)? = 72 
yu a) Coes a‘) > 0. 
a 
Without loss of generality, we may assume that a > b > c. We have to 
consider two cases. 


Case a <1+ V2. Sinceec< b<a<1+4 V2, we have 1+2a—a? >0, 
1+2b—b? >0 and 1+2c—c? >0. 


2 
Casea>1+ V2. Sinceeb+c=3-a<2-V2< 3 we have 


b Zcpres 
Cea +c) S97 


and hence 
1 1 1 1 1 2 
phish > aa Br Er Wo (atbtePraesrePse. 


Equality occurs if and only ifa=b=c=1 
Second Solution. Since 


1 1 1 1 Pod 


it suffices to show that 


He. ts. Uh 
pee gay 
a ae a +b? +c, 
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or 
abc(a® + b? +c?) < 3. 


Let z = ab+ bc+ ca. From the well-known inequality 


(ab + bc + ca)* > 3abe(a + b +c) 


2 
x 
we get abc < me On the other hand, from 


a+b? +c? =(at+b+c)? — Aab+t be + ca), 


we have a? + b? + c? = 9~ 2. Therefore, 


2 _fz — 3)2 
abe(a? +0? +2) -3.< 2 (9-2) 3 = FE) <9 
* 


68. Let a,b,c be non-negative real numbers such thata+b+c= 3. Prove 
that 
(a? — ab + b7)(b? — be +. c?)(c? — ca +a?) < 12. 


Solution. Assume that a < b< c. We see that equality occurs for 
(a,b,c) = (0,1,2). 


Since 
a —ab+b? <b? 


and 
ce? — cata? < (a+c)’, 


it suffices to show that 
xy < 6%, 


where x == 3b(a+c) and y = 2(b? — bc +c*) Note that z = y = 6 for the 
equality case (a,b,c) = (0,1,2) From the AM-GM Inequality, we have 


3 
ys (BEY. 


Consequently, it suffices to show that 


y 
= <9. 
ee 
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Indeed, 
9-2- 5 =(a+b+c)? — 3(ab + be) — (8? — be +c”) = 
= a(a—b+ 2c) > 0. 
On the assumption a < b < c, equality occurs if and only if (a,b,c) = (0, 1,2). 
* 


69. Let a,b,c be non-negative real numbers such thata+b+c=1. Prove 


that 
JYatb?+Vb4 c24 Veta? >2 
Solution. We will use the inequality 
Vzt+/y2 Vz+Vzet+y—2, 


which is valid for any non-negative numbers z,y,z with z = min{z,y,z} 
Indeed, twice squaring reduces the inequality to (x —z)(y— z) > 0 Assume 
now that c = min{a,b,c} and denote =a+b?,y=b+c* and z=c+ b?. 
Since 
gz-z=a-c>0, 
y-z=(b—c)(1—b—c) = (b-c)a> 0, 
and 
2 ia 2 
ety—z=atb—-ct+c =1-2%4+c° =(1-c)’, 
by the above inequality we get 


Vatbe+yVb+ce?> Vet+thP+1l—c. 


Therefore, we still have to prove that 


YetattVce+h? >lte. 


By squaring, the inequality becomes 


as(c+ a2)(c+ b?) > 1 +c? —a? —B?, 


(c+ a?)(c +b?) >c+ab, 


or 


which is clearly true. Equality occurs in the original inequality for 


ee Oe , 
(a,b,c) = (G33) as well as for (a,b,c) = (1,0,0) and any cyclic 
permutation thereof. 
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* 

70. If a,b,c are non-negative real numbers, then 

a? + 63+ ¢3 + 3abe > Tr bey/2(F + 2). 
Solution. Write the inequality as 

a® + B° + c8 + 3abe— 5 be(b +c) > Yee| 2(b? + c?) —b-<| ; 
me 1 (b— c)? 
coe c)*(b+c-a)> Lesa te . 
Since J 2(b? + c2) > b+, it suffices to show that 
du(b— ¢)?Se > 0, 


where P 
eer ee eae ee 


Assuming a > b > c, we have 


aren eee 


c+a 
S.=b eae 
=o- > 
. aren 
and 
Yolo = ¢)?Sa > (b— c)*Sa + (a — c)?2S > (b — c)?(Sa + Sp). 
Since 
be ca b a 
Sat S, = 2c - —— ~ —_ = - ~ = 
ee b+e cta e(2 b+e 3) 


1 1 
2 
—]> 
5 (Ssct ree) 2% 
the proof is completed. Equality occurs for a = 6 = c,a=Oandb=c, 
b=Oandc=a,c=Oanda=b. 


* 
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71. Ifa,b,c are non-negative real numbers, then 


15 
(1 + a7)(1 +b?)(1 4c?) > qgiitarb+te) 


, . 1 
Solution. We can see that equality occurs fora =b=c= 2 Substituting 


a,b,c bye the inequality becomes 


2° 7 2? 
(x? + 4)(y? + 4)(2? + 4) > 5(a@ +y 4242)". 


Among z,y,z there are two numbers either less than or equal to 1, or greater 
than or equal to 1. Let y and z be these numbers By Bernoulli’s Inequality, 


we have 
2 2 y? 2 
yo —1 ~1 Sb gt] 
1 
(4 Ft) ie pt ae ee, 


(y? + ae +4)> se 42" 4.3) 


Hence, it suffices to show that 
(a? + 4)(y? + 2743) > (2 Fy +242). 
Writing this inequality as 
(x2 +14142)(1+y? +2742) > (ety+242), 
we recognize the Cauchy-Schwarz Inequality 
* 
72. Let a,b,c,d be positive real numbers such that abcd = 1. Prove that 
(140214 8)(1+e%)\(1 +a) > (atb+e+d)? 


Solution. Among a,b,c,d there are two numbers less than or equal to 
1, or greater than or equal to 1 Let 6 and d be these numbers, that is 
(b- 1)(d—1) >0. By the Cauchy-Schwarz Inequality, we have 


(1-ba”)(14+6?)(14+¢7)(1+d?) = (1+a 2462 4.07b?)(c? 414d? +07?) > 
> c+a+tbd + abed)* 
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Since abcd = 1, it suffices to show that 
ectatbd+1>at+b+ec4d. 


This inequality is equivalent to (b— 1)(d — 1) > 0, which is true. Equality 
occurs if and only ifa=b=c=d=1 


* 
73. If x1,29,...,2_ are non-negative numbers, then 


ze tagz4+ --4 22 


Ly+ee+ +++ an > (n- 1) Yrize . Fy_t 


First Solution (by Michael Rozenberg). Let us denote 


where x > y > z (Maclaurin’s Inequalities). The inequality becomes 


22 __ i 2 
totes wean 


or 
nz? —Inzz-+(n—1)z*+y?>0. 
Since y > 2, we have 
naz* — Inxz + (n—1)2? + y? = n(x — z)? + (y? — 22) > 0. 
Equality in the original inequality occurs if and only if2)=29= --=2p. 


Second Solution. Let us denote 


~ xe tag+---422 _ My +r9+-+++2y = 
LS iy Oe = ee ney LS ge a z= YWx)rQ...2y, 


where x > y > z We may write the inequality as 
niy-—z)>a2~—z. 


Since 
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it suffices to show that 


x? — 2? 


ytz 
This inequality 1s equivalent to each of the following inequalities 


n(y—z)2 


ny’ — 2? > (n- 1)2? 
(cy tag +-+++2n)* - (xf + 23+ ‘+f oA) > n(n— 1)2” 
—1 
Soa 
1Si<jsn 2 
The last inequality immediately follows by the AM-GM Inequality. 


Remark In a similar manner, we can prove the following inequality for any 
integer k > 2 


k 
nb? (an, $29 4-0 + tn) > (nb! — 1) Yaza e+ ap tagt tte 


n 
For k = n = 3 we get an inequality from the Austria National Olympiad 
2006 


* 
74. Ifk is a real number and 21,22, . ,2n are positive numbers, then 
(n—1) (at th+agt* + a +25**) 42129 ..£n (xt fak+. . +24) > 
> (a4 tot -- +2n) (opt lyagth ly. fanthot). 


Solution. We will proceed by induction on n as Gabriel Dospinescu had 
proceed in {3] to prove Suranyi’s Inequality (case k = 0). For n = 2 we have 
an identity, while for n = 3 we get Schur’s Inequality 


Seay ei — 2)(x; — x3) > O 


Suppose that the inequality is true for n numbers and let us prove it for 
n + L numbers. Since the inequality is homogeneous, we may consider that 


a+zet +%r =n 
In addition, let us denote 2,41 by x and 
X= griket fe gaekt! ian nee gether, 
Y= a + ontk Hs age 
Goss geek Aen 1a. eo uae 


W = 2)22.. Xn. 
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We have to show that 
n(X +27) 4 Wo (ef +ap+-- +2k +a") > (n+2\/(Y 4. 2rthy, 
under the inductive hypothesis 
(n- 1)Y +W (af +25 }- -+2h) >nZ. 
Using this last inequality, it suffices to show that 
n(X —Y)—n2(Y — Z) +284} [w —na™ 14+ (n- 1)a”] > 0. 


We will consider two cases depending on k. 
Case kk >1~n According to Chebyshev’s Inequality, we have 


mY > (ai taet- -+an)(2ptt) pagtht 4... 4 anthel), 


and hence Y — Z > 0. Since the inequality is symmetric, we may consider 
that 
222+ - Pp SIny=2, O< e<i. 


n(X —Y)~—n(Y — Z)z > n(X —Y)—n(¥ - Z) =n(X -2¥ + Z) = 


n 
=o aft* (x; - 1)? > 0, 
1 


on 
I 


and we still have to show that 
W — ne 14 (n—1)z">0 


Indeed, since x; — x > 0 for all 2;, by Bernoulli’s Inequality we have 


W= a2" T] (14+) >a ( +> =) = nz") — (n=1)z" 
i=l ‘ 


i=] 


Case k <1 —n. According to Chebyshev’s Inequality, we have 
mY < (ep ta2t---+ an) (2p pap thy op onthed) | 


and hence Y ~ Z < 0. Since the inequality is symmetric, we may consider 
that 
fy S29 S-+++S Ip SAny1 = 2, 22> 1, 
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Then, 
n{X —Y)—-n(Y - Z)e2 >n{X -Y)-n(Y -Z)>0 


and 


n so by n ee, 
W = 2" Il (1 a =) > 2" ( 450 Zi *) = nex") —(n—-1)2", 
i i=] 


i=l] x 


vj- 2x 
since —1 < < 0 for all 2;. This completes the proof 
x 
Equality holds for nm > 3 if and only if 2} =22=- -=2n. 
* 


75. Let a,b,c be non-negative numbers, no two of which are zero. Prove that 
a4 4 b4 n c4 5 atbte 
2+ B+ e+ae~ 2 | 
Solution. Without loss of generality, assume that c = max{a,b,c}. Write 
the inequality as 


ai a b4 b > c4 e\s 0 
e+e 2/t\ Bee 2/7 Sra 2s" 
3 43 3__ 3 3_ 3 
a(a bot ce?) e(c a) 59 
a3 + b3 8 +3 +a 
Since 
a(a*— 68) b(a?—b8) _ (a~b)(a? — b) , 
a3 + 68 CaP ape 
it suffices to show that 
3 _ 43 3 _ 93 
b(a by), Me A) oe a") 59 
a3 + 68 B+ 3 e+a3 
Taking account of 
b(a? — b) b(b?—c3) 26a — 9) 
a + 03 B+c3 (a3 + b3)(b3 + c4)’ 
the last inequality is equivalent to 


(c? — a3) (c — b) [a2(2b? + b?e + bc? + €*) — bec(b? + be —c*)] >0, (4) 


or 
a2(2b? + be + bc? + c®) — b8c(b? + be — c*) 2 0. (5) 
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Case a>b We have 


a3(2b? 4 b?e + be? + c3) — b8c(B? + be —c*) > 
> 03(2b3 + bee + be? + €3)—b3c(b? + be — c?) = 263(b? + c3) > 0. 


Case0<a<b<c According to (4), the original cyclic inequality is 
true if 


(a? —b*)(a—c) [0° (2c? + ca + ca* + a?)—cPa(c? + ca—a’)| > 0. 
Since (a? — b?)(a—c) > 0, it suffices to show that 
b3(2c3 + ca + ca? + a®) — Ba(c? +. ca— a’) >0. (6) 


To finish the proof, we will show that (5) holds for 56° < 5a? + c3, and (6) 
holds for 5b? > 5a3 + c3. Due to homogeneity, we will consider c= 1 We 
must show that 


a3(2b? + b? +b + 1) —b3(b? ++b-1) 20 (7) 
for 5b® < 5a? 4-1, and 
B(2+a+4a? +a%)—a(l1+a—a?)>0 (8) 


for 5b? > 5a°+1 The inequality (7) is clearly true for b?+6-—1<0 For 
b +b—1>0 and 5b? < 5a? + 1, we have 


5a°(2b? + b + b+ 1)—5b5(b? + b- 1) > 
> (5b?—1)(265 + b? + b+ 1)—503(b? + b—1) = 
= 10b°-+ 867-0? —b—1= 86° + (674-1) (264-263 + 4b? 4.2641) > 
> (bP + b-1)(b4—268 + 7) = 0 (b? + b-1)(b-1)? > 0. 


The inequality (8) is true for 5b? > 5a? + 1 because 


5b°(2+a+4 a? + a°) —5a(1+a—a?) > 
> (5a? + 1)(2+a+4a? 4 a3) —5a(1 +a —a?) = 
= 5a®° + 5a° + 5a‘ + 16a? ~ 4a? — da +2 > 
> 12a° - 4a” — 5a + 2 = (2a — 1)?(3a + 2) > 0 


Equality occurs if and only ifa=b=c 
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Glossary 


(1) AM-GM (Arithmetic Mean-Geometric Mean) Inequality 


If a|,a2,...,@n are non-negative real numbers, then 
ajtant-:- -+4, >n Yaa, an, 
with equality if and only ifa,; =a2=- -=an 


(2) Weighted AM-GM Inequality 
Let w,,wW2, .,W, be positive real numbers with 


wy + we ++-° + UW, = 1. 
If a1,a2,  ,@, are non-negative real numbers, then 
W1a, + Weag+ + + Wna_ > aytay?§ .arr, 


with equality if and only if a] = ag =- -= 4p. 


(3) AM-HM (Arithmetic Mean-Harmonic Mean) Inequality 


If a,,a@2, .,@, are positive real numbers, then 
ait+aat: tan y n 
n salt aa u” 
Qa) a2 an 
with equality if and only if a, = a2 =- -= Gn. 
(4) Power Mean Inequality 
For positive real numbers a;,@2,. ,@p, the power mean of order r is 
defined by ; 
{ r Tr m™\r 
1 a, + ag+-+- +4, 
M, = { (eee for r #0 
\ r/ajag.. an for r=0 


If not all a,’s are equal, then M, is strictly increasing for r € R. For instant, 
My > M, > Mo implies 


2 2 2 

a a oo $a a ag+:-++a 

Oe i ee EES ayaiaa an 
n n 
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(5) Weighted Power Mean Inequality 
Let p1,p2,. Pn be positive real numbers with 
Pitpot+ - +pr=l 


For positive real numbers a,,a@2, . ,@,, the weighted power mean of order 
r is defined by 


1 
M f (praj + poah+ +pnar)r for r4£0 
1 atlah? = an for r =0 


If not all a;’s are equal, then M, is strictly increasing for r € R 


(6) Bernoulli’s Inequality 
For any real numbers z > —1, we have 
a)(l+2)">1+re forr>1, 


b) (l4 2)?’ <l+re forO<r<l1 
In addition, ifa;,a2,  , a, are real numbers such that either a1,a2,. ,a, >0 
or —1 < a1,a2, ..,a@n <0, then 


(14 ai)(L+a2). (1+an)>1+a,-baz+ - +an. 


(7) Cauchy-Schwarz Inequality 


For any real numbers a),a2, . ,@n and bj,b2,...,bn, we have 


(af +a3+- -+a2) (p+ 02+ 4082) > (arbi + abo +++ + andn)? 
(1+ a1)(1 + a). (l+a@n) > 14a, +42 +--+-+ ap, 


with equality if and only if a; and b; are proportional for all i 


(8) Hélder’s Inequality 


Let xij (¢ = 1,2, .,m,j = 1,2,. ,”) be non-negative real numbers. 
Then ; 
n m n mi 4 
fi (Ss) 23 (fed). 
i=1 \j=l j=l \i=l 
More general, if p1,p2, .., Pm are positive real numbers with 


Pitpet::++pm=1, 


C—O RE car) 


then 


(9) Minkowski’s Inequality 
For any real number r > 1 and any positive rea] numbers aj, a@2,..., an 
and 61,62, ..,bn, the inequality holds 


1 


i=1 i=l 


(10) Cyclic Sum 
If f is a function of n variables, define the cyclic sum as 
S- f(ai,a2,. > @n) — f(a1,a2,.. an) =p f (a2, 43,.. .,a)+ 
cyc 
+-+-+f(@n,a1, — ,4n-1) 
In our book, the symbols Ss and S; are identical. 


cyc 


(11) Schur’s Inequality 
For any non-negative real numbers a,b,c and any positive number r, the 
inequality holds 


S_a"(a- b)(a—c) >, 
with equality if and only ifa =b=c,a=Oandb=c,b=Oandc =a, 
c=Oanda=b. 
For r = 1, we get the third degree Schur’s Inequality 
a® +b? + c3 + 3abe > s- be(b + c), 
(a+ b+ c)? + 9abc > 4(a + b + c)(ab + be + ca), 

Si(b —c)(b+c—a)>0. 

For r = 2, we get the fourth degree Schur’s Inequality 


at +b4 444 abe} a> > be(b? +c’). 
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(12) Maclaurin’s Inequality 
If a},@2,. ,@_ are non-negative real numbers, then 


S, > So > . > Sn, 


where 


(13) Chebyshev’s Inequality 
Let a; < ag <- » <a, be real numbers 
a) If b) < bo <-- < bp, then 


b) If bi > bo > - > bp, then 


n n n 
nS aid; < ( 7) (4) 
i=l i=l i=l 


(14) Convex functions 
A function f defined on an interval I of real numbers is said to be convex 
if for all x,y EI and any a, 8 > Owitha+6=1, 


flax + By) < af(r) + Bf(y) (1) 


If (1) is strict for all x 4 y and a, 6 > O, then f is said to be strictly convex. 
If (1) is reversed, then f is said to be (strictly) concave 
The inequality (1) is equivalent to 


f(z1) f (22) (zs) 


(21 — %2)(21 — za) ¥ (t2—23)(%9-21) (xg — 21)(x3 — x2) ~ 


where x1, 22,23 are distinct numbers in I 

If f is differentiable on I, then f is (strictly) convex if and only if the deriva- 
tive f’ is (strictly) increasing 

If f is continuous on [a,b] and f” exists on (a,b), then f is convex on [a, }] 
if and only if f” >0 If f” > 0, then f is strictly convex. 


480 Glossary 


If f” exists on (2,6), then f is convex on (a,6) if and only if f” > 0. If 
f” > 0, then f is strictly convex. 


(15) Jensen’s Inequality 


Let w1,w2,...,Wn be positive real numbers. If f is convex on an interval 
I, then for any a,,@2, .,a, €1, the inequality holds 


wi flor) + waS ler) + + waSlen) 5 ¢( 


W141 + Woaq +--: aes 
wytwet +7 : 


wi +wet---+Wp 


If f is strictly convex, then equality occurs if and only if aj = ag = --- = ap 


(16) Karamata’s Majorization Inequality 

We say that a vector A= (@1,@2,--* ,@,) with a, > 
majorizes a vector B= (b1,62,:*+ ,6n) with b) > bg >--- > 
as A> B, if 


a2 2 -'* 2 an 
bz, and write it 


ay > by, 
ay + ay > by + bo, 


ay +2 +°-++ Gn-1 > 5) +62+- -+bn-1, 
a) +a9+ +++ 4n = bi 4+ bot -++ tdn. 


If f is a convex function on an interval I, and a vector A = (a1, 42, 


+ )@n) 
with a; € I majorizes a vector B= (b),62,...,6n) with b; € I, then 


f(ai) + f(a2) +++ + Fan) > f(b1) + F(b2) +--+ + F(bn): 
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If f” exists on (a,6), then f is convex on (a,b) if and only if f” > 0. If 
f" > 0, then f is strictly convex. 


(15) Jensen’s Inequality 
Let w1,wo,...,Wn be positive real numbers. If f is convex on an interval 
I, then for any a,,42, .,@, €1, the inequality holds 


wf (a1) + wef(a2)+-. +wnf(an) 


> 
wytwet +n >I 


a 
wi +wet---+ Wp 


If f is strictly convex, then equality occurs if and only if a; = ag =--- = ay. 


(16) Karamata’s Majorization Inequality 


We say that a vector A= (@1,42,°"° ,@,) with a, > ag > +: > a, 
majorizes a vector B = (b,,b2,--- , On) with b) > b2 > --- > bp, and write it 
as A> B, if 

Qy > bi, 


a, + a2 > b, + bo, 
Qy + GQ ++-++ Qn-1 > Oy 4+ b24+- - 4+ bn-1, 
ay tant + +n = bi + bo +--+ bn. 


If f is a convex function on an interval I, and a vector A= (a1 ,Q2,...,@n) 
with a; € I majorizes a vector B = (b;,b2,...,6,) with 6; € I, then 


f(ay) + faz) +++°+ fan) 2 F (br) + f(b2) ++ + F(bn): 


